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It is shown on purely phenomenological grounds that for systems in equilibrium at negative absolute 
temperatures all the usual thermodynamic potentials, and in particular the energy, attain a maximum 


value instead of a minimum value 


ECENTLY Coleman and Noll' have shown in a 

rather indirect way (by use of a statistical model 
that for a system at negative absolute temperature the 
state of equilibrium with fixed entropy and certain other 
fixed extensive parameters is that in which such a system 
has its maximum energy. For the corresponding situ 
ation at positive absolute temperature the equilibrium 
state is of course that in which the system has its mini 
mum energy. 

It is the purpose of this note to point out that well 
known thermodynamic considerations can immediately 
prove that for negative absolute temperatures all the 
usual thermodynamic potentials, of which the energy 
is but one, tend to a maximum instead of to a minimum 
for systems in equilibrium. 

We write the first law of thermodynamics for a given 
closed system as 


dE=dQ—dVW, 


where dQ is the heat taken up and dW is the work done 
by the system for an increment dE in its energy. For 
our purposes, we need only explicitly consider pressuré 
volume work so that 


dE=d0—Pdv. 2 


The entropy change of the system may be split into 
two parts? since it may vary for two reasons only, either 
by exchange of entropy with the surroundings or by 
creation of entropy inside the system. If these two con 


*This research was supported by the U. S. Atomic Energ 
Commission 

t Present Address: Department of Chemistry 
versity of Beirut, Beirut, Lebanon 

' B. D. Coleman and W. Noll, Phys. Rev. 115, 262 (1959 

?E. A. Guggenheim, in Handbuch der Physik, edited by 


Fliigge (Springer-Verlag, Berlin, 1959), Vol. III, Part 2, p. 1 


American Uni 


tributions are written d,S and d,S, respectively, 
dS =d.S+d,S. 
The classical definition of the second law leads to 
d.S=dQ/T, 
d,S=0, reversible change, 
d,S>0O,_ irreversible change, (4) 


with T the absolute temperature. As pointed out by 
Ramsey’ this definition need not be changed for systems 
at negative absolute temperatures since deductions from 
it cover all the experimental facts in a consistent way. 
Substitution of (3) and (4) into (2) gives 


dE=TdS—Td,S—Pdv. (5) 


For a change at constant entropy and volume and 


" positive temperature, 


dE>0, 


where the equality holds only for a reversible change, 
i.e., only for the strictly equilibrium situation. The 
energy may thus be termed a thermodynamic potential 
for the variables S and V and at equilibrium this poten- 
tial attains its minimum value. The opposite is true for 
negative absolute temperatures where 


+dE>0O 


If additional types of work terms had been included 
in Eq. (2), we should only have had to specify the 
corresponding extensive parameters to be held constant 
(in addition to V) for E to be an appropriate potential. 
For open systems we would have had to specify fixed 
moie numbers in addition, but the statement that the 

N. J 


Ramsey, Phys. Rev. 103, 20 (1956 
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energy has its maximum value for a system in equilib- The Heln 
rium at a negative temperature would remain valid 
If d,S be written formally as 


‘ais Substitution into (5 
dQ’/1 Substitution into 


’ 


dS 
dF=—SdT-TdS é (9) 
thereby introducing the “uncompensated heat,” dQ’, of 
Clausius* this heat must be negative or zero for systems F is the appropriate potential constant T and V and 
at negative absolute temperatures. at positive temperatures 
We may consider all the other usual thermodynamic 
potentials in the same way. The heat content or en- 
thalpy H is defined as while for negative temperature 


H=E+PV. (6) 


dl 


Substitution into (5) gives The Gibbs free energy, G, is defined as 
dH = TdS—TdS+VaP. (7) G=H-—TS=E+PV—-TS (10) 


] ’ 4° Substituti into (5) gives 
For a change at constant S and P at positive tem- udsutution into . 


peratures dG SdT—Td,S+VdP (11) 
dH >). 


G is the appropriate potential for constant 7 and P and 
Pppro] | 
while for negative temperatures at positive temperature 
, : a hit >O 
+dH>0. G 
* See, for example, I. Prigogine and R. Defay, Chemical Thermo while for negative te mperature 


dynamics (Longmans Green and Company, New York, 1954), 


Chap. III 
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The effects of collisions on the cyclotron radiation from distribution of the radiat nder the basic assumption that 
relativistic particles are investigated, supposing a uniform the particles make many revolutions between two collisions, it 


velocity for the particles. For the collision process it is assumed is shown that the radiation pattern is that of a series of spectral 
that the particles start to radiate at a certain time and are lines, each having a dispersion profile. The relative intensities of 
abruptly stopped by the collision, after which they start to the lines are giver the formula well known wom previous 
radiate again with random phase. The probabilities for the work neglecting collisions 

occurrence of a certain time interval between two collisions are For the “slightly relativistic’ energy range, 8o=0.5-0.9, of 


then assumed to be distributed according to a statistical law interest to thermofusion experiments, graphs are given for the 
The field equations are derived from the familiar Liénard actual intensity distribution of the various harmonics as a 


Wiechert potentials and Fourier-analyzed. Simple integral function of the angle between the observer and the orbital plane 
representations are found for the combined spectral and angular 

1. INTRODUCTION Chere is, of course, no general rule to describe the 

various effects, since their consequences depend 

largely on the type of radiating particle and its quantum 
BM) YI 

state. While usually tl adiation characteristics can 


be said to be ‘continuous” ¢ to form a spectral 


HERE are three major processes which are of 
interest for the spectral and angular distribution 
of radiation from any assembly of particles: Doppler 


effects due to collective or individual motions of the 


. . ; “line,” 3 rding ; I mission is fre a free or 
particles with respect to the observer, energy losses line,”’ according 1 is from a free n 


ae , , : | ticle. the cyclotron or synchrotror adiation 
due to the emission of radiation, and disturbances of bound particle, the cy ron or sy! tron! radia 


the wave trains due to collisions of the radiating ' The terms cyclotror ‘ n radiation are 
partic les. sometimes restricted in the literature » the radiation from 
either nonrelativistic o lativi particles, respectively. We 

* This work was supported by the Office of Naval Research do not think that this semant tir I f great importance 
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has the pecularity of being emitted by a free particle, 
but in the form of spectral lines. In the general case, 
the maximum intensities of these lines occur at integer 
multiples of the gyrofrequency 


Wy eH mc, (1) 


their relative intensities being a function of the particle 
energy. In Eq. (1) e stands for the electron charge, 
H for the magnetic field strength, m for the mass of 
the particle, and c for the velocity of light. 

One expects from these facts that the actual spectral! 
and angular behavior of the cyclotron lines will closely 
correspond to the behavior of spectral lines in ordinary 
optics. It has been shown? in the nonrelativistic case 
that this is true in all major respects. 

The question now arises as to how these results can 
be generalized for the case of relativistic particle 
energies. The difficulties lie mainly in the problem of 
how to account for the collisions, since they affect 
the emission mechanism itself, while Doppler motions 
can be considered after the emission behavior 
been completely described.’ * For this reason, we focus 
our attention on the collisions which will be described 
in such a fashion that it can be easily combined with 
Doppler motions for velocity distributions of interest. 
Energy losses by the radiation itself are practically 
always negligible, while other randomizing effects, 
such as field fluctuations, etc., have to be treated 
individually for each plasma under investigation. A 
study of the radiation from some typical magneto 
plasmas met in nature and laboratory, the 
inclusion of Doppler effects, will be published elsewhere. 

Incidentally, the mathematical formulation to be 
presented provides us with a comparatively simple 
method of evaluating the spectral and angular behavior 
of the higher harmonics. 


has 


with 


2. MODEL ASSUMPTIONS 


In order to single out the collision effects on the 
radiation it is necessary to make certain assumptions 
regarding the velocity distribution of the radiating 
electrons. As long as one deals with nonrelativistic 
particle energies, the velocity distribution commonly 
met under practical conditions is a Maxwell-Boltzmann 
distribution. The spectral distribution within the 
(single) line then can be found by well-known methods.” 

If, on the other hand, the particle energies are 
relativistic, the assumption of a Maxwell-Boltzmann 
distribution’ somewhat dubious 


becomes and, of 


2 L. Oster, Phys. Rev. 116, 474 (1959) 

*B. A. Trubnikov, Doklady Akad. Nauk S.S.S.R. 118, 913 
1958) (translation: Soviet Phys.-Doklady 3, 136 (1958)]. D. B 
Beard, Phys. Fluids 2, 379 (1959) 

‘Earlier references are given in the article by A. Sokolov 
Nuovo cimento Suppl. 3, 743 (1956), which also contains a short 
review of the calculations by D. Ivanenko and A. Sokolov, pul 

shed in their book Classical Theory of Fields Moscow-Lenir 
grad, 1951). I would like to thank Professor Ivanenko 
informed me of this work, for his comments 


who kir 
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OTRON RADIATION 1445 
course, conceals some of the typical collision effects. 
Thus, we assume our particles to have a uniform 
energy which is maintained throughout the emission 
of radiation and, also, during collisions. The latter 
assumption is no physical restriction on the problem, 
since the actual velocity changes can be combined 
with our collision model by subsequently taking into 
account a velocity distribution of the radiating particles. 

As is well known, the velocity components per- 
pendicular to the magnetic field do not give rise to 
Doppler effects, but to the cyclotron radiation itself, 
while the components parallel to the magnetic field 
are unchanged, the particle moving on a helical path 
lines of force. This simple form 
of motion is, of course, restricted to homogeneous 
fields. Our model assumption thus means 
that all particles are moving with a constant velocity 
v on circular orbits perpendicular to the magnetic 
field. The field itself is assumed to be homogeneous 
over distances of the order of the Larmor radius. 

The formulas to be written for an 
observer who sees no motions of the particles along 
the magnetic field However, any such motion 
can be included by a contraction of the frequency 
scale according to the familiar expressions for the 
Doppler effects, taking due account of the angle 
between the line of sight and the magnetic field. 

Next, we have to select a model for the collision 
event. As long as we investigate only the effects of the 
mere existence of collisions on the radiation pattern, 
very little sophistication is necessary, or indeed 
possible, since for the nonrelativistic case a rigorous 
treatment of the collision event is still missing. We 
follow a procedure which led to good results in spec- 
troscopy where Lorentz® was able to explain the major 
characteristics of the collision broadening of spectral 
lines, while the actual processes occurring during such 
a collision were still unknown. 


along the magnet 


magnetic 


derived are 


lines 


Thus, we assume that the particles radiate during 
a certain time Af, beginning with a random phase and 
being stopped abruptly at the end of the interval Av. 
The particles start to radiate again after the inter- 
ruption. The probability of occurrence of a time 
interval A‘ during which the particle emits an un- 
disturbed wave train is 


exp[ — At/T» |d(At)/T», (2) 


where 7, designates an average time between collisions. 

This model describes the collision effects essentially 
through the mean time 7, which may be velocity 
dependent. Thus, we succeed in eliminating from our 
discussion the major uncertainty, namely, the nature 
of the interaction, i.e., whether the collision takes 
radiating electrons themselves or 
between electrons and ions, neutral particles, etc. In 


place between 


our formulation this is a secondary problem which, 


*H. A. Lorentz, Verslag Amsterdam Acad. 14, 518 (1905). 
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when solved, would specify 7) in terms of other 
parameters such as temperature, density, type of 
scatterer, etc. For a very first approximation one may 
tentatively derive 7) from scattering cross sections.® 


We do not want to conceal, however, the major 


weakness of this model, which is the assumption of an 
abrupt stop and start of the radiation process. Since 
the most important interaction under practical con- 
Coulomb which takes a 
comparatively long time and often results in multiple 


ditions is the interaction 
collisions, our approximation seems to be rather poor. 
However, matters are not so bad as long as the particle 
is allowed to make many 
collisions, i.e., as long as the ratio between cyclotron 


revolutions between two 


frequency and collision frequency is large 
(Af)wo >> 


Equation (3) also justifies to some extent the 
ventional that combine the 
emitted cyclotron radiation with the bremsstrahlung 


con- 


assumption one may 
which is a direct consequence of Coulomb interactions 
without mutual interference, i.e., add their intensities 
linearily. Equation (3) will be used throughout our 
treatment as a vital assumption in order to simplify 
the mathematical work 


3. FIELD EQUATIONS 


rhe easiest way to derive expressions for the spectral 
and angular distribution is to start from the equations 
for the field, Fourier-analyze 
the components, and form Poynting’s vector. This 
then gives the emitted radiation as a function of the 
angle between the field 


electric and magnetic 


observer and the magneti 
and of the frequency 

The familiar Liénard-Wiechert potentials for an 
accelerated point charge yield for the electrical and 
field vectors E and H the 


expressions’ ; 


magnetic following 


E=nX (n*Xay)es ce (4) 
H=nXE. (5) 


Here, n is a unit vector in an arbitrary direction; n* 


and s are defined by the relations 


Vv» is the velocity of the particle, ay the acceleration; 
vy and ap are assumed to be of constant amplitude, as 


discussed above: This corresponds to a neglect of 


\ general discussion of derivation of 
sections and their application to plasma problems is given by 
W. P. Allis, Encyclopedia of Physics, edited by S. Fliigge (Springer 
Verlag, Berlin, 1956), Vol. 21, Secs. 48 and 49. The use of scattering 
cross sections in radiation problems is discussed in reference 2 

7 See, for W and M. Phillips, Classical 
Electricity and Magnetism Wesley Publishing Compan 
Reading, Massachusetts, 1955) 


scattering cross 


instance 
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energy losses due to the emitted radiation. Equations 
(4) and (5) are written for a unit distance from the 
source, thus all quantities derived with the help of 
Eqs (4) and (5) are 


This allows us to omit a factor specifying the source- 


ilso normalized to unit distance. 


observer distance without a physical restriction: The 
only restriction to Eqs. (4) aud (5) is that their deriva- 
from the Liénard-Wiechert potentials is valid 
only for distances large compared with the Larmor 
radius, i.e 
be treated as plane waves. Also, the wavelengths have 


tion 
, in a distance where the arriving waves can 


to be small compared with the source-observer distance, 
for the same reason. All our equations are fully valid 
under relativistic conditions 

The next step is to define a suitable reference frame. 
We use the same 
nonrelativisti 


system as in our investigation on 


particle energies,’ i.e., the reference 


frame is chosen in such a way that the angle between 
the observer (direction given by the vector n) and the 
orbital plane described by the polar angle 6 does not 
hase of the orbital motion 
o. See Fig. 1 
possible 
e source that the orbit 


change in time, while the p 
is described by the other polar angle, 
This 


observer is so far away from t 


definition, again, is only when the 


} 
of the particle can be considered as coincident with 
the origin. 

The quantities Vp», ao, 


and s then have the 


following « omponent coordinate 


of Fig. 1 


rectangular 


system (x,¥,2 
COS@,T 

cos6,0, sin# 

cosé Bo COSd, 

Sy COS Cosé 


where we used the fact that tl vase 


time are connected by the relation 


while 


The cy’ lotron Irequency 
In terms of the rest mass my of the electron, 


$s given again by 


Eq. (1 


how ever, 


rhe polar system 


I reterence 





we have 


wo= eH[1—Be }'/ ma 


The electric and magnetic field vectors become 


ceil B, COS@ 
X (sing sin’, By—cosd, — sing sin# cos@), 


CU yn 


( 1- By cos@ 


x [ —sin@( By—cosd), sing sin8, cosé( B cos@) |, (17 


where 
By Cosé. 18 
We note he re that 


E?= H", 


and that Poynting’s vector 


S=—ExH 


bor 


COS6— COS@)*-+ sin’é sin-@ 


(1— By cosd)® 


can be written 


S= (¢/49) F’n= (c/4r) Hn 


4. FOURIER ANALYSIS 


(17) already 
information necessary to compute the angular distribu 
tion of radiation. In order to derive the spectral 
behavior we to Fourier-analyze each of the 
electrical field vector E or the 
magnetic field vector H. The result will be the same, 
ince we are 


and 


Equations (16 ontain all 


have 
components ol the 


interested only in the squares of the 
components and their Fourier transforms 
Eq. (19) being equally valid for the vector components 
ind their Fourier transforms.* We chose the 
vector E 

We see from Eq. (16) that both the x and s com- 
ponent have the same dependance on @ and thus on 
the time 


vector 


electri 


We carry out the Fourier analysis for the 
x and y components, the treatment of the 
being exactly the same as for the x component 


z component 
In the relativistic case, where we have to distinguish 
time of the observer’s 
scale {*, in which the Fourier integration is carried out, 
and the retarded time, in which all quantities referring 


carefully between the actual 


to the orbital motion are measured 

Finally, it has to be mentioned that the functions 
FE, and E,, for example, are not simply odd and even 
when an arbitrary phase constant is added 


*W. Heitler, Quantum Theory of Radiation (Clarendon Press 


Oxford, 1954), Chap. I, 4 
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The complete expressions for the two field components 
thus are 


sin(wol +4) sinwl*+coswl* | 
di*, (22) 
Bo cos(wol+6) 


COS\ Welt 6) |[ sinwt* + coswl™ } 
di*, (23) 
r1—B 


) 
Cos(wol+-6) FP 


As noted in Se 2. we 


have to introduce phase 
constants 6 into the expression for the orbital motion 


6 is a measure of the angle around the orbit, counted 
from a fixed direction, at which the particle undergoes 
collision 


\ssuming that these phase angles are 


distributed at random, we thus have to average over 
6 later in this sectior 
rhis picture implies mathematically that the orbital 
{ and the 


are out ol phase 


function function 


Phe customary description 
is to fix the latter function symmetrically in a certain 
lime or Then the orbital function 
contains an arbitrary phase constant which varies at 


lourier 


exp (lw 


exp (twl* 
azimuthal scale 
random between 0 and 27 


Actual 


relation 


and retarded time are connected by the 


B COS(wolt+6) jdt, (24) 


In (wol +6) / wo (25) 


Equation (25) does not contain an additional phase 


constant, since in nonrelativistic limit (By—0) the 
time scales must be equal 


With the help of Eqs. (24 


i¢ ld compone nts 


CT ow 
Kk. Ww sin? f 


Ti ° 


and (25) we tind for the 


sin (wol+6 


COS wol +6 
Bo sin(wol+6)/w 


Bo sin(wol+6)/wo \}dl, (26 


sis 
s\ Wal tO 
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The correct procedure would now be to evaluate the 
integrals, Eqs. (26) and (27), for all parameters Bo, w, 
etc., of interest and all phase angles 6 between 0 and 
2x, then to square the components and average over 6 
As we shall see, the 
is the appearance of the phase angle 6 
the inclusion of 6 is not vital for the accuracy of the 
results as we shall the next Thus, 
subject to further justification, we put 


main complication in this program 
Fortunately, 


show in sections 


6=0. (28 


26) and (27) only as 
the 
Anticipating the results, Eq 
and 


and use the complete equations 
consequences of 
(28) is 


when we disc uss 


(28 


a reference 
restriction 
not a stronger restriction than Eq. (3 may be 
used whenever the collision frequency is small compared 
with the gy rofrequency 

Introducing again the azimuthal angle @ as variable 


instead of the time, using the abbreviations 


hb wo Al, Q) W/ Wo, (29 


and omitting the phase constant, we find 


é 
? sin’A [ sing 1 B COS®d 


X sin[ 2 @— By sind) \dd, 


B COS®@ |} 2 


COS®@ [ 1 
i B sing) 


, Old 
COS, s4\ QD 


sing| 1 COS@ 


B sing 


< sin| 


sing| 1 By 


x sin[Q(¢— B, 


COS® 


SIN@) | 


[ [B cos¢ |[1- B COSO 


Q(d— By sing 34) 


x cos| 
will be discussed in Sec. 11. From integrations by parts, 
we readily obtain the following alternative forms 

sin[ Q(@o— By sing 
I 
B\(A—B 


COS® 


sing) \d 


cos| Q(@— B 


Cosdp sin| Q(¢d 39 SIN® 


7 
* 4? _ 
COS® COS] L110 


. 
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which can be used even in the limit B >0. We find 


a similar expression for / 


sing; cos! Q > B 


5. POYNTING’S VECTOR AND AVERAGE 
RADIATION 


Equation 21) transforms in the following expres- 


sion for the emission per ul uency 


distribution is connected with 


rhe 


total emission through 


“fis 


However, we are 


fré quency 
Parseval’s theorem*® 


not intere sted radiation of 


radiating during the same time 


are distributed 


particles which ; a 
interval A/. but in radiation time 
Introducing instead 


at random ean collision 


time TJ) the corresponding mean angle 


40) 


we can write 


with the inte 


corre sponding to Eq 


6. PERIODICITY RELATIONS 


need 


Ithough we 


integrals of Eq 


ve would like to collect 
here a few relatir vhich v seful in treating the 
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limiting case of zero damping. The basis of these 
considerations is that the functions /; ] 
integrals over periodic functions. 

Let us first note that both 
periodic for all noninteger values of 2 and that 


and are 


integrals are strictly 
they 
alternate between positive and negative values. The 
period of the squares is 


p=n/b, (44 


with 5 related to the frequency by the definition 


Q=a/b. (45 


a and 6 are integers, so that a/é is irreducible 
fraction. 


We then have 
[1 (pt+o) ?=([1 (oo) F, 


The symbol / in this and the following equations 
stands for both J; and J». 

If, on the other hand, Q is an integer, the period is 
always 2x and the relation corresponding to Eq. (46) is 


an 


0+ integer 16 


(1 (2nx+¢o) P=[nl (2x) +1 (bo) P; n=1,2,3,-°- 47 


With the help of Eqs. (46) and (47) 
Eq. (42) can be simplified by changing the infinite 
interval of integration into a sum of integrals over one 
period. One finds after some manipulation ' 


a 


the integrals in 


I?(bx)dx = e~-*°(1+6-*) (1—e-) 277? (ba 


+ 2e ~m(1—é yf I(dx)e tdx 
9 
+(1—eé “yf I?(ox)edx, 
0 


where the following abbreviations have been used: 


x=0/o, xXo=2n/¢. 
Finally, if 2Hinteger, 
xo=p @ 
with p defined by Eq. (45), and 
1 (éx»)=0. 
Phen, Eq. (48) is simply 


x 


J 


The sections will he 
discussion of the asymptotic behavior of our basi 
Eqs. (30)—(32). We consider first the nonrelativistic 
limit, because it provides us with familiar expressions 
which we then use in an expansion technique to handle 
the equations without numerical calculations 


[?(dx)e~*dx 1—e~*) f I?(ox)e~*dx. 


7. THE NONRELATIVISTIC LIMIT 


next few be devoted to t 


basi 
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It also helps us to settle the question of phase constants. 
If the particle velocity is small compared with the 
velox ity of light, 


Bo a By 1, (53) 


and the fields are described by the relations 
E 
H 


(evqwo/c?) (sin? sind, — cos@, — sin@ cos@ sing), 


(evqwo/c?) (sin? cos@, sin@ sing, — cosé cos@) (55) 


instead of Eqs. (16) and (17), while Eq. (18), of course, 
retains its form. Poynting’s vector is now written 


S = (evqw?/4arc*) (1 — cos’8 sin’d)n. (56) 


ay Oe 


In 
necessary to specify the local and retarded time and 
we find for the field components from our previous 


Eqs. (26) and (27 


carrying out the Fourier analysis, it is not 


St 


sin’ f sin (wol+64) 
a0/2 


X [sin (wt)+cos(wt) \dt, (57) 


CVn +At/2 
. f Cos (wol +6) 
TC 2. 


oT aro 
X [sin (wt)+cos(wt) |. 


Vow 
I, (w) 
rc 


(58) 


From here we obtain with the help of the addition 
theorems and the fact that symmetrical integrals over 


products sinx-cosx vanish 


ely 


E,(w) 


sn cos J sin(wol) sin(wl)dl 


tind f cos(ad) costal] (59) 


cosé { cos(wol) cos(wt)dt 


re 


sind fsin(a) sin(utat] (60) 


We now define the following auxiliary functions: 


sin[ (w+ muw»)At/2| sin[ (w—mwo)At/2 | 


A. (w) = (61) 


Ww + Mw — Mw 


we 


sin{ (w+ mua) Af sin (w— mwo)At/2 | 


Zm(w) + (62) 


w+ Mwy w— Mw 


and obtain with their he 


E(w 


lp for the field components 


— (e0qwo/ Fe 


*) sin6[ A, Ww cosé 


—,(w) sind |, (63) 


E,(w) = *)[1(w) cosd+A;(w) sind |, (64) 


E,| *) sind cos A;(w) cosé 


— E(w) sind |. 


w) 


(65) 
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Che frequency distribution of the radiation, 
by Poynting’s vector, becomes 


far’ 


lr) i 
X {sin al Ai(w) 


r 


| ami \W 


Sar(w,d) \¢ Ww) (e°U 9" ay 


( osé 2, ( Ww sind j 


+ 


cosé6+ A;(w) sind } 


Now we average over the phase constants 6, 1.€ we 


pe rform the integration 


and find from 


sin’), sind cosé)s= 0 


the desired result 


aa (w 
69 


Note that 
naturally from the final result 

The last step is to evaluate the average with respect 
to A’. With the he Ip of the general expressions 


the cross terms quite 


2A _ disappeared 


} + me 


Ma 


we find for the average of Poynting’s vector 


>(1+sin’6 


8. INTEGRAL RELATIONS 


us now consider some relations holding for the 


Let 


time and space integrals over the emission which are 
applied to the results of the expansion 


to make 


with previously published results 


of interest and, 


analysis, will enable us a direct comparison 


69) and 


Our starting points are Eqs 


total radiation emitted into the 
the 


the solid 
Because of field 
vectors to unit distance, we find the total emission bv 
Phe I 


is already an average 


begin with 


} 
angie 


bor the normalization of 


the unit sphere radiation 


79 
4 


an integration over 

des ribed by Eqs (6Y and 
al angle @, 

Thus, we merely multiply through by 2x 


imuth since it 1s a result of a time 


over the az 
integration 
The 


with cos@ as 


integration over @ then goes trom 


weight functior 


OSTER 


We obtai 


with a corresponding exp ion fe Sar(w))a 
all lrequencies, we 


If finally we 


find after some gent ind with t help of the integral 


wAt/2 74 


from Eq 


Equation (75) gives the total intensity emitted into 


all solid angles and in es during a time A/ 
between collisions 


In the same 


from Eq 


The radiation 


emitted during the 
lact 


result Is a 
agree 
ment with the obtained 
directly from Eq trivial 


relation 


9. THE NEGLECT OF PHASE CONSTANTS IN 
THE NONRELATIVISTIC CASE 
In the last sect 
the 


constants 


nonrelativist 
Now 


when these pha constants are neg ( l a 


ns appear 
nswer 
will provide a cle rictions 
under which tl 

the 


Case 


same 


the field components I 


odd or even func 


Eq (66), be: 
Sa:(w, 6=0 


omes 


SO) 
This does not agret iveTaging 


constant 


over the phase 





EFFECTS OF COLLISIONS 


If we carry out the averaging over collision times 


which previously resulted in Eq. (72), we find 


Zw" 4r* *) 
« (4 (1+sin*@) {0 (@+ wo)? +7 
+[(o—we)*+Te*P} 
+ (1—sin*®) Ty*Lewe? + Tr 
X[e+To}). (81 
Here, the term proportional to 75~* marks the difference 
and appears in addition to the correct terms in Eq. (63 


Sa:l(w, 6 0) At \et 


lo see the cause of this disagreement we carry out 
the integrations over the solid angles and frequencies 
Making use of the definitions of A; and 3), we find 
from Eq. (80 


ri doS 4:(w, 5=0 


2n*c*)4 {Ar (w)+27(w)+sin| (w+ wo) At/2 
x sin (w- wy) Al 2 | (w*?— wy" 2B 82 


rhe integration over the frequencies yields 


p wo f dwS s4(w, 6=0) 


“2 
to’wo"| Al+sin (wos) /2u 
3c 
instead of Eq. (75) 
The expression for the 
radiation is found from Eq. (81) to be 


§ to [ dS 4:(w, b=0)) 4: 


) 


corresponding average 


Ur worl Ti T 47 (1 T We T, 


Sc 


which may also be obtained from Eq. (83 

Equations (83) and (84) contain the information we 
were looking for. The neglect of the random phase 
constants affects the expression for the total emission 
between collisions as well as the spectral and angular 
distribution and does not, of course, average out even 
with a random distribution of collision times 

However, the additional terms entering 
and (84) compared with Eqs. (75) and (77) 
importance, as long as T)>>wo', a condition we upheld 
from the beginning for physical reasons. As a matter 

f the error introduced by the neglect of the 
phase constants is unimportant when the particle on 
the average completes at least one or two full revolutions 
between collisions. 


Eqs. (83) 


are of no 


of fact, 


This restriction to “weak damping” has another 
interesting consequence. As one finds from Eq. (81), 
the line shape becomes steeper with increasing time 
intervals between collisions. At the same time, the 
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only important term is the resonance term, containing 
the difference (w—w hus, we may approximate 


our auxiliary functions by the following expression. 


Lm (w An (w) = sin[ (w— mo) At/2 |/(w— man), (85) 
which is called ‘dispersion distribution” in optics and 
was used in our previous paper 

We see now that the simplified analysis describes 
the actual conditions very weil, as long as we deal 
only with weak damping 
tributions to the total 


narrow 


Then, the important con- 
of emitted radiation 
frequency range around the 
resonance, and, in order to keep the approximations 
consistent, we may use Eq. (85) to describe the actual 
line shape. 
In the line 


amount 


come trom a 


“wings,” i.e., where the intensity is only 
a small fraction of the central intensity, the approxi- 
mation of Eq. (85 
affect our treatment of cyclotron radiation, since we 


are not 


becomes poor. This, too, does not 


interested in the depressions between the 
resonance peaks, where the energy 
determined by bremsstrahlung anyway. 


distribution is 


Going back now to the general relativistic case, we 


first show that the restriction to weak damping is 
again the justification of the neglect of phase constants 
Then, we expand the basic integrals in terms of fun 

tions A,, and ,, whose general behavior was outlined 
and consider the arise under the 


restrictions which 


condition of weak damping 
10. INCLUSION OF PHASE CONSTANTS IN 
THE RELATIVISTIC CASE 


We start from Eqs. (26) and (27) and use 
following abbreviations: 


the 


vol +b6=6+6 (86) 


OB, sin(d+6)=A(X) (87) 


Instead of Eqs. (33) and 


T,, we have the expressions 


2]; f 1— By cosx)~ sinx 


x [sin(Qy —25—A 


34) for the integrals 7, and 


{%—A)\dx, (88) 


+cCOS ily 


B COS) 


< [sin(Qy — 24 —, Qx—(%—A) |dx (89) 


for which we write 


2/; f X(x)Z(Q,x,6)dx, 


2/; f V (x)Z(Q,x,8)dx. 
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Note that X(x) is a purely odd, Y (x 
function of x. 

We now split Z(x 
This leads after 
expression 


Z(Q2,x 5) 


a purely even 


into single functions of x, 2, and 6 


ome manipulations to the following 


| sin(Qy — A) 


} 


sin (0 } cos Qhy—A (9?) 


Phe main idea, in order to discard the phase constant, 
is that the (90) and (91) do not change 
appreciably by replacing the limits — xX +Xo+6 
by X» and +X», when the integral is extended over 
many periods of the functions Y, Y, and Z, i.e., 
(3) and the condition of weak damping 
form (92) for the 
and (91 


integrals 


+6 and 


again, 
as long as Eq. 
are valid. Then, making use of the 
Z(x), the (90) 


reduced to 


function integrals can be 


f : 
27, ={cos(Q6)+ sin (Q6 


K cos| Lx d dx. 94) 


In averaging over 6, we have to square 2/, and 2/, 
and integrate over 6 from 0 to 2x. This results exactly 


in Eqs. (33) and (34). Thus, we have found that even 


in the strictly relativistic case, the phase constants 


may be neglected if one restricts considerations to the 


case of weak damping 


11. EXPANSION ANALYSIS 
We are now ready 


in detail and derive 


Lo tudy the basic Eqs 33) to (37 
from them the line contour of the 
The 
program is to expand the second trigonometric function 
under the 


higher harmonics and their relative intensities 


integrals in Eqs. (36) and (37 
(QB 


to the various harmonics 


in a power 


series in and then single out the contributions 


Let us disregard the constant terms on the right 


side of Eqs. (36) and (37) for the time being and 


denote the remaining integrals by /,* and J,*. We find 


[ COS®@ COS Ved 
rl f cos@ sin(Q 


I,* af sing sin(Qed 


+ f sing cos(Q@) sin(QBy sind)dd@. 96) 


1,*=2 


sin(QBy sind)dd, (95) 


cos(QBy sing 


DWIG 


OSTER 


If we introduce for 


cos(QBy sing) in Eas. (95 


now 
and 
power serit 


The powers ol the trigonomet inctions can be 
expressed once again involving 
multiples of 7) Inserting these sums in “qq 97 
(98) lea 


and 
ds to the fami 


art 
| cos(Llb) cos! md dd 
J_¢ 


Che functions A,, a! m al lefined in the same 
as previously in Eq 


way 
with Q instead 
of w as variabl 

However. we have that our bask 
assumptions restrict the 


frequencies near the reso 
101) 


the first terms in Eqs. (61 


We then w 


I] compared 
with the second 


102) 


At the same time, \ y! constant terms 
already omitted in writing down Eqs. (95 (96), 
ll compared with the resonance 
terms (102). We consequently drop the asterisk. By 
the same argument, all terms containing A 
are omitted 

After 
integrals 7; and J 


and 


since they are also small 
and Xo 


some rearranging finally for the 


1! See for instance P. M. Morse a hbach t of 
Theoretical Physics (McGraw-H New York, 
1953), Vol. II, p. 1320 





FFECTS OF COLLISIONS 


3 | 


md (s—m)'(s+-m)! 


e (—1)" 


—o- 
m0 (s—m)'(st+-m 


~1)%a**#1(2s-+2) 
m~— 
(-i 
x Aim. 
(s—m—1)!(s+m+1)! 
rhe quantity a@ is defined by 


a=QBR,/2. 105 


The factor 2 on the left side comes from the fact that 
the functions A,, are defined for an interval of inte- 
gration between —@p and +@, while 7; and J» are 
defined for half this interval. Some of the functions A 
can take on a negative index for m=0. Here, we have 
to make the distinction between A,, and A,,*: 


A a —Ain* ' —Ain - A m- (106) 


The reason for this behavior can be readily found by 
comparing Eqs. (61) and (62). Again, Ao should be 
discarded, since it does not contain a real resonance. 

In Eqs. (103) and (104), the running 
determines the harmonic. There is an infinite set of 
terms associated with A,, which represent a power 
series in a’, the lowest order term being always 
proportional to a” 

We now single out the contributions to a given 
harmonic and then determine the relative intensities. 

In the case of /,;, we find for a given harmonic of 
order 2k+1 


index m 


= Domes 
—2/7,(2k+1)=2 >- (—1)*t#q2 


(s—k)! (s+)! 


—2Q | a (—1)***a** 
ank+1 
Anes 
x 
(s—k—1)!(s+k+1)! 
2 2k+1 
‘ o> (—1)**+*q”™* 
ok (s—k)!(s+k+1)! 


MK Axes. (107) 
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Equation (107) is valid for frequencies near the 
2k+1. Thus, we may replace 2k+1 by 


Q in the coefficients and find after some rearranging 


resonance & 


< o@kht2 
oe >. (-—1)! ’ (108) 
ko k!(k+Q)! 

It is easy to show from equations similar to Eq. (107) 
that the same expression (108) holds for the even 
harmonics as well. Also included in the range of 
Eq. (108) are the first two harmonics for 
representation Eq. (103) 
find from a 


validity of 
contains extra 
straightforward 


which the 


terms, aS one may 
calculation. 
rhe application of the same principles to the second 


integral leads to the following expression 
od Aoe+t 
27,(2k+1)=2 & | — 
ond s—k)'(s+k)! 

Bows 

k—1)!(s+k+1)! 
2s+1 
k)'(s+k+1)! 


an 
K Any: (109) 


from which we derive 


a 


27.(Q2 (2k+Q). (110) 


 hi(k+0)! 


Again, Eq. (110) is valid for even and odd harmonics. 

Equations (108) and (110) contain already a most 
valuable result : In the approximation made throughout 
this investigation, a given harmonic can be represented 
while the central intensity 
is given by an expression which depends essentially on 


by a dispersion function,” 


Bo. Thus, the frequency conditions and other restric- 
tions we derived in detail in Secs. 8 and 9 govern the 
various harmonics in the relativistic case as well. 

The sums in Eqs. (108) and (110) can be expressed 
in terms of Bessel functions of the order 2 and the 


argument 2a and their derivatives, since 


J, (QBo), 


2k+2) =QBo-Jo'(QBo). (112) 
! 


result written in the form 


(nm being the order of the harmonic) 


Thus, the final may be 


I,(n ()/ By A.J .(nBo), (113) 


Hirshfield and 
(1960). See also 


" This has been postulated previously by J. L 
D. E. Baldwin, Bull. Am. Phys. Soc. 5, 321 
reference 4 





QA,J,'(nB 114 


/ ind / 


averaging procedure. | 


must be squared before 


nder the 


apply ing the 


aforementioned condi 


tions 


AmAn| : } 115 
Phen 


and 


Since A,, 1 
find 


On Da, 


with the 


A, 


for Poynting’s vect« ( 2) | the formula 


cosé 


119 


he frequency interval 

tered at . l i unit solid angle in a 

direction making the orbital pl ine, 
time 7To/m | s« 

In writing Eq 


during a 
119), we have exchanged the integers 


n and &. The reason is, of course, that under the 


101), 


id their 


conditions Eq 3) and 
Bessel 


varying Ttunction 


and, especially, the 
function ul derivatives are slowly 
ot 2 


(119 l the 


tigation: It \ at the 


Equation this 


radiation 


important result of 


Inve cvciotron 


under relativistic conditions is a sum of individual, 


equidistant spectral lines, each of them having a 


dispersion profile determined by the 


119 


collision prob 


ability. Equation also contains the relative 


ntensities of these lines in terms of the partic le 
and the 


velocity 


angle between the observer orbital 
plane 


Let u 


120 

and 
121 
for the mth harmon 
It might also be 
121) hardly 
Eq. (119 his a 
half) half-width Aa, 

v—n +] 


120 


applicabilit 


conditions and 
attect ractical 
calculating 


istribution function 


12? 


mall compared 
to Eq 120 
resonance Ire 
ought to be 
range of treq 
The total 
found by integrat 
n> and the Bes 
did before V 


we obtain 


According to | 
nth harmoni 
result, given 
for the case 
of our approx 
not depend oO 


known from opt 


12. THE LIMIT OF VANISHING DAMPING 


Ecquatior 113 
the number 
present, howe 
derivation of 


case ot van 


rTal 


third 


The inte 


and the 


hus we have 


The lower 
resonance and ; 
However, we kno 
of the antiresonar 
our approximat! 

‘7. Schwir 
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13. ANGULAR DISTRIBUTION 


rhe relative intensities and the angular distribution 
of the various harmonics have investigated 
previously with the main accent on very high fre 
quencies and ultrarelativistic particle energies.'® This 
case is interesting in the study of accelerator devices 
ind some astrophysical problems. However, if one 
has thermofusion plasmas in mind, it might be worth 


been 


while to collect some simple results of slightly relativistic 


energies, let us say, for 0.59 8) < 0.9. 


Fic. 2. Intensity distribution in the center of the variou 
harmonics as function of the angle @ 
orbital plane. The particle’s energy corresponds to 8)=0.5. The 
numerical values represent sin%(/,;*)4+(/.7) for the model 


o=2r. 


between observer and 


case 


ame as Fig. 2. Particle’s energ 
corresponds to 8y5=0.7 


6 See for instance the graphs given by H. Rosner, Republic 
Aviation Corporation, Missile Systems Division, Technical 
Report No. 206-950-3, ASTIA AD 208 852 (unpublished 


ADIATION 


Particle’s energy 
09 


— 


/ 


Angular distribution of the 
energies, represented by 8 


rm} 1 iv 
plotted i 


first harmonic for different 
The numerical values cor- 
Figs. 2-5 multiplied by 8? 


Fic. § 
particle 


respond to the expressior 


In Figs. 2-4, the intensity distribution at the center 
of the various harmonics has been plotted for fixed 
particle energies (represented by 8») and as a function 
of the angle 6 from the orbital plane. The scale is 
arbitrary; the plotted numerical values 
correspond to 


somewhat 


sin’é] 7)+ U7 (129) 


for the model case $= 22 Expression (129) is directly 
proportional to (S, 

The figures illustrate clearly the fact that the 
higher frequencies are emitted in a very narrow 
angular range around the orbital plane, defined by 
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* 


Fic. 6. Angular distribution of the second harmonic for different 


particle energies. Scales as in Fig. 5 


6=0. Perpendicular to the orbit only the first harmon 
is observed, regardle f the partic le’s ene rgy 

In Figs 
first 


5 and 6, the angular distributions of the 


and second harmonic, chosen as the two typical 


examples, are plotted for different particle energies 
values of the 
by Do. 


marked angular dependence of the 


For easier comparison, the numerical 


expression (129) have been multiplied’ 

Note the 
harmonic in the case of high particle energy compared 
ol lower energy Also remarkable is the 
increase in maximum angle in the case of the 


manner of all 


first 


with the case 
second 
course, in the 

This 
consequence ol the basic dependence on By cosé 
limits Bo=1 


although they should not be taken literally Obviously, 


harmonic and, of same 


higher harmoni again is a straightforward 


The included need some comment. 


the intensities of all harmonics of finite order 


finite; see Eq 119 As one 


stay 


may easily prove by 


first integrating over the dispersion function, summing 


over all harmonics ” by expanding the Bessel functions, 


and then by integrating over the sphere, Eq. (119 


leads to the correct total ene rgy 


( wy Al/ (1 Bo*)?. (130 


through w» is omitted 


defect is irrelevant f 


16 The dependance of the intensity on 8 
in this representation. This 
of pointing out the angular dependance 


r our purpose 


OSTER 


However, the (pl m tor the even 


component, /2, dot obvious from Eq 


(34 : the odd term Al iy hinite, except in 


the limit of infinite frequency. On the other hand, the 


complete expre ssion Eq $4 leads exa tly to the 
representation by Bessel functions in the limit 6—> =, 
as has been shown in Sec. 12 

The reason for this can be understood from Eq. (37 


Here, the integral remains finite, but ne constant 


term has a singularity whenever 
do=mr, m 2d, 131 


These 
of the line 


with the resonance contail 


terms were negle¢ 1 i tne g ral derivation 


contour, because compared 

This 
Statement 1s apparently not 1] limit i. 
unless 6—> « 
the first 


over ¢ for é6— « 


a matter of fact, 
iveraged 
119) holds 


ngiy small 


term q 57 isl vhen 


for very high energi 
damping 

These details 
in the case of 
radiation charact 
only in a very ni 


weak 


perlorms many 


It has been shown tl} inder t} ondition of 
damping, i.e., when 
revolutions in the magneti tween two collisions, 
the relativistic cyclotror be represented 
by a sum of single spe contours 
is similar 


At the 


are given by the same d 
to the 
Same 


be havior of lines 


] 


time, the relative 


are functions of likewise 1s 
similar to opti il 


owever, the 
strong angular depe isti 


cyt lotron radiation. 
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It has been predicted that under certain conditions the counter-streaming of colliding plasma streams 
should be unstable and should be stopped in a very short distance with the translational energy being 
converted to the energy of ion or electron oscillations. The collision of two plasma streams satisfying one 
set of conditions, for which instability had been predicted, has been studied experimentally, and no evidence 
of instability has been observed. Study of the plasma dispersion equation indicates that much more rigorous 


conditions must be met before such instability should occur 


I. INTRODUCTION 


ARIOUS authors'~* have predicted that if, under 
certain two tenuous streams of 
plasma should collide, their relative motion would be 
stopped by a collective plasma instability rather than 
by the collision of individual particles. This interaction 
involves the transfer of the translational energy of the 
plasma into electrostatic plasma oscillations in a time 
of the order of the ion plasma period (M/e?.V)! and in 
a distance of the order of (M/e?V)'U, where M is the 
mass of the ion, .V is the number density, and U is the 
stream velocity. 
In most cases that have been considered, the velocity 


dispersion of the electrons and ions of the colliding 


conditions, 


plasmas has been assumed to be small compared to 
the relative velocities of the two streams. While these 
conditions may occur on an astrophysical scale, they 
are difficult to duplicate in the laboratory. However, 
Parker has considered a case whose conditions can be 
more closely approached, experimentally.?* This is the 
case where the ion dispersion is small compared to the 
stream velocity while the electron dispersion is large 
compared with the same velocity. In this case he 
predicts no interaction between the electrons in the 
two streams but an interaction should occur between 
the two ion streams. The effect of the electrons should 
be to reduce the ion plasma frequency by partially 
screening the ions; but, if the velocity dispersion of 
the electrons is large, they will not be able to follow 
the fluctuations in ion density exactly and the counter- 
streaming ions should interact. 


Il. EXPERIMENTAL 


In conjunction with our experiments on plasma 
injection into high-compression mirror machines, we 


have developed a plasma source which produces a 


burst of ~210'’ deuterons over a period of several 


* Work was performed under the auspices of the U. S. Atomic 
Energy Commission 

1 F. D. Kahn, J. Fluid Mech. 2, 601 

2 E. N. Parker, Phys. Rev. 112, 1429 

+E. N. Parker, University of Chicag 
1959 (unpublished 

‘P. D. Noerdlinger, Bull. Am. Phys. Soc. 5, 307 (1960 

> P. J. Kellogg and H. Liemohn, Phys. Fluids 3, 40 (1960 


1957 
1958 
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microseconds.* The deuterons have a Maxwellian 
distribution in a moving frame of reference with an 
average translational ¢ nergy of ~ 900 ev and a temper- 
ature of ~45 ev. This is equivalent to a stream velocity 
of ~30X10® cm/sec and a mean random velocity 
parallel to the stream of ~5X 10° cm/sec. The electrons 
have a translational velocity approximately the same 
as the ions, and measurements of their mean random 
energy show it is of the same order as 
energy of the ions 


the random 


These properties of this source suggested its use in 
a search for the type of instability predicted by Parker. 
The experimental layout is shown in Fig. 1. Two of 
the plasma sources were mounted at opposite ends of 
a vacuum chamber 20 feet in length and 18 inches in 
diameter. This chamber was in a longitudinal solenoidal 
magnetic field value could be varied over a 
range of 0 to 800 Gauss. Normally, when the sources 
were operating, the background pressure was less than 
10-5 mm/Hg 

The main diagnosti 


whose 


tools were magnetic probes 
three stations along the chamber. With 
these probes changes in the field due the presence of 
plasma from one of the sources were easily detectable. 


located at 


Since the predicted interaction involves large increases 
in density in the interaction region, a probe buried in 
this region would be expected to detect field changes 
appreciably larger than the sum of the signals received 
from the two sources separately. An ion extraction 
probe was also used to determine whether the ions 
from one source were lost, deflected, or slowed down 


° 
* 
: Led bei 
SS eeeeneneaeeaene 
eave ee wee 


“ « 
1. Experimental layout, colliding plasmas 


*F. Coensgen, W. Cummins, A. Sherman, and W. E. Nexsen, 
University of California Kadiation Laboratory Report UCRL 
5703, 1959 (unpublished) 
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when they pa through the plasma from the second 


ource, 
III. RESULTS 


ource has a 


The plasma column produced by the 


ol ~10 


average 


density in the interaction zone and 
ha When 
account is taken of the shielding effect of the electrons 
Parker*®) the 
responding to this density and temperature is in the 


1ONS/ Ce 
an diameter greater than 10 cm 


(following ion plasma frequency cor- 
neighborhood of 50 megacycles. Since the plasma period 
is the e-folding time of the predicted interaction, the 
from than a 
and the inter- 
50 centimeters 


instability should grow noise in less 
streams collide, 
of the order of 
shorter than the 


Coulomb mean free 


microsecond after the 
action zone should be 
thick. This is much 
certainly much 
path. 

In 
plasma at various 
the 
have observed no sign of the predicted instability. 


apparatus and 
horter than the 


which 
radial positions and for values of 


our run have involved probing the 


magnetic field over the 0 to 800 Gauss range, we 
Both the magnetic probe and extraction probe signals 
appear to be almost strictly additive, indicating that 
the two plasma streams pass through each other with 
practically no interaction. A large signal is often picked 
up by the magnetic probes when the streams collide 
and this was at first mistaken for an interaction, but 
work identified this as a current of several 
flowing through the 
vacuum chamber to the 


further 


hundred ampert magnitude 
plasma from one end of the 

Because of the 
the field currents of this magnitude can 


when parts of the 


other low resistivity of the plasma 


along line 
arise plasma sources float above 
ground during the source discharge. 


IV. DISCUSSION 


The theory is one-dimensional and does disregard 
the presence of magnetic fields, but the magnetic field 
in the experiment is parallel to the stream velocity 
and intuitively it would seem that it would have little 
effect on the predicted electrostatic oscillations parallel 
to the stream. However, it should be pointed out that 
the 
which have a component of energy perpendicular to 
the field and therefore there is a coupling mechanism. 
lhe runs that made field in 
volved plasma streams with much lower density and 
therefore interaction that was large 
compared to the of the experimental apparatus. 
Therefore, we cannot discount the possibility that the 
instability is damped by the magnetic field before it 


interactions involve increases in density of ions 


were in zero magnetic 


with an zone 


size 


is measurable 

According to Parker’s work?® the electron dispersion 
should be large enough for the instability to occur 
when the electron temperature and the ion temperature 


are of the same order of magnitude, a condition that is 


() 


NSGEN 


met by our plasma source. Howey r ow 
of 
indicat 


nh e¢Aamina- 
tion the dispersion 
to Park 
occur, the electron ene rey 
as the 
much 


Appendix 1) 


contrary instability to 


hould bD f he 


same order 


ion translationa energy or course, a 


of 


e electrons apparently 


more stringent condition. Until this range 
electron energies i 
are able *o mask almost cr ly any 
Thus 


theory as we interpret it. 


ion de nsity 


fluctuation our re not inconsistant with 
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APPENDIX I 
The 


electrostat 


of 


oscillation 


ongitudinal 
by 


stability 
( onsidered 
examination 


kK? 


) 2 
-“p 


where P refers to 2xr/r, the 


ations w/K, tl 
of 


oo 
wave number of the oscil 
velocity, /’(l 
velocity distribution 


i¢ phase 
initial 
+m,/m,f;'(U), 


derivitive the 
fun 
Q,= (4ane*/m,)', the electron plasma frequency. For 
a real K are interested in tl values of U for 
which /’(U) =0. It has been ‘that the plasma is 
stable if and only if 


first 
tion wy 


we 


Ost 


V are the alues f which f’ is zero and 


f(’) is minimal 


whe r¢ 

For identical counterstreaming plasmas with 
velocities +1 \Iaxwel 
moving frame) 


stream 


and distributions (in the 


N.G 
a) 


Van Kampen, Physica 
Buneman, Phys. Rev. 115 


23, 641 


3SO4 
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where A, UotVa)/ Ven 
distribution V,,=0. Then, 


dl 


It can be shown that 


hir 1—A exp(—)? »f exp( p*/ 2)d 


The values of this function are tabulated in a slightly 
different notation by Unsold.® 
The condition for stability is therefore 


mV2 
“Air,) > 9, 


mV, 
~) 
mM, 
*A. Unsold, Physik der Sternatmospharen 
Springer, Berlin, 1938), Ist ed., p. 163 
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2. Conditions for stability of identical 
counterstreaming plasmas. 


rhe region of stability for identical colliding plasma 
streams is indicated in Fig. 2. The boundary for the 
stable region was obtained by setting g(r, la T,) 0 
Ihe instability in region I will be due to the interaction 
of the electrons in streams whose translational velocity 
is larger than the electron random velocity, while the 
instability in region II will be due to the interaction 
of the ions. It this interaction cannot 
occur until the random energy of the electrons is of the 


appears that 


same order as the translational energy of the ions. 
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It is shown that the Yafet-Kittel triangular spin-configuratior 


classical Heisenberg exchange energy. (Or 
S4 for the 
general than that of 


included ; one spin-magnitude 1 sites 


classical ground state more 
determining the largest value 
to arbitrary small spin-deviations 
for the 


configuration 


breakdown of the Néel configuration 


vhen y—yo is small 


ly nearest-neighbor 
and one, Sa, for the 

Yafet and 
, Of y=J peSp/JapSa for which the Néel 


1-B 
B sites is 
Kittel is in 


ois roughly 10°) smaller than tie 
A perturbation m 


and positive is then employed. It 


configurations exist which have nonzero angles between spins on the 


between those on the B sites, 


ordered, car 


d in connection with experiments or 


I. INTRODUCTION 
N 1948, Néel! 
ferrites there exi 


sted that in a 

t low-temperature spin-configura- 
pins on the tetrahedra! (A 
antiparallel to those on the octahedral (B 


considerations were 


uggs 
tions in which the sites are 
His 
molecular field treat 
A-A, B-B, and A-B 
exchange interactions. Later, Yafet, and Kittel? showed 
that for large enough A-A and/or B-B 
(compared with the A-B terms), certain triangular con- 
figurations would have lower exchange energy than the 
Néel configuration. They also used the molecular field 
method, but assumed six independent sublattices in- 


sites. 
base d on the 


ment, assuming antiferromagneti 


interactions 


stead of two, the larger number corresponding to the 
number of cations per primitive unit cell 

However, there are many known examples where the 
magnetic unit cell differs from the nuclear cell, so that 
reason to expect that the Yafet- 
assumption should lead to the 


Appendix I we 


there is no substantia 
Kittel (YK 
energy 
indeed, the 


minimum 
that, 
igurations do not minimize the ex- 


configuration. In 
YK cor 


change energy 


show 


The method used is again the molecular 
field theory (at temperature 7=0), although we use the 
notation of the classical Heisenberg theory, and we re- 
move the sublattice assumption, which arbitrarily con- 
strains large numbers of spins to be rigidly parallel. We 
1-B and B-B 

Jap and 
spectively) for normal spinels (with one spin-magnitude 
S4 on the A sites and one, S; B’s 


Although the basic (YK) concept of noncollinear spins 


consider only nearest neighbor inter- 


actions (with exchange integrals Iep, re- 


,, on the 


is undoubtedly correct, the above result forces us to 


york report 


* The rm Lincoln 
Laboratory, a center for 1 operated by Massachusetts 
Institute of Technology h oint support of the U. S. Armv 
Navy, and Air Force 

'L. Néel, Ann. Phys. 3, 137 (1948 

?Y. Yafet and C. Kittel, Phys. Rev. 87, 290 

\ brief account of this result has heer 
Kaplan, Phys. Rev. 116, 888 (1959) } 


this pap vas performed | 


given pr 


in contrast with the Yafet-Kittel resul 
ted spin configurations in the cubic spinel contrary to An 
MnCrO, and 


Mn,O, 


reconsider the problem of the ground state.‘ Some in- 
sight into this problem can be gained by a perturbation 
calculation of the configuration. 
Briefly, the idea of the method is as follows. Neglecting 
1-4 inte ractions, the proble m can be described in terms 
TapSp/JanSa. The Néel configura- 


is rigorously the minimum 


energy 


of a parameter 4 
tion Cy 
y=0, and is expected to 


energy state when 


remain so as y Increases up to 


| 
‘ 


y exceeds yo, Co becomes 


when 


some critical value 4 
unstable. If y— yo=7 is small and positive, the minimum 
energy configuration is expected to deviate only slightly 
from Co. Hence we look for a solutio1 
condition giving the deviation from ¢ 


in 7 when n>0, such that the deviat 


of the extremum 
iS a powe r series 
on approaches zero 
needed for the 


T he 


ons 


as n—> 0. Two plausible issumpt 
method, are stated in Sec. Il 
y is determined in 11 IV is 
devoted to the theory for 


rigor of the critical 


value of 
d positive 

The principle conclusions drawn from the analysi 
ire of order n}, so that the 
: de I ned by Cc in- 


crease rapidly with 9 for small 9. Equilibrium 


the following 
angles betwee! tl spi nd the 
conhgufra 
tions exist in whic! simultaneously nonzero 
B spins, as con- 


YK as- 


sumptions. Furthermore, the ground state will exhibit a 


angles between A spins and between 


trasted with the rigorou from the 


long-range-ordered array) an ins in contrast 
with Anderson’s sugges 

The neutron diffract is calculated in 
Sec. V, 
ments on MnCreQ, a 


and VI 


and the relatior ults and experi- 


ssed in Secs. V 


‘P. W. An 
special case of 
showed that there w 
this case in a cubi 
range-ordered ang 


zeTo 


basing his discuss 
further below 


‘FF. K. Lotgering 
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Il. GENERAL CONSIDERATIONS 


Our problem is to find the set of spin vectors, 8,4, S,*, 
associated with each point of the tetrahedral and 
octahedral sublattices, respectively, that minimizes the 
Heisenberg energy, 


E=WarSsSel ¥ o 4-08 +y ¥ o,*-@;*}, 
where 

S'/Sr, T 

J ppSp/JapSa209, 


Jap and Jap are positive (for antiferromagnetic inter 
actions), and }0¢,., 


bor (n.n,) A-B or B-B pairs. We neglect A-A interaction 
for simplicity and because it is expected to be small. 


indicates a sum over nearest neigh 


When y=0, it is easy to see that the Néel configuration 
is the ground state. For any nonzero value of y no such 
rigor appears possible.® 

However, the question of local. stability 
handled ; that is, the energy changes for small deviations 


can be 


from Cp are calculable for any y. To discuss this point 
further, consider the deviations from Co, a,"? 
where the spin-axis in Cp Is the z axis, and expand thi 


and oa,'¥ 


energy 

kot bot ka 
where £,, is of mth order in the deviations. This is ob 
tained by substituting the expansions, 
a;4 [1—(o,4 a,4¥)? ji 
1—(1 2)[(o47)?+ (o,;4¥ 
—f1 is (a ;87)?— (a ;8¥)? |! 


—{1— (1/2)[(os?*)*+ (0584)? ]—---}, 


into Eq. (1). Then C> is locally stable if the quadrati: 


form £» is positive definite.’ The determination of the 
possible signs of 22 is tractable since the translational 
symmetry allows one to write FE, as a sum of 6X6 
quadratic forms in the Fourier transforms of the o,! 
(u= x, y), one form for each point in the Brillouin zone 

at worst, a numerical solution could be obtained. It is 
with this problem of local stability that we shall be 
concerned—we shall assume thal Co is the 
energy state if it is locally stable. 


minimum 


As y increases from zero, Co will remain locally stable 
until y reaches a critical value yo, E, becoming indefinite 
when y exceeds yo. To determine the minimum energy 
configuration when n= y— yo>0, a perturbation theory 
is investigated (Sec. IV) which is based on our other 
assumption, namely that the o;'“ can be represented by 


power series in n( 20), such that the a,“ —+0 continu 


*The only fairly general method for treating this type 
problem rigorously, the method of J. M. Luttinger and L. Tisza 

Phys. Rev. 70, 954 (1946)]; J. M. Luttinger [Phys. Rev. 81, 1015 

1952) ], unfortunately seems to fail for the spine 
spins on nonequivalent lattice sites 

7 Uniform rotation of the spins, with respect 
invariant, are excluded in this definition 


since there are 
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msiy as 7-0 
that Cy be stable 
certain values 


Che latter assumption clearly requires 
since /,y can be zero for 
0, £4 must certainly 
deviations in order that this 


when n=0 


of the o,' 
for these 


when 7 
be non-negative 
requirement be satisfied. To conclude this section, we 
will obtain explicit expressions for /, and 4, and show 
that £4 is non-negative when n=0. 

Using (5), (1 


can be written in the form 


ONS apSaS p 
(0) 


the No. 


each containing two A’s and 


where &% 8+4y (the value of & for Co), NV 
of primitive unit cells 


four B’s), 


and (8) 
indicate the pertinent n.n. pairs. Comparing (7) and (8), 


and the letters over the summation signs in (7) 


we obtain the functional relation 


Br\2 


aq )4 —(a,; (10) 


Equation (9) yields the theorem: the possible signs of & 
ire identical to those of &.* Since & 20 for ¥S Yo, It 
follows that &, 


> when y< yo. 


Ill. THE BREAKDOWN OF THE NEEL 
CONFIGURATION 


To study the possible signs of F2, we make the 


transformation of variables 


g,.feaS' st 


~~ 


»" exp(ik-R,,"). (11 


Here the k are rationalized reduced reciprocal vectors in 
the first Brillouin lattice is face- 


x, y; explicit account is taken of the 


zone (the direct 


centered cubic): u 


is valid for the deviations 
lattice 


* It is easy to show that this theoren 


om general collinear configurations on any 
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Pasir I. Kigenvalues and eigenvectors for k=0 m, 


y < 2/3 

v m,(O U, 0 r 

1 0 6-4(1,1, —1 1,—1, —-1 c ay*2/3 

2 2(1—4y/3 24(0, 0,1 1,0,0 o = k((110)) 

3 2(1—4y/3 2°-4(0,0,0,0,1, —1 : 

4 2(1—4y/3 2°(0,0,1,1 1, -1 | Ko y>2/3 

5 j 2-4(1, —1,0,0,0,0 

) 

6 6 12)~9(2,2,1,1,1,1 by 1 Qua tative bel m, (kk rk 110) 
; normal coordinates, g,,", by 
fact that there is more than one site per unit cell: y= 1, 2 ae ' .% 
when I A, y= i, 2, 3, 4 when Pr B (n labels the unit e Uv (koe (19) 
cell); R,," is the position vector for site [', n, y. (For a (14) | 

. ° ° - ° ccome 

drawing of the six sites per unit cell and a discussion of 
some of the pertinent lattice properties, see Kaplan.’) & 1/2)>. >. Ym, (k) | gon 20 


Since the o’s are real, 
Thus we have the we known result that the necessary 
Py ** =P. 12 and sufficient condition for 20 for all values of the 

variables is that all the eigenvalues, m.(k), be >0 


Leta=1,2;8=1, 2,3, 4, and define the functions oY ; 
da ’ rhe problem of determining the m,(k), which are the 


} roots of a sixth order secular equation whose coefficients 
Naa(k 1/3) 3 exp(ik- 2.3”), "are given as functions of k, is formidable. However, 
m=! 13 since it is only the signs and zeros of the m, k that 
tee-(k) =couk- esp, concern us, considerable simplification is possible. To 
begin to get a feeling for th problem consider k=0. The 
where tas” connects an 1, with a nearest neighbor B,’, (0) and their associated eigenvectors are given in 
and ogy connects a Bg with a nearest neighbor Bg Table I. These k=0 mod permit straightforward 
Although the functions (13) were given by Kouvel," we Physical interpretation. For example, U,(0) clearly 
include them in Appendix II for completeness. Substi represents a uniform rotation of the spi Phe triply 
tuting (11) into (7), we obtain degenerate set (v= 2, 3,4) or linear combinations thereof 
directly represent the Yafet-Kittel configurations with 
‘ << . Mk) ° 14 angles on the B site n particular, U,(0 represents the 
. ow ew ho 7 " oe 8 special Yafet Kittel configuration nvoked by Prince. 
’ As seen from the corresponding eigenvalue, Co is stable 
where X,=A, for v=1, 2, X,=B,_2 for v=3, 4, 5, 6, with respect to these deformations when 4 1, becoming 
unstable when y>?, in agreement with the Yafet- 
t+ O Mm n2 Ns ns Kittel result 
0 4 m* m* m* mm" For the general stability problem we must determine 
M (k) ae m ax yt ySia yi 45 Yo Su h that m, h >0 (equality holding only for k=0, 
| M2 nN2 VS1 “x Yo Vu v=1) for y< yo, and some m,(k)<0 for y> yo. We first 
Ins* ms yois Woes 2x = y'o&s4 consider syminetry directions for k, [100], [111], and 
m* ne Vou Whoo vlaq 2a [110], for which the eigenvalue problem can be simpli 
r= 1 \ 7 y/3 (16 hed It can be show: see Appendix I\ that the 
eigenvalues are positive (when k#0) for the first two 
and directions (for y< ?). For the [110], we will find nega- ‘ 
na=ma(k) = 23*(k), (17 tive eigenvalues for y>#?, with all eigenvalues positive 
since 3" e23".° Since M(k) is hermitean, its eigen- ‘C*°*P* #' en) SOF y<g. When yey the eniieee 


eigenvalue branch m,(k) has two zeros, at k=0 and 
k=», and looks roughly like the curve in Fig. 1; [the 
. We V k / (k ml (k / k 18 kink probably occurs at the rossing ol! two brane nes 


which connect with m,(0) and m.(0) at k=O). When 


values, m,(k), are real, and the U’,,(k) in 


may be chosen unitary [U’,,-'(k)=U,,(k)*]. Defining y> 3, m,(ko)<0. All the eigenvalues and eigenvectors 


can be easily determined at k= ky when y= 2, and so, by 

*T. A. Kaplan, Phys. Rev. 109, 782 (1958). To accord with the i 6] i i ; be 

present labeling, interchange the numbers on B sites 2 and 3 perturbation theory, the 1 imum eigenvalue function, 
J. S. Kouvel, Technical Report 210, Cruft Laboratory 





Harvard, February 1, 1955 (unpublished 2 E. Prince, Acta Cryst. 10, 554 (1957 
In Appendix III, a relation is obtained between the eige: A tetragonal distortion will split the triply degenerate set; e.g., 
values of M and the spin wave frequencies which enables a direct if c/a<1 and the J’s increase with decreasing ionic senparat 


check of M(k) with Kouvel’s results n,(0) will lie lowest (as is phvsica ea 
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m,(k), can be determined in the neighborhood of ko." It 
is found that the linear terms in m,(k) vanish for y=? 
leaving a positive definite quadratic form in_ the 


artesian components of k—ko. A similar calculation for 
k near zero yields a similar result. Thus there is strong 
evidence that when y= 4, m,(k) 20, with equality only 


at k 


ko’, in [110], etc. This was corroborated by a numerical! 


0, k= ko, and of course at the degenerate points, 


check.'54 Hence we conclude that the m,(k)>0O when 
y= %, and some m,(k)<0 when y>}. 
Finally, in order to conclude that 
vo= 4, (21 


it is necessary and sufficient to show that m,(k) should 
never decrease as y decreases. Although this is intuitively 


4 vy 22 
[2c 2x+y' 2y' 
| 9. Dad ) , 
| 22 ZV ¢ Z£x-7 ¥ 
M’(k’)= | Y 

k ' 0 0 
0 0) 0 
Lo 0 0 


p ka 4\ 2 


3 (4°? 1 


sinp, 
c 2c* & 2 (1 


( COSP, .) 


Since the smallest reciprocal lattice vector in [110] is 
2a~'(1,1,0), the largest & in this direction is 2ra~'(1,1,0 
and therefore 0< p< 2/2, so that 0<c<1 and 


rg « 
As. 


(26 


The eigenvalue corresponding to We is just m,(0 
independent of &). Those arising from the ¥s—wWs 
submatrix can easily be shown to be positive. 

To discuss the 33 submatrix, M;, it is convenient to 
define 

a= (3—4y)/y, 27 


so that o monotonically decreases as y increases and 


a =0 when y= ?. Then the determinant, D, of M,; can be 
written 
D= (16/9)¥?(1—2)g(o,z), 28 
where 
g(o,z : a,(z)o” po ¢ Aal(a)z", 29 
ao(z —(1+32)(1—2), a,(2)= (32°+62+7)/4 
a2 7+42)/8, 0 
“ The details of this calculation will not be given. We 
remark that the perturbing matrix, V, is an infinite seric 


powers of k ko, so 

theory must be moc 
‘It is sufficient to compute only the determinant, D(k 

M(k), when y=}. This is so because at k=0 and (as shown be 

at k=ko, the zero eigenvalue is nondegenerate. Since the m,(k) ar 

evidently continuous functions of k, D(k)>0, equality only at 0 

and ko, implies m,(k)>0, with the same conditions for equalit 
'6 The numerical work was carried cut.on a cul 

spacing of a tenth the maximum value of &, 


that the standard expressions 
ified slightly 


ol pert irtaltior 


mesh with a 


[Ons £5 © 
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obvious, a proof is given in Appendix V, where a useful, 
stronger theorem is proved. 

We now in detail the behavior of M(k) 


when 


investigate 
k= (k/V2)(1,1,0) =k’. (22) 
lransforming M(k’) to the symmetry basis 


¥i= (1/v2)(1,1,0,0,0,0), 


¥2= (1/v2)(0,0,1,1,0,0), 
W3= (1/v2)(0,0,0,0,1,1), 

(23) 
¥4= (1/v2)(1, —1, 0, 0, 0, 0), 


v2)(0,0, 1, —1, 0, 0), 
v2)(0, 0, 0,0, 1, —1), 


and using the definitions of Appendix II, we obtain 


0 0) () 

0) () () 

0 0 0 

4 -2is/3 0 (24) 
dis/3 2x-—y 0 

0 0 2(1 Ly /3 


and the 1,,(¢) follow from these equations. Clearly 


r((). a (), (31) 


equality holding only at the end points z= 1 and —4, in 


(A.11 


value ao, 


Since a;(z) and a»(z) are 
that 
will have two real zeros, 


agreement with Eq 


positive, there is a such for o>, 


g(a,z)>0. It follows that g(o,: 
ce coalescing (to zo) when 


z, and 2s, for a<ao, 2, and 


0 09 Thus o is determined by 


Ayla tAyla )A slag) 0. (32) 


1 


The only solution of (32) consistent with (26) is oo= 4, 


which gives the value § for y. The zero, zo, when a= a4 is 
1,(1/2)/2Ao(1/2)=4. (33) 

Thus when o= a, there is a zero eigenvalue at 
k 1.161) (Ko/4), (34) 


where Ky=27 times the smallest reciprocal lattice 
vector in [110]. This nondegenerate since, when 
a<ay, g(a,z)<O for 2;<2:- and trace (M;)>0, so 


that there is one negative and two positive eigenvalues 
da 20 (Appendix V), the 
two positive eigenvalues must remain positive as @ 


in this range of z; since 0m,(k 


increases to ¢»o. 

It can be directly verified that the eigenstate corre- 
sponding to m,(k 
to Eq. (15), is 


U,(k 


0. written in the basis appropriate 


(2/67)*(1 


for y q. (35) 


lo obtain a physical picture of this mode, we use (11 
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‘ % 
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7 / ‘\ f , \ 
24 2) 2f 
3,4 34) |Y|WY! 36 3.4 
} re a) NN ; 
‘f 1%, if 0 
a) 2 
4 2 i < 2 ‘ 2 
7 ? "a } 4 \ 
t2 24 2 24 2. 
3.4 a4 | 
ih) 4} \f ‘\ ¢ 
he R [ “> (110) 
[001] 
lic. 2. Configuration Ck projection on a (110) plane. A site 
are denoted by ©, B sites by @, the adjacent numbers indicating 
the type of sites. The dotted lines indicate the connections of an A 
with its 12 n.n. B’s (the clec mber on the line is the number 
nt bor Phe origir the ne wave is at R=0, and it vave 
engtk 
and with all g,, 0 except for u=x, y=1, and 


(19 
t ky. ( 
1/2)q, we 


a /k 


hoosing the arbitrary phase such that 


obtain 


k ink R J 


be Ing an arbitrary 


implitude | 
34 


Ing 


wavelength ce 


rre pondit y lo 


1,/a O.861)v2. 


we obtain, qual tatively, Fig. 2 (in which only the ratios 


of the angles are significant). ¢ learly, if A» a were v2, the 


magnetic unit cell could be obtained from the te tragonal 


nuclear unit cell by imply doubling the (110) edge 
However the roughly 14°7 deviation from this value 
extends the unit ( in fact, there is no repetition 
within the crystal ong this direction Neverthele . the 
configuration defined by (36) must be described as 
having long range order, as is most directly seen by the 


Sec. \ exhibit 
sharp diffraction peaks corresponding 
k This 


reasonabl n tha the 


neutron diffraction pattern which wil 


characteristically 


wave vector conhiguration seem In 


for 
in deference to the B-B 


tuitivels re is a tendency 


B spins 


angles to occur betweer 
interaction), while the A’s tend to remain nearly anti 
parallel to their nearest B neighbors Thus we have 


t} ;, for our stability 


dete rmined ine 


critical vaiue, ¥ 


problem, and have found a spin configuration which 


1 


gives a lower energy than the Néel configuration when vy 


first exceeds 4 


IV. PERTURBATION THEORY FOR MINIMUM 
ENERGY SPIN CONFIGURATIONS 


In the previous section we saw that when y< ?, 
N éel con 
set ol small spin-deviations 


with a definite wave vector ko, becomes important ; 


figuration is stable I arbitrary 
As yu 


essentially 


creases, a partic ular 


set of deviations (¢ sinusoidal in space 


when y reaches 4, the second order terms in the 


energy 


K 


APLAN 


1 ‘ ‘ ‘ | 
no longer increase wit! e amplitude of this special sin¢ 


wave, and wl exceeds 4. the second order terms are 


h 


the configuration space with 


negative for ¢ 
ol 
a,'“. The ene rgy has 


pictured alternatively 


in terms coordinates 


inimum at the origin, O, in this 


space when y< 4; when y1 ghtly) larger than %, the 
energy, 6, increases as one moves away from 0 in many 
“directions,”’ but for cer aires ) & decreases near 
0. When y—4=7 is small and positive, the direction for 
the maximum decrease ic! nat tl ratios of the 
o,'“ are those give n by ¢ k Wi nh d the fourth 
order terms to be positive, so that a minimum in & will 
occur at ome point 1iong t direction, thus de 

termining the amplitude. As n — 0, t point will move 


back to 0, the 
tively obvious that the minimum 


amplitude is almost intui- 


energy conhguration 


in the neighborhood of Cy will be C(Ko) with a definite 
amplitude 

It is the purpe I ( yn to derive essentially 
this result, taking into yunt the cor pl ation intro- 


duced by the fact th t the et of cor h), 


gurations ¢ 


where h is any one of the [110] f ) th magnitude 
ko, are degenerate 

It is convenient to expre the energy ter! ot the 
normal coordinaté “ vk | 19 “ ow stand) r 
for ul Phen the extrema are deter? ed by 

i? ; vk { ss 

We look for soluti if these equ yns in the form 
g vk > vk . 720.0 v< ] 39 
The condition a>0 r é 0 as n—0, 
while the restriction, a< 1 made for convenience with 
no loss of generality Consider the Tavior series ex 
pansion of & in terms of the variabl Aah ised 14 


19). we 


Employing 


§= 8+) ¥ myk yk 
] 
po vk k, 
k >,k 10) 
where 
M(yik; k > M k k 


with l = l vu: k 
M (yk ¥ nkn)=0"8/0x(yik x (y wk (42 
evaluated at x(7 k 0. Differs g (40 e equi 
librium conditions (38) be 
| 
m.(k)q(yk)*-+ > kK yoko ysks.yck, 
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These always possess the trivial solution g(yk) =0 for all 
y, k (the Néel configuration) ; it is, of course, a nonzero 
solution for which we look. 

We now expand (43) in powers of 7. Since & is linear 
in ¥, 


M,4(k)= M4 (k)+9M,,- (he), (44 


YY 


so that, with the help of perturbation theory, we may 
obtain the expansion 


m,(k)=> 


d i= 


o” m,'™ (k)n", (45) 
and from the cigenvectors of (44), 
IM (yiky- « -Y¥mbim pe My key: « -Ymbbm) on”. 


Using these and (39), the equilibrium equations (43) 


become 


pi ” W, rE) ne s 


HZ me” Dire? X rq Mylartets] =Q, (47) 
where 
W (ve =>: ot m,'™ (k)g (yk) n)* 48) 
¥ I = ~ 
X v0 1 = ss : Zz IM (ykyk,- --y,k, 5 as 
pl ---ni yiki--- 
X g(yiki) ee vk, ba 19 


in which p= 2r+1 and }>“---n,--- means }°---n, 
with the restriction OC }>¢ my<s. 

Since a>0, the lowest order term in (47) is Wo'7*'n*; 
(every other term is of higher order). Thus for equi- 
librium W,‘7* must be zero, giving 


m, (k)g(yk)*=0. 50 


We found in the previous section that the eigenvalues 
for »=0, m,(k), are positive for all y and k, except 
when y=1 and k is either 0 or one of the set of twelve 
[110 ]’s with magnitude ho, in which case the eigenvalues 
are zero.'’ Calling this set of 13 modes, §, it follows from 
(50) that 

q(yvyk)® =0, 


q (y k 


+, k not in §, 

, : 51) 

arbitrary, 7, k in 8. 

Thus the lowest order terms consist only of the mini- 

mum energy norma! modes defined at 7=0 (see Sec. III). 
To determine the amplitudes, which are arbitrary in 

Eq. (51), we must consider higher order terms in (47 

Using (51), we have 


W, 7k) = m, . k q vk ' *+m, . (k g(yk iad 


(m,(k)g(yk), -y, k not in $ 


52) 
m,(k)g(yk), vy, kin $s 

Also, from the properties of the determinant, Eq. (28) 

7y=1 means y= (»,u)=(1,u); (the possibilities u=x or y are 


implicit ). 
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it can be shown that 


m, (h) <0, (53) 


where h is any one of the vectors in the [110] family, 
with magnitude ko 

There are two possibilities: (a) Some of the g(1h) 
are not zero and (b) all the g(1h) are zero. We will 
now show that there exist solutions of lower energy than 
Cy consistent with (a). Then case (b) is not of interest 
since the energy reduction from é&o, if any, will be of 
higher order in » than for case (a). Considering, there- 
fore, case (a), the coefficient W,'" of n**t! is not zero, and 
so this term must cancel the lowest order term in the 


double sum. The latter is Y, o'"y**, so that a+1= 3a or 
a=. (54) 
Setting the coefficient of n! equal to zero gives 
i l yk T X, 0 yk). 0, (55) 
oO; 
m,) (k)g(1k)*+NX,¢*=0, (k=0,h), (56) 
and 
m,\° (kjg(yk)*+X,07*=0, (yk notin $), (57) 
where, using (51 
l ~ 
XxX yk y ity JT yk, ik,,1k.1k )\e 
3! ky ko key 
xq 1k,)" g( 1k, g(1h,). (58) 


The prime on the summation means the k, go over the 
set k=0 and the h’s. Equation (56) determines the 
g(1k), and (57) the g(yk)" for yk not in 8. 

To discuss solutions of (56) we need certain properties 
of the M(y,ky- - - ysky). Substituting (11) into (8) and 
using the definitions (41) and (42), one finds that 


if 7 k ys Q > k, K, 
where K= 27 times a reciprocal lattice vector and i goes 


from 1 to 4. When the k, are in the set 0, h, the only 
possible K in (59) is K=0, since ky differs slightly from 


unless (59) 


1K, [Eq. (34) ]. Thus in this case the condition (59) is 
> k,=0. (00) 


The ways in which a set of k’s, drawn from the set, 0, h, 
can be chosen to satisfy (60) are represented by the 
diagrams in Fig. 3 (omitting the case k,=0). 


F1G. 3. Sets of four 
vectors k,;, drawr 


from the set 0, h HY 
satisfying = k,=0 yi 


3 $ 





* 
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The other property needed is that M (yikj,- + -yaky) 

0 unless there are an even number of differentiations 
with respect to the x components and likewise for the y 
components 

From the latter property it follows that we can obtain 
a solution of (56) in 


which all the y components, 


all the spins are parallel to the 


r-2 plane). We confine oursely 


qg(ik)*, are zero (i. 
es to this case. 

From the first property it follows that it is consistent 
with (56) to have 


q(yvyk) =0, all (y,k) except (1,ko), (1, —ky (61) 
To show this, we first put k= ko in (56), giving 
my"? (Ko)g(Mky)+(1/3!) So Ike, 1k), 1ke,1k 
ie) kp. k 
x g(Aky) gk.) g(1k;) =0. (62) 


If g(ik 0 except fork tk,. 


the only contributions 


to the second term are from diagrams of type 3; 1.e., the 
set k,, ko, ky must contain one ky and two ko)’s. 
Defining 

\ my h)>0O 63 


and dropping the subscripts 1 on 3M, (62) becomes 


(1/2) (ko, ko, — Ko, — ko) 
X g(1hy)*| g(1ky) |2, (64) 


Ag(1k 


g(ik 2A/IM (ko, ko, —ko, —ko). (65 


Equat ion (65 
ky >(), 


having ( 


can be satisfied only if IN (Ko, ko, —Ko, 


which how 


explicitly the importance of 


stable when 7=0. 31 is simply the value (to 


of the 


numerical factor fourth order 
given by 


within a positive 


spins are mode (yk 


Il shows this Jn 


terms &4 when the 
Lk, and 7 0. The 


cannot be negative; we had to use dire: 


theorem of Sec. 
t computation to 
show that it is not zero 

lo complete the proof that (65), with all other g’s 
zeTO, gives a solution, we must show that (56) is satisfied 
for the other k’s In our set. Suppose k h= + k . Then 
the first term in (56) is zero. In the second term, k,, ke, 
and ks must be +ko; but a glance at Fig. 3 shows that 


an (hk, kok , with the k; chosen in this way, must be 


zero. The same argument applies when k=0 


4s 
~I 


To satisfy the extremum equations to order 7}, 


gives 


yk, 1k), 1k.,1k 


Y yk ’ 2 M 


X glk, giky gtk yk not in 8), (66) 
where each k, = + ky in the sum. The g(yk) for yk in S$ 
will be determined by terms in (47) of order n', and 
so on. 

It should be pointed out that the solution (61). (66). 


If various numbers of thi 


is not the only one 
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g(1h) are assumed to be nonzero, one obtains different 
with different 


econd order in n, 


solutions of the extremum conditions 


energie s 


Using (56), the energy, to 


can be written 
&=6& An’/4)3>05 g(h 67 


Although il appears as though the more modes excited, 


the lower the 


energy wv be, tl ot generally the 


case, since the amplitudes for the nonzero modes are 


functions of the number of such modes.'* We shall not 
investigate all these possibilities to determine which 
minimizes (67 

In any case, we have e result that the minimum 


energy configuration of the form (39 lowest order, 


1 linear combination of the modes (yk) in S, defined at 


" 0: the energy & é IS negative and of order n \s 
shown explicitly n Sec. \ ict onfiguration exhibits 
long-range ordering of the ind y spin-component 


Also Eqs. (61) and (65) give an explicit example of an 


equilibrium configuration (for sufficiently small 9 


i 


which 


has angles imultaneously between A pin and between 


B spins. 


V. NEUTRON DIFFRACTION CROSS SECTION 


Corliss and Hast ngs tudied the norma cubic 
spinel MnCr.O, at lov mperatures using neutron 
diffraction technique They found a long-range ordered 
magnetic structure, not of the Néel type, with angles 
both between the 1 spir ind between the B spins. This 
was px rplexing on the bas! ol existing theoretical 
work.?:*°> However, as we have seen in the preceding 


sections, these general aspects of the eX pe rimental re- 


sults are consistent with the issical Heisenbe rg model. 


We will calculate th tion cross section in this 


section although the limitation of the present calcula- 


tions to small n prohibits a direct compariso1 their 
experiment. Our purpose is to show explicitly that our 
result (in lowest order) gives rise to extra diffraction 


peaks 


“angles,” 


characteristi ot ong-range 


ordering of the 
and that the detailed properties of the spin 


configuration for large 7 must be qualitatively different 


from those of the lowest order result in order to agree 
with the experiment on MnCr,Q,. The cross section for 
elastic magnetic sca i f 


proportional to 


ttering of unpolarized neutrons is 


UV P P 68 
where 
> . ' 
I o & ( Xp ie R S P e 69 
e is the neutron scattering vector (incident minus 
scattered neutron wave vector e/'e!, y=1, 2 
1 We have investiga r 4 he 
components zero): any two g’s and their igates not zero, and 
an arbitrary number of g’s not zero, all real anc sal. OF these 
61) is of lowest energy 
9] ( orliss and ] Hast gs private municatio 
® (. Halpern and M. H. Johnson, Phys. Rev. 55. 898 (1939 
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refers to A sites, y=3, 4, 5, 6 to B sites. For simplicity 
we can assume the spins are all parallel to the x-z plane 
since this will not affect the location of the diffraction 


peaks. Using (11) and (19), 
Sa," dix exp(*sk-R,,)l >u(k)gyx, 
so that with (39), (51), and (54), 


Ony7 =n Dy exp(th-R,)U 5. (gus +0(n! 
Using (70) to expand the z component of (69) as P, 
+nP,(e)+---, we find 
O= (1—e2){| P.@ 

+(1l—e,/ 


(e)|?+2 Re[ P, (e)P," (e)* In} 
do Diet+hjaw 0) Fe (e,h) “4. 


Here ¢, and e, are components of é, (1—e,”)| P(e) 
the function Q for the Néel configuration, 


>. exp(iv-R,,), 
R,, are the lattice vectors for one fcc lattice, and 


F(eh)=>, S,Uy (h) exp[i(et+h)-9,] (73 


D(v) 


is the structure factor for the x components in mode 
ih). 
D(v) is the familiar interference function consisting 
of essentially delta-function peaks at v= K. Hence extra 
peaks (in addition to those for Co) occur when 


e+h=K, 


(with the restriction that the neutron energy change is 
zero). Equation (74 
spirals.* 7! 


is the same condition obtained for 


The series of peaks (74) was_ not present in the 
MnCr.0, experiment. In addition, the experimentally 
(71).? 


must conclude that the experimental configuration can 


observed (200) peak does not appear in Thus we 
not be re presented by the first few terms in our pertur 
bation series. 


VI. SUMMARY AND DISCUSSION 


Having shown that the Yafet-Kittel triangular con 
figurations do not minimize the exchange energy in the 
cubic spinel, we have investigated a method for de 
termining the classical ground state. This consists ol 
first determining the maximum value, y 
the Néel configuration, Co, 


, of y for whi 
is low ally stable; and ther 
looking for solutions, C, of the extremum equations 
y—yo(>0), with each spin des 

ating slightly from its direction in Co when 7 is small. It 
is assumed that the ground state is given by Co for 
O<y< yo, and by the minimum energy solution C for 
y> yo (providing the energy of this solution is lower than 


series in powers of 7 


1 A. Yoshimori, J. Phys. Soc. Japan 14, 807 
J. Phys. Chem to be published 
= It is also the same as for spin-wave scattering; an important 
difference is that in the latter case the neutron energy does change 
* Although the (200) is one of the series e= K, which applies to 
Co, it vanishes in P, (e) because of a zero structure factor; it will 
appear, however, in the next order term, through P,"(e 


1959 J. Villai 
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(», of course). These assumptions seem to be plausible 
a priori and they lead to physically reasonable results 
for the spine 

We have applied the method in some detail to the 
cubic spinel. yo was determined and certain properties of 
the sclutions C were obtained. Namely, in lowest order 
the C are linear combinations of the configurations C(h), 
these being of lower energy than Cy when y> yo. his any 
of the twelve (110)-vectors with magnitude ko corre- 
sponding to a wavelength 0.86lav2. The C(h) exhibit 
nonzero angles simultaneously between spins on the A 
sites and between those on the B sites; the x (or y) 
components of the spins on any one face-centered-cubic 
sublattice being given by p» sinh-R,, one amplitude y» 
for each of the six sublattices.** Pictorially, this corre- 
sponds to spin-deviations from the Néel configuration 
which vary sinusoidally in a [110] direction, with a 
wavelength of approximately twice the primitive trans 
lation in this direction, as indicated in Fig. 2. 

Now from the Yafet-Kittel 
assumptions is that in an equilibrium state there can be 
angles between 1 spins or between B spins, never both. 


a rigorous deduction? ® 


Mur results show on theoretical grounds that this is 
overly restrictive 

The present theory suggests that the ground state, as 
defined by the classical Heisenberg energy, is a long 
range-ordered arrangement of canted spins. On the 
other hand, Anderson‘ showed that there is an enormous 
number of ways of placing a given number of +’s and 


octahedral latti ec. 


’s on the all with the maximum 


hort-range order and, therefore, with the minimum 
B-B exchange energy (assuming nearest neighbor B-B 
interactions only). By identifying the +’s and —’s with 
the projections on the x-y plane of the canted spins in 


the Yafet-Kittel picture, he was led to suggest that there 


would be no long-range ordering of these components. 
This conclusion is correct in the absence of A-B inter- 


actions, but our calculations show that inclusion of the 
latter will remove this degeneracy 
Our general conclusions are in agreement with the 
neutron diffraction results of Corliss and Hastings” on 
inCr.O,, which indicate that there are long-range- 
ordered ‘‘angles,”’ with angles simultaneously on the A 


B sites 


whi h 


and on the However, the results of our calcula 
order of 
ipproximation, do not agree in important detail. This 


points up the need for carrying the present calculations 


t1Lons, were made only in the lowest 


to higher orders, and, more important, to investigate the 
correctness of our assumptions 

We should 
Nathans”® 


showing no long-range ordering of spin angles. This does 


of Pickart 


on mixed ferrite-chromites (which are cubic), 


mention the results and 


“It should be emphasized that in these configurations the 
z components never changing sign 
within one face-centered-cubic sublattice. This constitutes a basic 
difference between these configurations and “‘spirals”’ or “helices’’ 
see references 3 and 21 

S. J. Pickart and R. Nathans, Phys. Rev 


116, 317 (1959) 
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not contradict our results, since in these materials there 
are two different spin magnitudes placed randomly on 
the octahedral lattice, so that the translational sym 
metry, which enters in a basic way into our calculations, 
is destroyed. 

Our results appear to have interesting possibilities in 
connection with recent experiments on hausmannite 
(Mn,0,). The results of Kasper®® and Jacobs” 
that there are canted spins in this material. The former 
has shown that there is a doubling of the magnetic unit 
cell in the [110 ] direction, and has proposed a particular 
model to explain his diffraction intensities. However, 
Dwight and Menyuk* have pointed out that there is no 
energy difference between Kasper’s model (which has 
angles only on the B lattice) and others which do not 
double the magnetic cell. Our result that the important 
mode, C(h), approximately doubles the cell in [110] is, 
therefore, quite suggestive in this connection. We plan 
to investigate the effect on our calculations of the 
tetragonal distortion which characterizes Mn;O, and 


indicate 


other manganites. 
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APPENDIX I. PROOF OF INSTABILITY OF 
YAFET-KITTEL CONFIGURATIONS IN 
THE CUBIC SPINEL 


We consider a cubic spinel with nearest neighbor A-B 
and B-B interactions only, so that the energy is given by 
Eq. (1). Yafet and Kittel showed that, consistent with 
their sublattice assumption, there were a number of 
degenerate triangular ground states. To show the in- 
stability of these states we clearly need only show the 
instability of one of them. For our purposes, then, we 
consider the particular configuration (?) invoked by 
Prince,” in which the A spins all point in the z direction, 
B, and B, are parallel to 2;, By, and By, are parallel to 23, 
where z; and z; mak: angles 6 and —8@ with the negative 
z direction, as shown in the figure of reference 3. (Also 
refer to Fig. 1 of reference 7, interchanging B, and B;.) 

Since we shall prove instability, we may consider a 
limited set of configurations, namely 


(y sins +3 cos ons” e, 


where 


*6 J. S. Kasper, Bull. Am. Phys. Soc. 4, 178 (1959 

271. Jacobs, Bull. Am. Phys. Soc. 4, 178 (1959 

28K. Dwight and N. Menyuk, following paper [ Phys. Rev 
1470 (1960) } 


119, 
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and f is a unit vector in the x direction, etc. When the a 


components are zero, ( A.1) corre po! d 


to configuration 
P. For small deviations from P, 


na’ 1 


(A.3) 


Big~ 1 


Oy 


We will show that for certain deviations in this class, 
E< the energy of P. 

Substituting (A.1 
only up to quadratic term 


and 3 


into Eq. (1), keeping 


in the x components, yields 


E’ E 2/ ip iOB 


+(3u—Cy)>- 


where 


(The notation for the summation indices and other 


symbols is defined in the text.) The angle @ is chosen to 


minimize F’(@), leading to the Yafet-Kittel condition, 
lu } vy), (A.6 


when y> ?; otherwise, u 
case y> }. Then 


consider only the 


3 y=4 (A.7 
Now consider the deviations 
na V-W, cosk-R,,.4, 
Tnge = N ims cosk R,3?, 
where k is a rationalized reduced reciprocal vector in 
[110] (#K), and ¢,:=¢2=¥2, ds=ds= V3; (the yx are 


arbitrary amplitudes A.8 (A.4), we 
obtain 


. Substituting into 


'— F' (0)=AE’ (A.9 


where 


4.10 


with c and z as defined in Se 


III. For AE’ to be positive 


, iti necessary that the determi- 


for any values of the ¥ 
nant, D, of M be positive But 


ilation gives 


(A.11 


direct ( 
D=— 184 


Hence, there are 


S ompletes the 


which is <0 for k#0 
values of the ¥, such that AE’ <0. T) 
proof of the instability 

It is interesting tonote that, since AE = 2) 42S 4S AE’, 
the determinant, D’, of the matrix, M’, of AE is pro- 
portional to (Jas)*vy= (J4z)*J ex. Hence there is an 
important difference he |] 


yis positive 


betweer the limits 1 2, 
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Jip—70, and 2. y— «~, Ju4nXO. In the first case, 


considering the limit J4.=0, we see that D’=0, so that 


there is at least one zero eigenvalue of M’. It can be , 


shown that,” for general small deviations from the 
Y-K-Prince configuration in the limit J/4,=0, there are 
zero eigenvalues for all k, and no negative eigenvalues 
This is consistent with Anderson’s result,’ the 
eigenvalues corresponding to a large degeneracy in the 
ground state. In the second limit, we see that D’ — — « 
as Jnp— ©, showing that there is at least one negative 
eigenvalue, and therefore a state of lower energy than 
the Y-K configuration. 


ZeTo 


APPENDIX II: FUNCTIONS us(k), Cas (R) 
Writing 


(a,8,y) = (a/8) (ak. +S8ky+vyk,), 


we have, using the definitions given by Eq. (13), 

m= (1/3)[expi(1, 1, —3) 

+expi(1, —3, 1)+expi(—3, 1, 1) ], 
(1/3)[expi(—1, —1, —3) 

+expi(—1, 3, 1)+expi(3, —1, 1) ], 

= (1/3)[expi(—1, 1, 3) 
+expi(—1, —3, —1)+expi(3, 1, —1)], 

n= (1/3)[Lexpi(1, —1, 3) 
+expi(1, 3, —1)+expi(—3, —1, —1) ], 


(A.12) 


and 


€12=c08(2,2,0), £13;=cos(2,0,2), 


€14= cos (0,2 2). 
; (A.13 


¢34=cos(2, —2,0), 23;=cos(0, 2, —2), 


f2,=cos(2, 0, —2). 


APPENDIX III: RELATION BETWEEN SPIN-WAVE 
FREQUENCIES, w,(k), AND THE 

EIGENVALUES m,(k 

If kh, =6.\ J spSaS pE2=cN &o, the 
wave equations of motion are 


linearized spin 
a;! *=erdk» da;'¥; o;t¥ =—erdk, da;' 
where €4=1/S,4, es = —1/Sg. Using the transformation 
(11) and Eq. (14) these become 
Xo (er/N)OE2/OX,y"* 

=cer > yw Myy (k)X5%", 
OX,,7* 


= Cer » M,, (Kkjx he 


. A.14 
=—(er/N)dF, 


Writing 

x k 1x k” ( yk EXp! —1wtl), 
** For arbitrary deviations in this limit one need consider 
the 4x4) matri with (s9=1 This has the interest 
that the i 
for all k. It follows that there are two zero eigenvalues for each k 
the remaining two eigenvalues are easily shown to be } 


roperty cotactor of every element vanishes ident 


wositive 
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we have 


a €b »M (kX ‘aks 


(A.15) 


where e, i, 7 i ide 


II, [w,(k r Sa Sp ‘ Det(M(k) ] 
SS nT], m,(k). 


or eg when y=3, ---, 6. Therefore 


’ 


(A.16) 


Equation (A.15) allows us a direct check on our 
explicit expression for M(k), Eq. (15). It can be seen 
that (A.15), keeping in mind the definition given by 
Eq. (2 » 

The reason we have discussed the stability problem in 
terms of the m,(k 


interesting w,(k) is that the latter may be positive or 


, agrees with Kouvel’s' equations (2.5). 


instead of the physically more 


negative whether or not the Néel configuration is stable. 
(The meaning of the sign of the w,(k) has been discussed 
previously.)’ We might add that the symmetry vectors 
used to factor the secular equation for k in symmetry 
directions (Sec. II] and Appendix 4) will also factor 


4.15) 


APPENDIX IV: FACTORIZATION OF THE SECULAR 
EQUATION FOR k IN [100] AND [111 } 


Our purpose is to outline the calculations which show 
that M(k), for k in [100] and [111], are positive 
definite matrices when y<? and k+0. 

For k in [100] we transform M to the basis 


(1/v2)(0, 0, 1,0,0,—1), (1/v2)(0, 0,0, 1, —1, 0), 
(1/¥2)(1,1,0,0,0,0) 
—1, 0,0, 0, 0), 


(1/2)(0,0,1,1,1,1). 


(1/v2)(0,0,1,1,1,1),  (1/v2)(1, 


M then consists only of submatrices on the diagonal 
with dimensionalities 1, 1, 2, 2. The two 1X 1’s are de- 
generate with the eigenvalue 2(1—4y/3) and the re- 
maining eigenvalues are easily shown to be positive. 
For k in [111], the basis 
(1/v2)(0, 0, 0. 1, —1, 0), 1/+/6)(0, 0, 0, 1, 1, —2) 


(0,0,1,0,0,0), 


1,0,0,0,0,0). 
(1/vV3)(0.0.0.1.1.1 


0.1.0.0.0.0). 


yields two degenerate eigenvectors (the first two) with 
eigenvalue 2(1—4y/3); the determinant of the remain- 
ing 4X4 submatrix can be shown by straightforward 


calculation to be positive 


APPENDIX V: MONOTONE BEHAVIOR 
WITH y OF THE m,‘(k) 


that the m,(k) for all v, k, never in- 


For any k we can write our 


ing ¥y 


isee reference 10), 
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matrix as we have 


M(y)=M.+yM,, 4.17 


where M, arises from the A-B interactions, yM, from 
the B-B interactions (M, and M, are independent of 4 But Eq. (7) shows that the B-B n ior negative 
The eigenvalue equation, in vector notation, is semidefinite ; right-hand si \.18) repre- 


: ; sents the B interactior I gy I son et of devia- 
M(y)U(y)=m(y)U(y). tions. it foll 


Clearly 


m(y)=(U(y),MU(y))/ (U(y),U(y)) 


Letting prime indicate differentiation with respect to y, 


Magnetic Properties of Mn,O, and the Canted Spin Problem* 


KirBy Dwicut AND NORMAN MENYUK 
Lincoln Laboratory, Massachusetts Institute of Technol Lexin 
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The ignetic pr ypertie ol single crystals of hau mar 


$.2°K and the ferrimagnetic Curie point at 41.9°K. The c ax 


lization and the ¢ plane was found to possess considerable anisotrop) 

of about 10° oe and 10* oe. These anisotropy energies decreased slow 

the coercive force at 15°K was about an order of magnitude less than at 4.2 
on is 1.85 ws/molecule, which agrees with previous polycrystalline values 

are taken into account. However, several of the observed properti 

quantitatively and others qualitatively, with calculations based on the Yafet 

that the concept of canted spins is essentially correct, but that the specif 


oversimplifications which limit its applicability 


I INTRODUCTION magnetization cire 


¢ . SSESSES nsid¢ ble anisotropy. t res clive nisot- 
> INSIDE R ABLY more information cal be ob po : pectieaaies id ‘a : be ooante 


: . . . fields being approximat (4 . 
tained from studies of the magnetic properties of yy ™ ds being —_— and I - 


single crystals than trom those made with polycrystal . tempera ire . Ops 


energies are ma I tl t I ind, the coercive 
which 


line samples. The magnetic anisotropy, is a 


. force at about 15°K I rder of magnitude le inal 
sensitive indicator of magnet symmetry and of — area - 


the 2650 oe observed I the « 
changes in that symmetry, can be determined in ee ee eee oe We find - ow 
. ; . taneous magnetization to b 85 ur’ molecu whic 
detail only by measurements on single crystals. Further- meus magn Ba/ OC —_ 
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along an easy direction. In polycrystalline samples, the anisotropy effect nd car brought into good 


however, anisotropy has the effect of reducing the agreement with our present value bv a correction cal 
apparent magnetic moment. This effect can be impor-  cylated from our otropv data wever, our present 
tant for materials with large anistropy value is ; lene than the 3 »/moleculs predicted = 
We have investigated the magnetic properties of the Néel mods 

single-crystal samples of hausmannite (Mn;3Q,),' which 
is known to become ferrimagnetic at about 42°K 


Qur measurements show that the c axis is a hard 


Many other mat 
sma'‘ler spontaneous magnetizations than predicted 
lhe Yafet-Kittel theory‘ pin angles was introduced 
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it becomes tetragonally distorted’ at lower tempera 
tures, as was explained by Goodenough and Loeb." 
This distortion must affect the magnetic properties in 
some manner, but does not detract from the applic 
ability of the Yafet-Kittel model. To the 
Kaplan has recently shown® that their configuration 


contrary, 


can only be stable in a distorted spinel 
When our values for the 
magnetization, anisotropy, and ferrimagneti 


numerical spontaneous 
Cur 
temperature are substituted into expressions derived 
straightforwardly from the Yafet-Kittel 
distinct discrepancy appears. This discrepancy wa 
also implicit in the work of Jacobs’® on polycrystalline 
Mn30,4,_ but overshadowed by his 
evidence for canted spins and by Kasper’s 


model, a 


was high-field 
success 
fitting neutron-diffraction data with a modified ordering 
of Yafet-Kittel angles. However, neither the 


Zz tempera 
ture variation of t 


the coerc ive force nor the 


pec uliar 
remagnetization effects described in this paper can be 
explained within the framework of the Yafet-Kittel 
model. Moreover, this model cannot even account for 
the orthorhombi doubling of the unit cell observed 
by Kasper, 


element in 


since the doubled configuration is just one 
a degenerate set of ground states. These 
facts add greatly to the significance of the disere pancy 
mentioned above 

There is considerable experimental evidence showing 
that the concept of canted spins is essentially correct 
number of different materials.’ Nevertheles 
some confusion concerning the details of the Yafet 
Kittel theory still remains. In particular, Prince” found 
affirmative evidence for ordered angles in 
chromite, whereas Pickart and Nathans 
such evidence in 


in a 


copper 
found ho 
the nickel-iron chromite and man 
ganese-iron chromite systems. Furthermore, as noted 
above, neither our findings nor Kasper’s doubling of 
the unit cell’ can be explained by the Yafet-Kittel 
theory, although hausmannite 
' These experimental discrepancies are attribut 
able to the sublattice restrictions of the specific Yafet 
Kittel model, which limit its applicability 


does possess cante d 


spins 


Il. SAMPLE CONSIDERATIONS: ANALYSIS BY 
CURIE POINT COMPARISON 


Single crystals of hausmannite occur in nature as 
small pyramids growing out of certain rocks.'® They are 
quite rare, and can be found only in a few scattered 
localities, such as at Ohrenstock near Ilmenau, Thur 
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tetragonal unit cell 
distorted fee cell). The 
5.75 Aand c/a=1.638 
orientations are indicated by the shaded planes 


hig. 1. The tween the b« 


and the i 


relationship 
tetragonal! cell (tetragonally 
attice parameters for hausmannite are: a= 


The sample 
ingia, in Germany. Two hausmannite pyramids’ from 
this deposit were examined by x rays, which showed 
Both 


pyramids were oriented by their x-ray Laue patterns"? 


them to be good, untwinned single crystals. 


and were sliced, one of them parallel to the be tetragonal 
(100) plane, the other parallel to the (001) plane."* The 
relative orientations of these two planes are shown in 
Fig. 1. Our samples consisted of small disks (approxi- 
mately 6.100 inch in diameter and 0.020 inch thick) cut 
from the oriented slices by a Raytheon ultrasonic 
machine tool 

The question of chemical composition is particularly 
important, since both our samples could not be obtained 
from the same crystal. A complete chemical analysis 
was impossible for want of material, and for the same 
reason the sensitivity of an ammonium thiocyanate 
color test for iron'® failed at 0.1%. The iron content of 
our crystals was definitely below this value. 

Dana'® lists two analyses for different hausmannite 
crystals from Ilmenau, Thuringia. One of these crystals 
was very pure Mn,Q,, with only 0.3% impurities (Ba 
and Si). The 6.9 wt % Zn as the 
major impurity, with about 0.2% Fe, 0 1% Ca, 0.2% 
Si, and 0.3% K 
iron in our samples indicates that their analysis would 
probably be of the first type, i.e., pure MngQO,. Further- 
more, the presence of Zn as the only major impurity in 
crystals from that our samples’ 
purity could be established through magnetic analysis, 


other contained 


and Na combined. The absence of 


Ilmenau_ implies 


since the presence of zinc on spinel A-sites has a marked 
effect upon the Curie temperature 


ted t J. W. Sanchez 


ra onentatior 


f Lincoln Laboratory for 
f the crystals 

* Throughout this paper we shall refer all directions and planes 
the crystallographic be tetragonal unit cell rather than to the 
cell, un stated. Figure 1 shows the relationshi: 
the be tetragonal 
tetragonal or cubic (110 


less otherwise 
tween these two descriptions 
100) is identical with the fe 


* Made by E. R. Whipple 


In particular 
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big. 2. The depende e of the Curie temperature 


concentration in Zn,Mr Mn,**O,. Weight 


upon Zine 


percent ~28.4 x 


The ferrimagnetic Curie points of our were 


graphs of 


ample . 


determined from magnetization versus 


temperature plotted automatically by a vibrating-coil 
magnetometer, usIng an expe rimental arrangement 
cribed The 


fields applied to the samples were kept small in order 


similar to that de elsewhere external 


to minimize error due to short range order. The tempera 


ture signal was obtained from a calibrated Leeds and 
Northrup platinum resistance thermometer in good 
thermal contact with the sample, as shown by the lack 
of appreciable hysteresis between warming and cooling 


curves. Similar carried out for 


ol pure Mn,0, and of Mn,Q, 
3.6+0.1, and 5.0+0.2 wt % zinc addi- 


] 


Lions, with the result 


determinations were 
poly ry talline samples" 
with 1.8-+0.1, 
shown In Fig. 2. 

We found the ferrimagnetic Curie temperature of pure 
Mn;Q, to be 41.8+0.1°K, in good agreement with the 
value of 42.5°K obtained by Borovik-Romanov.? The 
(001) sample $1.95+0.1°K, 
and the (100) sample at 41.2+0.1°K. In comparison 
with these values, the samples with 1.8+0.1, 3.6+0.1, 


became ferrimagnetic at 


and 5.0+0.2 wt ‘ 
39 6+0.2°RK, 


tively 


© Zn addition had Curie points of 
37.0+0.2°K, and 35.4+0.4°K, respec 

(O01 (100) samples appear to 
contain less than 0.1% and 0.5% Zn, respectively 


Thus our and 


A third single-crystal hausmannite pyramid” 
Ilmenau, 


from 
was examined by x-ray fluores- 
cence by E. P. Ware kois, who found zinc to be the major 


Churingia, 


impurity, with other elements also present in smaller 
quantities. Furthermore, its ferrimagnetic Curie temper- 
ature found to be 31.8+0.2 K, which 
indicates about 7.7 wt % This example of the 
type ol composition of 


was about 
Z1n¢ 

Ilmenau 
dichot- 


Having inferred that hausman- 


second chemical 


crystals described in Dana'® substantiates the 
omy reported there 
nite crystals from Ilmenau are of two distinct types 


with zinc as the major impurity, we conclude that the 
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type-one analysis does indeed represent a good 
approximation to the composition of our samples, 1.e., 


that they do consist of reasonably pure Mn;QO,. 


Ill. EXPERIMENTAL RESULTS AT 4.2°K 


A. Anisotropy in the (100) Plane 


Investigation 100) sample in an external 


field of 11 000 oe at . showed that hausmannite is 
a magnetically |} vateri The maximum available 
field was able fully magnetize the sample in one 
much magnetization 
could be obtained at right angles to this direction. An 
X-ray determination of the wo orientations!’ 
lished the [001 


direction of magnetizatiotr 


direction only, and only a ter 


estab- 
tetragona iXi to be the hard 
field 
1 direction 
and the spontaneou magnetization M,wa determined 


To measure the anisott a large external 


was initially applied ng the easv [010 


then rotated, and the 
magnetizatl were 


The single-domain 


apparent measured with a 


dire tions 


known field applied alot veral other 


Since the rotationa id under these condi- 


tions, the apparent 


M/M,=cos ; (1) 


where the magnetization he applied field make 


angles of J. and ¢-, Tespecti . with the c axis. ¢, is 


known, and so J, can be calculated from the measured 

values of M/M 
Since hausmannite 

100) plane, it 


posse twofold magneti 


sym- 
metry in the inisotropy energy can be 


expres ed in the uniaxial form an 


E.= Ex-+f K. sin*d.— HM 


Equilibrium in ar 
O=dF./ av K 


Substitution of our 
gives values of K./M 
with a most probable value of 


experimental data into Eq 


between 3x 10' oe and —« 


5X 104 oe. The range is 


asymmetrical because of the functional forms of 
Eqs. (1) and (3). It arises 


the order of 


variations of 
M/M,, and 


reflects our inability to move the magnetization more 


ri 


from extreme 
+0.03 in our values for 


direction. 


ee IIID 


than a few degrees away from its easy 


Using the magnetization value given below 
it follows that A 10 


erg ct 


B. Anisotropy in the (001) Plane 


fields were able to satu- 
orientati 90” apart 


tions of easy 


Relatively small external 
rate the (001) sample in two 
X-ray examination’? sho : 
d [010 
irated along 
4000 oe 


magnetization to be the be tetragor 100) ar 


1 


axes. However, when the sample is first sat 


one of these dire than 
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are required to remagnetize it along the other direction 
Furthermore, the realignment of magnetization is a 
slow process requiring over an hour at 4500 oe, and 
several minutes in fields of 10000 oe. This and other 
peculiarities in the dynamic behavior of hausmannite 
will be the subject of a later investigation. 
Although all directions in the (001) 
relatively y’’ compared to the ¢ axis, we found 
considerable anisotropy to be present within this 
plane. Its magnitude was calculated from measured 
ratios of apparent to saturation magnetizations for 
different sample orientations in various external field 
The sample was cooled through its ferrimagneti 
Curie point with a field of 10000 oe applied along an 
5 


plane are 


“easy” 


? 


easy direction, and was never rotated more than 
away from this direction. These precautions make it 
reasonable to apply the rotational model to our findings 

Kasper’s neutron diffraction study" demonstrated 
hausmannite to possess orthorhombic magnetic sym 
metry in which the be tetragonal unit cell is doubled 
along a [100 } direction. If energy can be gained by this 
doubling, then the 90° remagnetization process described 
above can be interpreted as a rearrangement of the 
magnetic symmetry against some energy barrier. Our 
experimental precautions were such as to preserve a 
fixed magnetic arrangement, and hence a uniaxial type of 
anisotropy is to be expected. Equations (1)~—(3) should 
therefore apply, with 8, and ¢, replaced by the angies 
J, and ¢. which now are referred to the easy direction 
in the (001) plane. 

According to this model, our small-angle data leads 
to the value of 5950+350 oe for K,/M,. However, 
additional data was obtained by reducing the external 
field to zero, rotating the sample 90°, and then gradually 
increasing the field. The magnetic arrangement should 
remain unchanged until a ‘“‘coercive force” 
and the uniaxial model should apply up to that point 
The above value of K,/M, disagrees with this data 

In order to fit both the small-angle and 90 
it is necessary to include the second-order anisotropy 
term, i.€., 


is reached, 


data, 


Ex.=K, sin’0,+K,’ sin‘v,. 


The 


so that 


small-angle data then combines K, and K,’, 


G/M,=K./M.+2(K,'/M,) sin’), 
= H{sin(¢.—#. 


sin2d 


For ¢a= 25° and H=5500 oe, this yields 


G/M,=K./M,+ (0.03320.0028)K’,/M, 


(5950+ 350 oe. 


where the uncertainties arise from a probable error in 
M/M, of 0.15%. Consequently the 90° data leads to 
estimated values of K,/M,=4800+300 oe and K,'/M 

34 000+ 10 000 oe, so that multipli« ation by our 
value of M, (see IIID) yields K,= 


(1.06+0.07) « 10® 


# _ (degrees 
: 4 


COS ( &-Bq) 


s 


M/Me* 


” . oersteds ) 
Fig. 3. Experimental values for M/M, measured at 4.2°K in 
the (001) plane at various angles from the magnetically easy 
100} direction. The solid curves show that the data can be 
closely fitted by the uniaxial anisotropy given in Eq. (4). The 
curve shows that the 90° data cannot be reconciled to a fourfold 
anisotropy fitted to the small-angle data 


ergs/cc and K,’=(7.52)10° ergs/cc. Theoretical 


curves based on these values are compared with typical 


data in Fig. 3, which shows the agreement to be good. 
Alternatively, if fourfold anisotropy symmetry is 
assumed and its magnitude is determined from the 
small-angle data, then the theoretical curve does not 
agree with the 90° data, as indicated by the dashed line 
in Fig. 3. In particular, the magnetization could readjust 
by rotation at fields considerably smaller than the 
observed ‘coercive force.”” Thus our data shows the 
anisotropy symmetry to be uniaxial in the (001) plane, 
reinforcing Kasper’s observation of orthorhombic 
doubling 


C. Coercive Force 


It was impossible to obtain good quasi-static B—H 
loops because of the dynamic behavior described above 
Figure 4 shows data typical of both samples. Because of 
the peculiar dynamics, this data shows that the coercive 
force for magnetization reversal is probably less than 
2800 oe. By waiting for longer times at fields between 
2000 and 2800 oe and extrapolating the time depend- 
ence, we found that the magnetization could eventually 
(after about three hours) be reduced to zero by a field 
of 2650 oe, which we will call the 180° coercive force. 
The apparent coercivity of 16000 oe obtained by 
Jacobs*:” with pulsed-field techniques probably resulted 
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Dependence of the magnetization upon fields applied 
asy direction at 4.2°K. Data for a 180° field reversal is 
shown by solid points and solid arrows. Data for a 90° remag 
netization is indicated by crosses and dashed arrows. The numbers 
beside the arrows show the length of time, in minutes, required 
for the magnetization to change by the indicated amount 


from the dynamic behavior, even larger fields being 
required for reversal by rotation according to the 
anisotropy energies given in IIIB. 

rhe 90° data is included in Fig. 4. Once the (001 
sample is magnetized along one easy direction, a field 
of about 4600 oe is required to remagnetize it (after an 
half the other rhe magnetic 
hausmannite shown to be 
with uniaxial anisotropy in the (001) 


hour and a along 


symmetry of has been 
orthorhombi 
plane. Hence 4600 oe represents the ‘coercive force” 
required to overcome the energy barrier between the 


two equally possible magnetic arrangements at 4.2°K. 


D. Spontaneous Magnetization 


\ field of 10 000 oe was used to compare the magneti« 
moments of the two hausmannite samples with that 
of a polycrystalline nickel standard. These measure- 
ments yielded 1.87+0.02 uz/ molecule for both samples, 
for nickel of 0.604 
urn molecule vas adjusted for the extrapolation 
10 OOO oe to an infinite field 
calculated to be 221 
$84 27 


obtained at 


based on a saturation moment 


W hi h 
from rhe magnetization 


was then cgs/cc by using the 
Although this mag- 
10000 oe, Fig. 4 


spontaneous 


theoretical density ol 
netization value was 
shows it to be a good approximation to th 
magnetization 

Previous determinations were made with polycrystal- 
line samples, which consist of randomly oriented 
If we neglect the anisotropy within the 
the 
moment of a crystallite and an applied field will be 


as defined in IIIA 


¢- is given by Eq 


crystallites 


easy plane, then the angle between magnetic 


(v—¢ rhe equilibrium condition 
relating J. to 3), and the magnitude 
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i he VU 


ceptibi ty 


+X, HH cos(d ¢-), 
The apparent 
the individual 


of any individual moment w 

where X,, is the molecular su 
the 
moments along the applied field, and can be expressed as 


M f Hr H cos 


Jacobs polycrystalline data‘ hows apparent mag- 
netic moments of 1.70 we and 1.99 wy at 45 000 oe and 
135 000 oe, respectively. Numerical integration of 
Eq. (6) gives M=0.900M,+37 000X,, at the former 
field, and M=0.973M,+128 000x,, at the latter. 
Substitution of the then yields 
| 1 72X10 . MAR OC and Vf 
ibility term would reduce our value 


moment 1s average component of 


a singde 6) 


experimental values 
1.82 us. The suscept- 
to 1.85+0.02 LR, 
so that good agreement is obtained by using our most 
probable value for A 

A similar correction raises our original polycrystalline 
determination’ of 1.4 u; 10 000 oe to 1.86 
ue. In this calculation, the anisotropy the 
“easy” plane and an approximation to the coercivity 
effects had to be the smaller 
applied field 


molecule at 


within 


im luded bec Lust of 


IV. VARIATIONS WITH TEMPERATURE 


The dependence of magnetizat 
is illustrated in Fig. 5. The indicated Curis 


on upon temperature 

point was 

obtained from low-field data 
Although 

variation of the coercive 

functional! 

decrease from 2650 oe at 4.2°K 


This 


our present data on the temperature 


lores insufficient to define a 
relationship t learly demonstrates a 
to 300 oe by about 15°K 


order-of-magnitude chan s in qualitative 
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agreement with Jacobs’ findings,‘"’ from which he 
infers a similar rapid decrease in the anisotropy energy 
Such an inference is normally reasonable, but proves to 
be erroneous in the case of hausmannite. 

The small-angle technique was used to evaluate G 
in Eq. (5) at several evaluated temperatures, with the 
results shown in Fig. 6. Classical theory*! was used to 
calculate the temperature variations of the uniaxial! 
anisotropies K, and K,’ separately. These variation 
were then combined to give the solid curve in Fig. 6 
which indicates qualitative agreement with our data 
It is significant that the anisotropy remains essentially 
constant over the temperature range 4.2°K-20°kK, 
whereas the coercive force decreases by over an order of 
magnitude. 

Similar attempts were made to determine A, at 
30°K and 38°K. As discussed earlier in connection with 
the 4.2°K measurement, accurate values for A 
not be obtained because the available fields were much 
smaller than the anisotropy field. Within the un 
certainty of our results, there was no indication of a 
marked decrease in A 


The presumption is that the temperature dependence 


could 


M, with increasing temperature, 


of the anisotropy energy in the (100) plane is qualita 


tively similar to that found in the (001) plan 


V. DISCUSSION 


An adequate theoretical explanation for the behavior 


of hausmannite must lead to an understanding of 


many unusual magnetic properties, e.g.: The low value 
of saturation mangetization, the high-field susceptib 

ity,’ "® the strong temperature dependence of the 
coercive force relative to that of the magnetic anisot 
ropy, the doubling of the 


unit cell," and the peculiar dynamic behavior. It must 


orthorhombi tetragonal 
also be consistent with the ferrimagnetic and asymp 
*6 Curie points. The first two features suggest an 
explanation in terms of Yafet-Kittel angles 
it will be molecular field calculation 
based on the Yafet-Kittel theory indicates inconsisten 5 
between the saturation moment and the Curie points 


totic 
Howe ver 


shown that a 


The analysis given here is patterned closely after that 
and his notation is 
throughout this discussion 

In the molecular field 
Kittel,® the energy 
several 


made by Lotgering,** adopted 


Yafet tn 


obtained 


calculation 
can be wit! 
Because of thi 
degeneracy, the six spinel sublattices can be reduced to 


four magnetk 


minimum 


distinct spin configurations 


subsystems. These correspond to two 
possible moments, a; and a». for the A-sites and two 
possible moments, b, and by, for pairs of B-sites. Within 
the framework of triangular spin arrangements, this 
reduction to four magnetic subsystems remains valid 


even after tetragonal distortion and orthorhombi 


*(C. Zener, Phys. Rev. 96, 1335 (1954 
+P. F. Bongers Leiden, 1957 (unpul 
*F. K. Lotgering, Philips Research Repts. 11, 190 
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1G. 6. Dependence of the anisotropy energy upon temperature 
parameter G of Eq. (5) was measured by the 
technique, with ¢,=25° and H=S5000 oe. The 
emperature variation of A, and K,’ were calculated from classical 
] rhe dashed curve shows the results for the K, component, 


theory 
and the solid curve gives the total variation for G 


The anisotroy 
small-angle 


doubling of the be 
Appendix | 


can be applied to hausmannite 


tetragonal unit cell, as shown in 
Consequently, the Lotgering analysis**® 
Appendix I shows that 
(A-1), can be 
subsystems in terms of 
notation. Then the molecular 
and 8, systems become** 


aa, aA T B |. 
13’b,+ A+,B), 


the molecular fields, as given by Eq. 
rewritten for the four magneti 
a modified Lotgering 


fields acting on the A 
ae 
hy, n{ 

A and B are the r 


{1 and two B subsystem 


(7) 

where ultant moments of the two 
respectively, and the inter 
defined in Appendix I. The 


action strengths are a 


exchange energy is then 


E.x fay hy; +ayh 


13'b’+ 2a 


T b, hy; } b, hy» |, 
B+ 43 B?}. 


: (8) 
naa 


When the B moments are canted, then the condition 
torque in the exchange 


a and 


for zero 
a,\—a 


field requires that 


(‘9 


where a and 6 are the magnitudes of the moments on 


the A, and B, subsystems and y is the complement of 
the half angle between b, and b. 
In most magneti 


pine i 


the anisotropy field is 


several orders of magnitude smaller than the exchange 


field. However, the data presented in this paper shows 


hausmannite to possess both a relatively large 


anisotropy energy and a relatively small exchange 
Curie 


9) becomes question- 


interaction, as deduced from the 
Hence the validity of Eq 


ible, and its derivation must be modified to include the 


ferrimagnetic 
point 
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effects of anisotropy. The appropriate generalization of 


n App ndix II, Vie ld 


the Lotgering formulation. given 


ing B+-Kw)b |, 10 


K p= —0.7K.~3.3X 10° 
hown in Appendix III. Furthermore, canted 
acc ording to Appendix IT, unless 


where kx=Apz/nb*® and ergs 
mole, as 


spins cannot ex! 


11 


The asymptotic Curie temperature is relate 


by . 


ext hange constant 
Se + ; aC ‘p B+ ; 12 


constants for Mn?* on 
and ,* , 18—'), so 
limit and 6*= 4% for extreme 
Taking Bongers’ experimental 

2.88, and 7, 530°K, we 


where ¢ ; and ¢ yn are the ( 
{-sites and Mn on #-sites 
that 6*= 8 in the 


tetragonal distortion. 


uri 


cubi 


values of C 
obtain 
n= 1700/ (2. 48a+-8.308*+- 14.8) (13 


With b 


yield 


2.2310 emu/mole (see Appendix III), this 


9.74) K 10°, (14 


cons 


on the A-sites (a 


From 0.356 when 


Appendix II, 


is used for the 


} 7 LB 
1.31 10' 


value being chosen for consistency with 


siny 
moment 
emu/mole), thi 
Bongers’ observation of a nonspin-only value for C4. 
Thus substitution of Eq. (14 (10 
B= 1.64, aX 10 been neglected compared 
with £B. 

We turn next he 
Curie temperature 74, 
Eq (B-10 
stitution for n, C4, 


* 


into Eq. gives 


where 


ion for the ferrimagneti 
Appendix II as 
41.9°K, sub- 


56 and a=0.82 


expre 
derived in 
Since experimentally 7 
D, and K yields nN 

a: on 0.88 for 8B*= 3, 


lor p Chere fore, 


0.82) (1.64 5 > (15 
rhis 


pins, given by Eq 11 
If the spin-only 


result contradicts the requirement for canted 
Valu are 


1 y/, a 


one finds 
aB>1.42. No 
obtained either by 
I, or by 


values well beyond the 


u ed, then 


(f°=8) #=53,. 6 0.90, and 


significant improvement can _ be 


using Borovik-Romanov’s data? for varying 
limits of 
experimental error. Even if the data of Jacobs 


Ka per 1 and the B-site 


iwnofed 
assumed to dominate, the re 


our experimental 
and 
were 


moment were 


sulting contradiction would 
be just as seriou 
Given the Yafet-Kittel 


theory, the only possible 
of error in the theoretical i 


source structure lies in the 


calculation of 7, 


» by the molecular field approximation 
Only the interaction parameter a is affected by a change 
in 7's, and it tent value for a 
requires that 7, be raised from 41.9°K to at least 


67°K if 8*=B8. or 76°K if 8* 23 The | 


molecular field 


is found that a consi 


AND 


MI 


approximatio ) 
when applied t * bu e error 
for Mn?** witl i" , such an 
explanation unlikely 
since @ would 
its maximum allowed rT lt large tetragonal 
distortion effec 
on the B—B int 

The above analysi licat n inability of the 
Yafet-Kittel theory unt simultaneously for the 
observ ad 


woul f lig 1 to SF ril ible 


magnetizatior nd l ints nausman 
nite In additior t ittel approach can be 
generalized to ] d I € on r each lon 
Kasper, 
with a variet a ib } interactions. 
When tl irch fe tate f minimum 


restricted the jangular spin cor 


in the thorhoml mit « igg 1 by 


energy is 
iigurations ol 

specifi iderable degeneracy 
is obtained, a vn in Appendix I. In particular, the 
lowest energy reé which do 
vhich do. 
the 
account 


Moreover, 


not require cell lou LIT i W ia | IT 24 
Within thi 
Phu the 


observed doubling of the unit cell 


reduce 


Iramew ; lo ing di not 
energy. annot 
for the 
it provide n type re juired to 
explain cot rcive 
force or 
From il 
that the \ 
factorily for t! 


Kaplan has recent 


Ove rly restri tiv 


ills- 


However, 


umptions are 
re of interaction 
strengths in cul pil results indicate that 
minimization of the e» ( y leads to a complex 
configuration of ipproximate 
ngle ( ibi« [110 | 
direction l l tetragonal 
[100 his result suggests that n itment of 
observed 


Kapl in has 


shown? th; rst-ords t udo- pol inisotropy can 


ig of 


doublin 


distorted 
doubling 
tie the spin vector for 
antiferromagnet ferri- 


magnetic conhgurat I rl Lf i Wave vector 


would give rl the b 
tetragonal [100] and I doubling directions, in 


accord with the ol ry | ynamic behavi Alt 
the results of Kaplan’ ilations for cubic lattices 


hough 
are suggestive wi properties 
of hausmannite, lantitative interpretation of our 
data requires 
tetragonally d 


is being pursuc 


2 J S. Smart. Phvs / 
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APPENDIX I 

We wish Yafet-Kittel 


model to a tetragonally distorted spinel with an 


to generalize the specific 


orthorhombic, doubled unit cell. The complete molec- 
ular-field calculation then involves eight A-site 
lattices and sixteen B-site sublattices, with respective 
magnetizations a; and b,;. There are 
interaction strengths for nearest-neighbor pairs: m, for 
the four A;—B; pairs lying close to the ¢ axis, mz for 
the other eight A;— 8B; pairs, By for the two B.—B, 
pairs lying in a ¢ plane, 82 for the other four B,—B 
pairs, and a for the four A,;—A; pairs. With these 
the molecular fields can be written as 


sub 


five distinct 


definitions, 


ha, a; > ' atm, > k 


— 


, 


b.tn. >, b, 
—hgj=n, >, !a.t+ns Dd, (A-1) 


‘ ay 


7 By >. b+: 7s b,. 


where 5-,'‘ and 5>,’"' denote sums over the appropriate 
nearest neighbors for each A,, and similarly for the B 
sublattices. The exchange energy is given by 


E.x= —3 D2 avchast+Db,-ha;], (A—2 


where 7 runs from 1 to 8 and ; from 1 to 16. The true 
minimization of this energy lies outside the scope cf 
the triangular spin arrangements of the Yafet-Kittel 
model, and will be the subject of a later investigation 
The Yafet-Kittel theory predicts that the a; moments 
must all be parallel when the b, are canted 
this predic tion into an imposed constraint, we obtain 
form of Eq. (A-2) 


spe ific 


sy inverting 


which is the desired 
Yafet-Kittel 


imposed constraints yields 


i restricted 
generalization of the model 
Equilibrium under the 
seven relationships among the b,. These further reduce 
the complexity of Eq. (A-2), so that the ex hange 
energy, after some straightforward but tedious algebra, 


can be written as 


E.x= 2a; >; (a;) ;— 8: & ; (b,)?+2(,4-2n2)a,- B 
+82 >-(B,)*+ (8:—82) DL. (B,.)*. 


» 
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© 6-SITES 
easel 


Fic. 7. Illustration of the grouping of B-sites into subcells. (a) 
Definitions of B,, as the resultant moment of two nearest neighbors 
in the same ¢ plane and of B, as the resultant moment of a subcell 

b) Relationships between the B., and B, given by the solution 
of I j 4-3) for hausmannite, « g., ior §:>8 


Because of the relationships among the b, due to the 
B-sites in one chain 
along the dire: of orthorhombic doubling of the 
unit omitted, with the four sites in the 
other chain counted This permits a grouping 
of the B-sites into four subcells forming a chain along 
the doubled direction, as illustrated in Fig. 7(a). 
Thus, in Eq. (A-3), B,, is the resultant moment of 
two B-sites which lie in the same ¢ plane (s=1,2) in 
the rth subcell; B, is the resultant moment of the 
four B-sites in the rth subcell, B,=>, B,,; and B is 
the resultant moment of all the B-site sublattices, 
B=) ,B.=> pb; 

To minimize Eq. (A-3), we first chose any permissible 
value for B and four arbitrary values for the B, such 
that >-,B,= B. With these specific choices, the lowest 
possible energy is obtained by minimizing the fifth 
term of Eq. (A-3). If 8;>82, ©->, (B,.)? must be a 
minimum: if 8;<Be, it Since 


the B,=>, B., have 


ee 


imposed constraints, the four 
uion 
cell can be 


twice 


must be a maximum. 
been fixed, the two extrema, 


1B, or B,,=2b,. The former 


case corresponds to hausmannite and is illustrated 


respectively, require B,, 


in Fig. 7(b). The latter case requires all the b, in a plane 
to be parallel, corresponding to copper chromite." 


With B,, \B., we can rewrite Eq. (A-3) in the form 


168,b 2+2(n,+2n.)a,;-B 


+4(8,+62) ©, (B,)? 


assumed for B a B . 
obtained when >, (B,)? is a 


— 


1B, so that 


16a)a, 


(A-4) 


If any arbitrary fixed value 
hen the lowest energy is 
minimum. This condition requires B,= 
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Eq. (A-4) becomes 


E.x= 16a,a7—168,b 2(n,+2n.)a;:B 


T 1B: + Do B. 
Because of its relationship to B,,, the net moment B 
is parallel to the resultant moment of any c-plane 


(A-5) 


nearest-neighbor pair, and its magnitude depends only 
1 


on the half-angle y between the moments of two such 


neighbors. Hence Eq (A-5) can be solved unique ly for 
this angle y. 


Irom the discussion above, it is evident that, for 


fixed interaction fixed sublattice 


netizations, the exchange energy of Eq. (A-3) depends 
only on the re 


trengths and mag 


iltant moments of c-plane nearest 


ne ighbor pairs Hence the unique lowest energy can be 


obtained with many possible orientations of the 
individual moments compatible with the required 
resultant, t.e., the ground state is highly degenerate. 


If the b are a 
and one b; i 


restricted to lie in a particular plane 

hen the lowest energy results from 
any of vays of ordering independent pairs. 
Only 24 of these configurations yield a doubled unit 
cell. Hence the particular configuration suggested by 


Kasper" is degenerate not only with other arrange 


ments requir doubled cell, but also with ones which 
do not cause doubling 


Any 


the same result 


molecular field calculation will necessarily give 
for any of these degenerate ground 


\loreover, the 32 configurations 


states mentioned 
above include two which correspond to the same six 
sublattices considered by Lotgering.*® Because of this 
twofold degenerac y, the four B-lattices reduce to two 
B-subsystems, and the molecular fields can be expressed 
i-site moment A=} ;a;, the 
l-site subsystems a,=4a,(\ a, =a), 
B-site moment B= > ;b;, and the moments 
on the two B-site subsystems b,=8b,(' by b). The 
field in Eq. (A-1 then be re- 
formulated within the framework of the Lotgering 


1 ) 
4 \ it 2N2), 


in terms of the resultant 


moments on two 
the resultant 
molecular 


viven can 


notation, as given by Eq. (7), with n 
for hausmannite 

8,) for copper chromite |, and 
identical with Eq. (4-5). The only difference 
and Eqs. (7) and 


8) lies in the distinction between 8 and 8’ arising from 


na=a1, NB=}(8i+82), and n8’= 48, 


[n8=48., nB’=4(28 


Eq 8) 1s 


original: formulation? 


Ak 


between the 


the tetragonal distortion rhe preceeding dis« ussion 


hows that, once this distinction is made, the Lotgering 
analysis is complet ly applicable to hausmannite with 
orthorhombic, doubled 


its tetragonal distortion and 


unit cell 
APPENDIX II 
We wish to include 


ular-field calculation 


the anisotropy energy in a molec 


for canted spins, assuming that 


only the B-sites have angled moments and that they 


are coplanar with the ¢ axis and the A e moment 


However. we do! assume a rigid svstem, 1e., the 


net B-site moment B need not be colinear with the 


AND N MENY 


foog 
H b, 
\ 
\ 
a £ ra \ 
be / \ 
A | x 
ia . | \ 
* | 
Sain diated ia a = AE t == 
a i— 5 
| \ = / 
| \ 
| \- y, 
\ / 
4 
\/ 
Da 
Fic. 8. Det f angula ate sed i his analysis 
b; and be are the il B-site 1 ts, B is their vector sun 
and A is the net A-sit ment. | Appendix II, we further 
denne ¢ sm i ,7 ¥ € 


net A-site moment A when external fields are applied 
Figure 8 shows a possible configuration and defines the 
angles used in thi evaluation of 


Eqs. (7) 


Explicit 
ind (8) in tern f thes vields 
i..=ana 13'nb?+ 28nb* cos*y¥ 


(B-1) 


and the 


/ H 2aH co ¥ ” 


2bH cosy cos(¢+t). (B-2) 
In order to write down the anisotropy energy, we 
K, and 


introduce two positive anisotropy constants 


Kp for the A 


Ex=K, cos'0+K tJ) 4 t+y B-3) 
rhe sum of these three energic titute the total 
energy, E=FE..+Eut+! 

For equilibrium, the derivatives 0d// 008, dF/d£, and 
0F/ dv must all var giving, respectively, 

0) 4nab co y | vy bs 
, B-4a) 
K 23+ 2aH sin(¢—v 
O=4nab cosy sin(d+¢ 2K, sin2é cos2y 
é ; B-4b 
26H sy sINn( gre 
0O=4nab sinw cos(d+¢ 
+ 23nb W — 2A, cos2é sin2y B-4c) 


For an external field perpendicular to t 
and the solution of Ex 


sing =co y nat ‘bH C A 
B-5 
ve 1, 
where «x is wrt ¢ A ( Assuming ¢ 
{-site moment dominat« magnetization is 
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M = 2a— 26 siny. From this relation together with Eq. 

(B-5), we find the high-field susceptibility to be 
X= 0M /dH=[n(B+x) }". 


3-6) 


Furthermore, in the absence of an external field, Eq. 
(B-5) becomes 


siny = cosp 


The energy for the canted spin arrangement in zero 
field can be obtained by substituting from Eq. (B-7) 
into Eqs. (B-1) and (B-3); 


(B-7) 


=¢g [b(8+k) ]. 


E,=ana?— }8'nb?— 2na?/(8+x). (B-8) 


If the moments on the two kinds of A-sites and on the 
two kinds of B-sites are separately antiparallel, then 
the total energy E=—ana?—}9’nb*. Comparison of 
this energy with £4 shows that canted spins cannot 
exist unless 


a(B+x«)<1. (B-9) 


On the basis of Jacobs’ findings” it is reasonable to 
assume that hausmannite passes from the ferrimag- 
netic state into one where the A-sites are paramagnetic 
with antiferromagnetic B-sites, before reaching a truly 
paramagnetic state. According to this assumption, the 
A-site moment vanishes at the ferrimagnetic Curie 
point 7,4, so that the molecular field approximation 
gives M4=(C4/Ts)\ha|. Using Eqs. (7) and (B-7) 
with the definition of ~ to evaluate |h4|, we find 


Ta= nC 4[ (8+«) ae da | 


since M,4=2a and Mg=b as shown by Lotgering.”® 


(B-10) 


APPENDIX III 


To determine the relationship between the observed 
anisotropy A, and the anisotropies K4 and Kg intro- 
duced in Appendix II, we must consider the genera! 
case of an arbitrarily directed external field. Let 
&=}x+6 and d= }x—6—e, where the angle 6 represents 
a rigid rotation and « represents the deviation from 
rigidity. When ¢ is assumed to be small, only the first 
terms in the expansions for sine and cose need be re- 
tained. The difference between Eqs. (B-4a) and (B-4b) 
then becomes 


2aH[cos(¢+6)— sin(g+é6) ]— K 4(2¢ cos26+sin26) 
= 2bH cos cos(¢+é6)—2Kg sin26 cos2p. (C-1) 
Similarly, Eqs. (B-4b) and (B-4c) can be rewritten as 
0=2rabe cos¥ + Kx sin26 cos2p 
— bH cosy cos(¢+8), 
O=([ —2nab+bH sin(¢+4) 
+ 2(8nb?+ K pg cos26) cos] siny. 


PROPTI 


RTIES OF Mn,Q, 1479 


From Eq. (B-3) it follows that 
cos [a 


where x= Kp/(nb*). Comparison with Eq. (B-5) shows 
that the high-field susceptibility depends essentially 
upon the component of H along the net magnetization, 
with a small correction in the denominator to account 
for the varying effectiveness of the anisotropy. From 
Eq. (C-2) one obtains 


bn-'H sin(¢+-d) |/[6(8+« cos26) }, (C-4) 


2ae= — bx sin26 cos2p sec¥+-n™"H cos(e+é), (C-5) 


which yields, upon substitution into Eq. (C-1), 


{Kp(nab)~ cos2yp sec LK , c0s26+-aH sin(¢+6) } 
—~K,4 2K pz cos2p} sin2é6=H cos(¢ +6){2b cosp— 2a 


+b(nab)"'_K 4 cos26+aH sin(¢+é6) ]}. (C-6) 


When e=0, the terms in the square brackets cancel. In 
the general case (eo), these terms are of the order of 
an anisotropy energy K4 and a magnetic energy aH, 
and are divided by a factor nab, which is an exchange 
energy. Assuming that K4/(nab)<1 and aH/(nab)<\, 
it follows that 


sin26= (2a 


2b cos) (K 4—2K x cos2W)“"'H cos( ¢+5) 
(K4—2Kx cos2y)"HM cos(¢g+é). (C-7) 
For the experimental anisotropy, equilibrium is given 
by Eq. (3). Putting #, 
equation in the form 


hr=6, we can rewrite this 


sin 26 -~K.)"*HM cos(¢+4), (C-8) 
so that comparison with Eq. (C-7) yields 
K &K4—2Kp cos2p. (C-9) 


Because the tetragonal distortion arises from the Mn** 
ions on the B-sites, it is reasonable to attribute almost 
all of the anisotropy to Kg. In order to evaluate 
cosW= (2b)~'(2a— M), we need the molar values, which 
are given®® by: b= Vusgjg=2.23X10' emu/mole, a 

} Nusgja= 14010" emu/mole for spin-only, and 
a= 1.3110" emu/mole for 4.7 wg, as is frequently ob- 
served for Mn?* ions on A-sites. Experimentally, 
M=1.85 Nyug=1.034X10' emu/mole, so that cosy 

= ().396 for spin-only and cosf=0.356 for 4.7 wg on the 
A-sites. In either case, cos2¥—~—0.7 and Kg~—0.7K, 
=(0).7 107 ergs/cé 3.3 10* ergs/mole. 

Finally, the approximation used in deriving Eq. 
(C-7) must be examined. Taking n=50, the term 
nab=15 X 10° ergs/mole. Consequently K»/ (nab) ~0.02, 
so that little error will be caused by neglecting K 4/ (nab) 
even if K, is not much smaller than Kg. For H= 10 oe, 
aH / (nab) ~0.01 and its neglect will similarly not cause 
appreciable error 
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Phe solubility ef a charged impurity in a semiconductor depends upon th rmi level. This dependence 


may be understood in terms of a conceptual model in which an impurity is alloy 
containing a p-m junction, so that the Fermi level varies in respect to the band edges 
then the concentration of flaws with charge r times the 


exist in many states of charge (i.e., is a “‘flaw’’), 


electronic charge varies as the rth power of the hole density. Summing the concentra 
states of charge gives the solubility and its dependence upon hole concentration, and 


) & is the purpose of this article to present a simple 
model on the basis of which the dependence of the 
solubility of a chemical imperfection can be understood 
in regard to its dependence upon the donor and acceptor 
concentration. The essential feature of the argument 
is that thermal equilibrium is not affected by the in- 
troduction of hypothetical processes which permit equi- 
librium to be established but do not violate the prin- 
ciple of detailed balance. 

In Fig. 1 the potential energy distribution for an 
electron in a semiconductor containing a p-n junction is 
shown. The situation corresponds to thermal equilibrium 
with F representing the Fermi level and £; the intrinsic 
level. By definition the electrostatic potential and Fermi 
potential are 

—Ei/q, ¢=—F/q, (1) 
q| is the electronic charge and £; is the level 
of energy for the Fermi level in intrinsic material. 
Levels for the first donor (1d), first acceptor (1a), and 
second acceptor (2a) for a hypothetical flaw, such as 
gold in germanium, in the notation of Shockley and 


where g 


r 


Fic. 1 
(a) Energy 
on a flaw in units of g 


junction ; 


Distribution « —e 
Average charge 


levels as ; 


* Work supported part with the Air Force 


Cambridge Research Center. 


liffuse in a specimen 


If the impurity can 


tions for the different 


hence, Fert 


i level 


Last! are also shown. The potential that is shown cor- 
responds to a linear graded junction with local space 
charge neutrality, which will occur if the Debye length 
for the intrinsic material 
ture involved compared to the concentration gradient. 


short enough at the tempera- 


given by Shockley.’ 


The criteria for shortness is that 
Figure 1(b) represents the predominant charge con- 

} 

i 


dition, which is substantially the same as the average 
charge on the flaw. In accordance with the Shockley- 
Last model, this charge changes when the Fermi level 
passes through any of the characteristic energy levels 
for the flaw. Thus, the breaks in the curve of Figure 
1(b) correspond to the points at which the flaw levels 
cross the Fermi level in Fig. 1(a 

The problem with which we are confronted is to 
determine the actual concentration of flaws at each 
point in Fig. 1 under thermal equilibrium conditions. 
This is a problem which has been considered from a 
different viewpoint by Riess, Fuller, and Morin.’ 

In Fig. 2a hypothetical system is represented. Here 
the p-n junction specimen of Fig. 1 is surrounded by 
an impermeable membrane execpt for the attachment 
of an i-type region which extends out of the original 
specimen. The i-type region is separated from the source 
of flaws by a semipermeable membrane through which 
only neutral flaws may pass. When this system has come 
to thermal! equilibrium, the concentration of flaws in all 
parts of the system will be the same as if the source of 
flaws with its characteristic chemical potential for flaws 
were put in contact with 


any portion of the body of 
silicon. This is a consequence of the 


general theorem 
that any mechanism of establishing the equilibrium 


leads to the same fina! 


equilibrium state. In the intrinsic 


region there will be a certain concentration of neutral 


flaws and these are in equilibrium with the source of 


flaws. 

We now imagine that a neutral flaw can diffuse. This 
'W. Shockley ar ast ev. 107, 392 (1957 
27W. Shockley, Bel \ 1. 28, 435-439 
1H. Riess, C.'S. Fuller, F. J. Morin, Bell System Tech. J. 35, 


535-636 (1956 


1949 


1480 
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certainly can occur to a very limited degree by simple 
interchange of a neutral flaw with an adjoining silicon 
atom. Although this may not be an important process 
in the actual diffusion of flaws, it is a possible conceptual 
process. If we consider this process we see that no force 
acts to cause a neutral flaw to move. Consequently 
its equilibrium distribution is determined solely by dif- 
fusion. In other words, when equilibrium is reached 
there can be no concentration gradient of neutral flaws 
throughout the system. This neglects certain second 
order effects such as a change in lattice constant with 
doping level which will exert a mechanical force upon 
a flaw. It also neglects elecirical polarization effects on 
flaws which may cause a neutral flaw to be concentrated 
at the point where it is in the highest electrical field. 
If the concentration of neutral flaws is known at any 
point in the semiconductor under thermal equilibrium, 
then te total concentration is also known from the 
Shockley-Last Theory, which shows that the ratio of 
concentrations of flaws in any one of the charge con- 


-Impermeable Membrone 
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\iguaeai of 


Fiows 
Fic. 2. A hypothetical system with diffusing flaws 


ditions is given simply by the ratio of Boltzmann factors 
exp[ (Zia— F)/kT ):1: 

exp (F—E,4)/kT }: 
expl(2F—E,.—E2.)/kT], (2 


ld 0+ 'la- 2a 


where the f’s are the fractions of the flaws in the various 
states of charge. From Eq. (2) it follows, for example, 


that .V_2, the concentration of flaws in charge state —2, 
i.e., condition 2a, varies with position as 
N_2=N Noexp[ (2F — Eya— Exa)/kT |, 3 


where .V; is the total concentration of flaws at iny 
point and 


Vo= Ny: } 
is the concentration of neutral flaws. 
Equation (3) may be rewritten in the form: 
V_2.=exp(2gV/RkT)N 
Xexp[(2F+E:— EyatE,;—Eve)/kT), (5) 
using Eq. (1) to introduce the potential V. In Eq. (5), 
only the first exponential varies with position in Fig. 2 
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because No, 2F, E;—Eye, and E;— Ee, are all inde- 
pende nt of position Hence the distribution of flaws in 


29 is given by the Boltzmann distribution 


charge state 
for particles 

Equation (5) can also be reached simply by assuming 
that the flaws of different states of charge diffuse with- 
out changing their state of charge. Under this assump- 
tion they will evidently also reach the same Boltzmann 
distribution 

The result just obtained can be generalized to give 
the solubility of the flaw as a function of the Fermi 
level. In a saturated crystal, the density of neutral flaws 
denoted by Vo,, will be independent of F—E£, for the 
reasons discussed in connection with Fig. 2. The density 
of flaws of charge rg is V,,(F—£,) and the saturation 
solubility N,, is thus 

V,(F-E,) = LN, (F-E, 


a * 


of that state of charge. 


Vo.d_expl(—rF-—S0*E,)/kT], (6) 


where 
> *E,= Exot Esat + +> +E—re r<0 
(E\atExat:::+Ere) v>0 
0 r=0. (7) 


For levels separated by several kT, only the predomi- 
nant .V,, term in the sum of Eq. (6) will be important 
will depend upon F, as 
3. In each energy in- 


r(F —E,)/kT | where 


and consequently V,,(F—£,) 

shown by the heavy line of Fig. 

terval V,,(/ —£,) varies as exp[ 

the charge on the flaw is rg=r q). 

The charge density due to the flaws is 
py. (F—E,) 


DLagrV..(F-E)=Qnn pr, (8) 


where (r) is a function of F—E, and is the average 


number of electron charges on the flaw. The line 
r)N;,|, which represents the density of electronic 


charges is not shown on Fig. 3. It would lie on the 
higher of the lines .V;, and .V_,, for F< Es, and would 
lie above Vea by a factor of 2 for F > Exe. (There will, 
of course, be transition regions of curvature near at 
(Eyat E,a)/2 and Eos.) 





— 





CONCENTRATION 


LOG 








Fic. 3. Saturation concentration of the flaw in various 
charge states and solubility of the flaw 
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In a specimen with .V p ionized donors and \ 4 ionized 
acceptors, the electrical charge density is 


p=G{Nn—Na—2nginh[ (P—E,)/kT | 


t(r)Ny(F—E,)}. (9 
For a given value of Vp— Na, Eq. (9) with p=0 gives 
the value of F which leads to neutrality and hence to 
the solubility of the flaw for that doping level. If the 
carrier charge density is large compared to the flaw 
density, as is represented for most parts of Fig. 3, then 
the Fermi level is effectively unaltered by the presence 
of the flaws and may be calculated in the usual way. 
On the other hand, if the flaw charge density is larger 
than the electron density, then the flaw charge density 
is equal and opposite to the chemical charge density 
qi Vp V,) and the solubility of the flaw is 


Vie Vo—Na (r)|. (10 


This same conclusion is reached for the case of lithium 
with (r)=+1 by Fuller, and Morin’® using a 
different method of attack 

As an example of a multiply-charged flaw, we con- 


Reiss, 


sider copper in germanium at 900°C. The levels, as 

measured near room temperature, are as follows’: 
E\.—-E 
Ex.—E 
Exsa—E 


—0.35 ev, 
0.07 ev, 


(11) 


0.13 ev. 


(These values are probably temperature dependent and 


possibly should be scaled in proportion to the energy 
gap at higher temperatures. This would raise the pre- 
dicted saturation concentration somewhat on Fig. 4.) 
The value of n; is® 


n,=4X10'8 cm™. (12) 

The solubility of copper in intrinsic germanium 
900°C is! 

Veu,s(O 


‘See H. H. Woodbury and W. W. Tyler, Phys. Rev 

1957), who give F,,— EF, =0.04 ev, Fa ke, =0.32 ev and | 
=(0).26 ev; F. J. Morin and J. P. Maita, Phys. Rev 

1954) who give 0.785 ev for / k,. See also Semiconductors 
edited by N. B. Hanna Reinhold Publishing Corpe New 
York, 1959), p. 341 

*F. J. Morin and J. P. Maita 
See also reference 4, Hannay, p. 350 

$} \ Bell System Tech J 39. 208 


3 10'® cm 


rratior 


lrumbore 1960 


alt << 


LOG (CONC 





On the basis of the 
Since kT q 0.101 volt 
900°C, there is conspicuous curvature 


e values, Fig. 4 has been constructed. 
or 0.232 volts per decade) at 

at the intersec- 
of Np—Na4>10” 
cm~, the charge on the Cu ions dominates the elec- 


trons, 


tions of the line segments. For values 
and 


Neu (14) 


The solubility of Cu in a heavily-doped n-type specimen 


is seen to be more than 10* times larger than in an 
intrinsic specimen 

to be soluble chiefly in substitu- 
t about 10~ less 


to he present al 
where it has a positive 


Copper is thought 
tional sites, but also 
concentration in interstitial sit 
charge.’ The diffusion is 
positive interstitial ions 


thought to occur chiefly as 
The solubility in the positive 
ion form should increase in proportion to the hole den- 


The 


two different forms of dissolved 


sity, if the charge is one electronic unit ratio of 
concentrations of the 
flaws, i.e., interstitial and substitutional, will depend 
on temperature a diagram like 
Fig. 3: however, the tw will shift relative 


is the 


Each form will have 
to each other along tl ( ntration axis tem- 
perature change 


7 F.C. Frank and David Turnbu "} Rev. 104, 617 (1956 


and reference 4, Hanna 
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The experimental result of Portis that at room temperature the 
paramagnetic dispersion signal (dX,,'/d//) of radiation-induced 
paramagnetic centers in LiF has the shape of an undifferentiated 
Gaussian curve and lags the modulation field by 90 degrees has 
been confirmed. His theory, explaining this result as a manifesta 
tion of rapid-passage behavior, has been tested over a range of 
experimental parameters and appears valid. In terms of this theory 
we found that the spin-lattice relaxation time 7;=1.510™ sec 
at room temperature 

The prediction has been made by Portis that, if w7\>1, where 
wm is the modulation frequency, the rapid-passage signal should 
lag the modulation field by 180 degrees. A lag of 130 degrees has 
been found at 4°K in LiF, using a modulation frequency of 23 cps, 


appr iapd found an unusual response when the mag- 
netic resonance of irradiated LiF was investigated 
with a spectrometer tuned to detect the dispersion X,,’. 
His spectrometer employed a small field modulation at 
280 cps, superimposed on a slowly varying de field. In 
this technique a signal, proportional to dX,,’/dH and 
in phase with the modulation, is expected. Instead, he 
found a broad resonance at room temperature which 
was 90 degrees out of phase with respect to the modu- 
lation. Moreover, the line shape did not resemble the 
derivative of a dispersion, but rather an undifferentiated 
Gaussian curve. 

Similar phenomena have been observed recently by 
Feher et al.,? by Ludwig ef al.,* and by Feher* in semi- 
conductors, and we have found that irradiated NaF 
responds in the same manner as LiF. 

This unusual behavior was explained by Portis in 
terms of rapid passage; the analysis was amplified in a 
subsequent technical report. Rapid passage was first 
discussed by Bloch,* who obtained an expression for the 
signal from a single homogeneously broadened line when 
the spectrometer was tuned to the dispersion, with the 
resonance saturated (7y?H,;*7,;T.>>1), and the dc mag- 
netic field swept rapidly through the line, the spin 
system having been permitted first to come to equilib- 
rium with the field set off resonance. 


t Sponsored by the Office of Naval Research, the Army Signal 
Corps, and the Air Force; it is based on a thesis submitted in 
partial fulfillment of the requirements for the degree of Doctor of 
Philosophy in Physics at the Massachusetts Institute of 
rechnology 

* Present address: Varian Associates, Palo Alto, California 

1A. M. Portis, Phys. Rev. 100, 1219 (1955) 

2G. Feher, R. C. Fletcher, and E. A. Gere, Phys. Rev 
1784 (1956 
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Chem. Solids 8, 490 (1959) 

4G. Feher, Phys. Rev. 114, 1219 (1959 
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und the phase appears to approach a constant value. The same 
phase shift (130°) can be found at room temperature by using 
400-cps modulation and can be interpreted as indicating that 
T,=2.6X10* sec at 4°K. It seems more likely, however, that at 
4°K the assumption made by Portis that 7,7, fails, and that 
spin-spin effects make the situation more complex 

An argument is presented that the magnetic resonance arises 
from the I 
the hyperfine splitting: 4,=32+1 gauss. This result is compared 


center. From its shape we have obtained a value for 


with those of other workers who have reported resolved structure 


in LiF, and the conclusion is reached that the resolved structure 


resonances probably do not arise from the F center 


The F-center resonance in alkali halides can be 
thought of as arising from spins in a continuous distri- 
bution of local fields. The spins interact weakly, giving 
rise to the concept of spin packets of a width much 
smaller than the over-all distribution. Portis in his 
theoretical treatment visualizes the modulation field as 
sweeping back and forth through many of these narrow 
overlapping spin packets under rapid-passage condi- 
tions. In the following sections we review this theory 
and then describe our own experiments. 

One of the serious problems in magnetic resonance 
in solids arises out of overlapping of lines. In particular, 
Kawamura and Ishiwatari’ have shown in KCI that 
resonances from two centers, F and M, contribute to 
the observed line. Now the fact that rapid-passage 
signals are 90 degrees out of phase with respect to the 
modulation of the magnetic field while, in the usual 
case, signals are in phase, permits two overlapping 
different relaxation times to be 
entangled. We have in fact found a resonance in irra- 
diated LiF which is in phase with the modulation, re- 
sembles the usual dispersion derivative, and is of the 
order of ten percent of the amplitude of the rapid- 
passage in-phase absorption 
dX» ''/dH of roughly the same amplitude as the in-phase 


resonances of dis- 


resonance. An curve 
dispersion curve was also found. One conclusion of this 
work is that the rapid-passage resonance arises from the 
F center and that the more typical in-phase resonances 
arise from another center. The saturation condition 
must be satisfied for rapid passage to occur; this implies 
that under 
F-center 

Xm «1/7; 


spectrometer is tuned to the absorption (the resonance 


conditions the 
small (at saturation 
and that the signal detected when the 


ordinary experimental 


7 


absorption X, is 


which exhibits the resolved structure reported by Lord," 


H. Kawamura and K 
33 (1958 
*N. W. Lord, Phys. Rev. 105, 756 


Ishiwatari, J. Phys. Soc. (Japan) 13, 


1957) 
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Wolga,’ and Kim ef al. 
numerous, 


) therefore comes from another, 
possibly the M center. The 
age behavior and identification of 


less center 
study of rapid-pa 
the observed resonances with the optical absorption 
are the 


bands and models parallel subjects of this paper. 


THEORY OF RAPID PASSAGE IN INHOMO- 
GENEOUSLY BROADENED LINES 


conditions 
the signal obtained from a homogeneous line is described 


Bloch® showed that under rapid-passage 


by the following expressions for the magnetization: 


coswl 


Vl 


sinwl 


M=2 


the 
sinw!, and 6 


where rf field is given by H, 
(H(t) w/Y Hy. 


depends on whether at time / 


Hi coswil, H, _ Hy 
rhe sign to be taken 
0, 6 is positive or nega- 
tive (y is assumed to be positive). The amplitude of the 
rotating component of magnetization is a maximum at 
the line center rather than the minimum exper ted from 
a dispersion signal ; the breadth of the line is determined 
by the rf field strength H 
are equivalent to the assumption that the amplitude of 


The rapid passage « onditions 


the magnetization vector M does not change during 
ine but remains constant at a level 


eld nm wl 


l 1W 


Passage through the 


determined by the f lich the spin system wa 
permitted to come to equilibrium before the sweep was 
I he ot tl 


be yun tne 
whether this field is above or below resonance 


sign detected signal depends on 
Portis carried out an integration over the contribu 
tions by the various spin packets of the inhomogeneous 
line in an interval #/, 
held H,, COSw»!. We will 
will attempt to make the results physically plausible. 
rhe assumption that 7, can be replaced by 7, 
nce direct 


determined by the modulation 
not repeat the calculations but 


n ade 
in the Bloch equation, si spin spin interaction 
should be negligil 
rhe integrations are carried out over the distribution 
in much the same 
ot 


however, the analysis is related 


of spin resonances /!(w—w 
the of saturation 
broadened lines. He cS. 
only to the component of magnetization that i 
with the rf field, i.e., the di persion ty 

Consider the case in which ,/H,,<w,7)<1 
these i 


Way as 


in theory inhomogeneously 


s In phase 


{ nder 
conditior a re long time i ‘ he 
ends of the modulati | , an lag? lk 
M of each packet n tl ne is ab ‘ : the thermal 
corre ponding to one or the other of 


After equill ed at 


liat gion Is swept; equilibrium 


vector 


equilibrium leve 
the ( 


fields brium has beer rea one 


end, the intermec is 
Massachu 
G. J. Wolga 

Solids 9. 309 (1959 
Am. Phys 


and 


Sor 


S 
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Papie I. Ar 


signal 


Shape of 
resonance 


again reached return sweep 


through the of the instan- 
nas come 
I the 
ind not at the second harmonic. 


p 


igna! is 


from high or low 1 the resonance at 
modulation frequency 
It lags the modulation field by 90 degrees 
portional to the der ty ol spins tl 
lation H,,. If thi 
the modulation, the 


is slowly swept will 


and is pro- 
e region of modu- 
the width of 
erved as the dc field 


densit iT] ttle over 


of A\w w 
( onsider next H H..< i < 


In this case a 1on OF the sp 1! which ha 


Wm 7). 
been 
pulsed by the sw pé t I met 1 will 
recovered wi 


not have 


en Imagine 


a packet near the tion sweep ; 


] " 
el the weep be nitia t the rT) ite a ind et the 


instantaneous m: 


ignet lion of ft pl packet under 


consideration corre 
the 


ne 


j nt 
en during 


time that the sw ipproaches the packet, the 


mag 


tization mcre magne 


tization flips over lirection 
<ce the é xpre 


tude does not 


portion of the cycle is greater 
than the resonance 


tude of M decrease 


the reversed vee 


the ampli- 
to restore 
tor Upon re- 


appearance of the and the 


amplitude approac} 
of the 


approach a1 


some 
average low YW will 
of time 
pac ket 
the cen 


The 
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It is apparent that these two examples are limiting 
cases. As w,,7, passes through 1, a continuous change 
of the signal phase is expected. The change in phase a 
the temperature is lowered and T, increases is one of 
the subjects that have been studied in this investigation 

Portis studied several other cases, the conditions for 
which have not been reached in the experiments de 
scribed here. His results, relevant to this work, are 
summarized in Table I, which gives the resonance re 
sponses to be expec ted, provided the general conditions 
stated are satisfied. 

These expressions suggest a number of experiments 
From the change of signal level with respect to H,, and 
to H,, values for 7; can be obtained. If the temperature 
can be raised high enough, or H, made small enough, 
the saturation condition yH,;T,;>1 will no longer be 
satisfied and a resonance of the usual shape and phase 
should be found, again vielding a value for 7). If the 
temperature is lowered, one expects a continuous shift 
of phase from 90 to 180 degrees. The change of modu 
lation frequency which gives the same shift of phase 
will give information on the temperature dependence 
of T;. Since the line shapes are directly h(w—wo), one 
can check for consistency with the shape expected from 
F-center electrons interacting with nearest-neighbor 
nuclei." A value for the interaction constant of the 
electron with the nuclei of the first shell can be obtained. 


EXPERIMENTAL PROCEDURES 


The spectrometer used in this investigation will, be 
described in detail elsewhere.” It operates at A band 
(1 cm) and employs superheterodyne detection. The 
local oscillator is locked 30 Mc/sec away from the 
signal-klystron frequency. The signal klystron in turn 
is locked to the resonant frequency of a reference cavity 
using an i.f. Pound frequency stabilizer. The sample is 
in a high-Q transmission cavity operating in the TE, 
mode. A microwave bridge permits observation of either 
the dispersion (X,,’) or the absorption (X,,””). A signal 
proportional to X,,/7,; is detected. Field modulation at 
23 cps is used most often, although provision is 
for modulation detection at 400 cps 
detection of the resonance signal is employed and the 
resulting dc signal plotted on a recorder. 


made 
Phase-sensitive 


The sensitivity of the spectrometer was determined 
by observing the resonance of lightly colored KBr and 
normalizing to 1 gauss. The g value (1.980) and line 
width (152 gauss) which were found for the F center in 
KBr agree well with the values quoted by Kip, Kittel, 
Levy, and Portis.'' We found an extrapolated sensitivity 
of 5X10" electron spins for a one-gauss line at room 
temperature. The rf field was of the order of 0.1 gauss 
at the sample and a 20-second time constant was used 


Phase measurements of the resonance signal wit! 


4 A. F. Kip, C. Kittel, R. A. Levy, and A. M. Portis, Phys. Rev. 
91, 1066 (1953 
2 P_ A. Miles and J. S. Hyde (to be published 
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Fic. 1. Change of phase of the magnetic-field modulation 
} 


which accompanies the decrease of skin depth with decreasing 
temperature 


respect to the field modulation are a crucial part of the 
experiment. There is accurate phase control of the refer- 
ence signal at the phase-sensitive detector. The angular 
variation of the phase is linear through a full 360 
amplitude of the shifted signal does 
not vary significantly with phase. 

The free radical, dpph, was used to determine that 
dial setting of the phase shifter which gives a maximum 


degrees, and the 


signal for a particular set of experimental conditions. 
Phase shifts of the rapid-passage resonance were meas- 
ured with respect to this angle. 

The phase of the signal from dpphé can be determined 
to within a few degrees by setting the phase shifter so 
that a null response is plotted on the recorder as the dc 
magnetic field is swept through the resonance condition. 
The phase shifter was proven reliable. Maximum and 
minimum for a particular experiment were found con- 
sistently at the same dial setting. 

Two instrumental phase shifts were found. The phase 
of the signal from the transformer driving the field- 
modulation coils was dependent on the power delivered 
to the modulating coils. A more important effect is that 
the attenuation of the modulation field, because of low 


skin depth in the cryostat and cavity walls, is accom- 
panied by a phase shift. Thus the phase of the modula- 
tion field outside the cryostat is not the same as the 
phase at the sample. This can be a large effect. At 23 
cps with about 6 mm of metal surrounding the sample, 


a shift of 100 degrees was found between room tempera- 
ture and 4°K (Fig. 1). The effect will of course be 
greater at higher modulation frequencies. 

We often ran successive curves at phase-angle inter- 
vals of 45 degrees. One would not expect a change in 
line shape with phase if the signal comes from a single 
paramagnetic center, but in many Cases suc ha change 
has been found. The curves taken at 45-degree intervals 
permit mapping of this behavior. At other times the 
in-phase and in-quadrature angles were determined and 
curves run at each. Usually the spectrometer was tuned 
to detect the dispersion, but the absorption was also 

tudied. 
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Absolute power measurements were made using a d« 
bridge and barretter. the cavity 
parameters enabled us to arrive at the rf field at the 
sample. We estimate 


Measurements of 
an internal consistency in these 
field values of 20% over the entire experiment and an 
absolute accuracy of 50% 

The crystals used in this work were for the most part 
produced by the Harshaw Chemical Company. They 
were pur hased over a pe riod of years and do not seem 
to be entirely uniform in colorability and impurity 
content. Most of the 
Harshaw cry In addition, resonance responses oi 
LiF and NaF supplied by the Optovac Corporation 
were observed 


samples were cleaved from a new 


tal 


In general, the crystal 
from Co™. 


s were colored by Y irradiation 
The intensity of this source is of the order 
of 225 000 rep per hour. Periods of irradiation varying 
from 30 minutes to 180 hours were used, most measure- 
ments being made on samples irradiated 24 hours. These 
crystals are yellow. In addition, several measurements 
were made on a crystal lightly colored by x rays 
Optical absorption spectra were measured on a Cary 
We able all 
cases to reach the top of the F-center absorption band 
the 180-hour irradiation, height 
corresponding to the known width at half height of the 
F-center band in LiF was reached, permitting calcula- 


Recording Spectrophotometer were in 


(except in where a 


tion of the peak abserption). The number of F centers 
was determined from the optical absorption spectrum 
by using the Smakula formula,'"* assuming an oscillator 
strength of unity. Our experience in coloring the crys- 
tals is described in the appendix 

The samples were cleaved to approximately 2X 2X6 
mm and were located on the cavity axis. The rf field, 


/7,, varied by about 20° over a sample of this size. 


EXPERIMENTS 


Systematic Mapping under Variation of rf 
Field and Modulation Amplitudes 


As has been indicated, we have found that under 
certain experimental conditions the phase of the dis- 
persion signal from irradiated LiF is not the same in 
all portions of the resonance. Thus no angle of the phase 
shifter can be found where the signal is everywhere zero. 
\t will re- 


semble a bell-shaped rapid-passage resonance, while 90 


one setting of the phase shifter the signal 


degrees away it is a typical derivative of a dispersion. 
The relative amplitudes depend on the experimental 
conditions. 

An initial experiment was the mapping of this be- 
-178°C 
were run at 45-degree phase 
angles for several rf fields between 0.2 and 0.003 gauss 


havior. An arbitrary temperature choice of 


was made. Five curves 


and modulation depths between 2 and 50 gauss. This 
particular crystal contained 9X10" F centers per cm’. 


\. Smakula, Z. Physik 59, 603 


1930 


— 
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The following result 


1 With #7; constant at 0.2 gau ee 





increased relative to the In-quadra 
increased. At 2-gauss modulation the 
50, 1:2 

2. With H,, constant at 10 gau the in phase signal 
increased relative to the in-quadrature signal as Ai, 
increased from 0.02 to 0.2 gau 

3. At 10-gau modulation and 0.02-gauss rf field, 
the in phase igna Va ma ibout 5 of tne rapid- 
passage signal; i.e., the line shape changed little with 


phase and an angle could be found where the signal was 
nearly zero throughout the line 
4. At H,=0.003 and H,,=30 gau 


in quadrature signais 


H,=0.006 and H,, 


tne in phase and 
were nearly equal whereas at 


0) vau the inm-n} | 


vau phase ynal Was 

about 4 of the in-quadrature signal. This is a strong 
reversal of the trend estal hed at gher H 

5. At H,=0.003 gau the ratio of in-phase to in 

quadrature signals did not change with H/,,. Again, this 


differs from the result at higher rf field 


The interpretation 
number of 


ot these result 


upported by a 
other 


experiments, i lollows At the 
highest rf fields, resonances from two or more centers 
are detected. One of these ; n out-ol-phase rapid 
passage response and the other ormal inhomogene- 


ously broadened line of abou ¢ ime width as the 
rapid-passage line. This latter center is radiation 
induced and has a shorter relaxation time 7,. The ex 


pressions for the rapid passage signal lev 
Portis show that it does not increase proportionately 


to  - and Hi Thus, as 7, and H,, increase, the signal! 


der ved by 


rapidly as it does for an ordi 


level does not increase as 7 
nary inhomoge ne ously broade ne d resonance He nce the 


1 


in-phase signal level shows a relative increas« 


At lowest powe rs we have corm luded that Lhe in phase 
and in-quadrature signals arise from a single cen 


saturation condition yH,7 


ter, the 


> 1 is failing, and conversion 














from rapid passage to normal resonance behavior occurs 
The Portis equations indicate that the pl ise of the 
rapid-passage signal and the degree of satur m are 
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7] at be 
y 4 + . + + 
ox 
= .€ 
o J 
$e 
= & 
6% 
5 o | 
oe to 7 | 
3 
& f 
¥ 1 | 
0 l 
0 0.05 0.10 5 0.25 
H, (go ) 
lic. 2. Saturati apid-passage resonance wit reasing 
rf field (roc r era r 10-gaus 1 








MAGNETIC RESONANCI 


) 














x 50 
: | | | | 
. } 
° | | b- 
c | | Ld 
oS 40}— 4 4 + 
o | 
| | 
re) | | 
5 | 
E 50 —_— t 
ry | | | 
a | | | 
x | | | 
| | | 
= re) | 
20}- — —— —t 
z | | 
3 | | 
a | | 
fo? 2a 
g } | 
= | 
= | i 
a re) | pt —— 
° 10 20 30 40 50 
Hp» (gouss) 
Fic. 3. Saturation of the rapid-passage resonance with increasing 
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independent of H,,; the fifth result above is in agree 
ment with this. 

When we studied only the rapid-passage response, 
the experimental parameters of 10-gauss modulation 
°K 
we found that further reductions to 2-gauss modulatior 
and 0.006-gau 


ind 0.02-gauss rf field intensity were selected. (At 


ri field inten ity were needed if con 
pli ations by signal other than the rapid passage signa 


| 


were to he avoided 


Change of Signal Level with rf Field Strength 


The observed change of signal level with 47; is show: 
in Fig. 2. These data were taken at 10-gauss field modu 
lation, room temperature, and on a heavily irradiated 
3.4 10'*/cm*). The 


carefully adjusted so that the signals came entirely from 


crystal (CV; phase hifter wa 
Lie rapid-pas age resonance. At high powers the curve 
fits the Portis equation. We can make an evaluation of 
All combination 
of the four high-fie ld points yield fairly consistent value 
with an average of 7,;=1.410~ second. A markedly 
is found from the low field points how 


T, using any two points on this curve 


different value 
ever; T; is three to four orders of magnitude shorter 

Value¢ We 
because the adiabatic condition, 


this occurs at H 10°? for H,, 


with these suggest that this departure 
wm lT m yH , Is failing 
10 gauss, w», = 2-23 


Change of Signal Level with Modulation 
Field Strength 


I igure 3 shows a plot of the amplitude of the rapid 
passage curve as the sweep is increased. For this exper 
ment a crystal was selected which originally contained 
10'* F centers per cm 


resonance experiments at 


It had been used extensive 
+-150°C and at this ten 
bleaching Neverthele 

different 


consistent 


ly for 


ture some thermal occurred. 


this particular crystal had been used in many 
experiments, and the results obtained 


vith those 


were 


| 


from ry tals which had not been exposed 
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to high temperature The largest modulation was of 
tne order ol 10°, ol the 


H,=0.2 gauss, for this 


over-all line width, while 


experiment 


\ expt ted, we find a saturation type of behavior 
Again one can calculate a value for 7, using any pair 
of points. We find 7,=210™ sec at highest modula 
tion and 10-* sec at lowest modulation. This is in fair 
greement with the 7, calculated in the preceding 


ecuuon 
Thus it is shown that the Portis equations are essen- 
tially correct in 


ind that the 


predicting the amplitude dependence 
proposed expl ination of the observed in 
crease of in-p| ist 


high iH, and H 


with respect to quadrature signals at 


cre fore reasonable 


Resonance Behavior at Low Power Level 


The in-phase and in-quadrature curves obtained at 


| + 150°( 


low power levels and at are shown in Fig. 4 
They illustrate the increase of the in-phase curve with 


decreasing H/,. At 


has nearly disappeared 


lowest fields, rapid passage response 
Similar results were obtained 
with the same experiment at room temperature, al 
though the transfer to ordinary resonance behavior was 
somewhat le 

Assuming y//,7 1, 


x10 ec at + 150°C 


determinations of 


complet 
for H,=0.012, we tind T,=4.7 
rhe consistency with our other 
/ Lhe 


than at room temperature) 1 


value is about 3 times shorter 
evidence that at low fields 


the resonances arise essentially from a single source 


Response of Various Crystals 
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It appear 
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significantly 


horter spin-lattice is present. The ex 


perimental effects arise both from it and from the / 
center. The obvious suggestion is that the other reso 
nance arises from the M center. Optical absorption 
spectra are shown in Fig. 11, where the M center is 
issociated with the band at 4400 A. This center i 


thought to be composed of two missing halogen ions 


and one mi ng alkali ion with a ingle trapped elec tron 


rhe electron would very likely interact with surround 


, 7 
ing nuclei much as the F-center electron Phe slower 


ymmetry of the center probably would serve to de 
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MAGNETIC RESONANCE 
nance is 180 degrees out of phase with respect to the 
modulation. Extensive measurements at 4°K were not 
made, but the expe riment was performed twice with 
consistent results. The phase of the signal does not 
change rapidly near liquid-helium temperature and may 
well approa¢ h a constant value. 

We measured the phase of the signal at a modulation 
frequency of 400 cps and room temperature. It was 
found that the signal lagged the modulation field by 
130 degrees." 

If the Portis theory is correct, we conclude that a 
change of frequency from 23 to 400 cps is equivalent to 
a change of temperature from 300° to 4°K and that the 
dependence of 7, on temperature is very weak. If we 
take a value of 7,=1.5X10~ sec at room temperature, 
as indicated by the experiments discussed previously, 
T,=2.6X 10" sec at 4°K. It seems likely, however, that 
at this temperature complications arise because the 
assumption made by Portis that 7,> 7, fails. In another 
paper’® Portis calculated T, for a dilute inhomogeneous 
line; an evaluation of the expression derived there for 
our particular system yields a value of 2.7K10~* se« 
In the same paper it is pointed out that if T)>T», 
spin-diffusion effects should be observable under satu 
ration conditions. It is possible that it is this phenom« 
non which limits the phase shift to 130 degrees. 


Line Shapes and g Values 


We have made measurements of the shape of the 
rapid-passage line at room temperature, selecting 
perimental parameters such that the in-phase signa 
nearly zero, thus lessening the possibility of line distor 
tion. A reproduction of one of the experimental curve: 
is shown in Fig. 7. 


eX- 
li 


The physical basis by which one can calculate the 
envelope of the distribution of local fields has been dis- 
cussed by Kip, Kittel, Levy, and Portis." For six nearest 
neighbors, there are (274+ 1) possible combinations of 
the spins of the nuclei and these states divide into 


2(6/)+1 different local magnetic fields or hyperfine 


lines. For /= 4%, the populations are: 
0 1 2 3 4 5 et ee 
580 546 456 336 216 120 56 21 6 1, 


where 0 corresponds to the center line and 9 to the two 
outermost lines. 

Figure 8 is a plot of the experimental data from Fig. 7 
The circles are theoretical points using the calculated 
distribution of states and assuming a hyperfine splitting 
which gives the best agreement with the experimental 
curve. The result is a separation between hyperfine lines 
of 32+1 gauss. This exceeds the splitting reported by 


4 Subsequent experiments performed at Varian Associates | 
the author show that at 100-kc field modulation and room ten 
perature the phase of the rapid-passage resonance in Lif lags | 
a full 180 degrees 


8 A.M. Portis, Phys. Rev. 104, 584 (1956). 
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Relative sco 


Fic. 8. Con 
esonance (Fig. 7 


splitting of the | 


arison of experimental line shape of magnetic 
with theoretical line shape based on 32-gauss 


pertine lines 


Lord® and Wolga® by a factor of two. This discrepancy 
will be discussed in the next section. 

In this fit of the experimental curve we have assumed 
that interaction with second-nearest neighbors is negli- 
gible. Kip, Kittel, Levy, and Portis" showed in KCl 
that this interaction increases the half-width of the ob- 
served resonance by about 15%. We have, however, 
no information on with second-nearest 
neighbors in LiF and have not introduced a correction. 

We tried to get a good curve of the normal in-phase 
resonance which we find in irradiated LiF, so that the 
line shape could be studied (Fig. 9). The line shape is 
not uniquely determined since a slight change of the 
receiver phase shifter will add a large contribution to 


interaction 


the signal from a rapid-passage resonance. It is our 
opinion that lack of symmetry of the curve is an instru- 
mental effect that arises from mixing of X,,’ and X,,”" or 
from too fast a passage through the over-all line, al- 
though it may be real since every attempt was made to 
eliminate these difficulties. 

We have made measurements of the g value of the 
rapid-passage line and also of the in-phase resonance 
by comparison with the known g value of dpph (2.0036). 
The accuracy is not high but the g values of both reso- 
nances are certainly greater than those of the free elec- 
trons. We found grapid passage = 2.007+0.002 and can only 
say that the g value of the in-phase resonance is greater 
than that of dpph. 
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Magnetic Loss ~,,’ 


Thus far in our discussion of the nature of the 


nance behavior of Lil 


reso 
color centers no mention has been 
loss factor X,,’’. In fact, signals 


made of the magnet 


are obtained when the microwave bridge of the spec- 


trometer is tuned to detect the absorption We have 
found that at low Hy 
derivative of an absorption curve is obtained. One such 
hig. 10 ls, the 
amplitude of the absorption curve is about the 


\t highe 


the amplitude of the absorption curve is much | 


powers 0.02 gaus 


a typical 


curve is shown in \t these power leve 


same as 
that of the in-phase dispersion curve t powers, 
s than 
that of the in phase d spersion curve and inhomoge 
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of the absorption curve at high 


neous saturation apparently occurs was difficult to 
carry oul measurement 
this case there are very large in- 
Very slight 
rowave bridge give dispersive contri 


the of the 


power levels, since 
phase and quadrature dispe rsion signals 
drifts of 


butions 


the mi 


to the resonance and distort shape 


absorption curve 
ol the spectrometer, it 


Despite the hig! eNsitivity 


was not possible to detect the resolved structure in the 
Lik resonance found when the spectrometer Is tuned to 


K 


Y band, where the 


the absorption, probably because at band a much 


smaller sample must be used than at 
previous experiments were performed 

We comment parenthetically that we have found no 
indication that the absorption curve is ever out of phase 
field modulation 


H 


ure Taj 


with the magnet 
\t lowest power 
x,’ and the qua 


and 
of 
the 


0.003 gauss) in-phase X,,’ 


are 


0.02 


drat id-passage signal X,, 


H 


s ten times greater than either 


about the same amplitude, whereas at 


rapid passage resonance 


of the in phase curve As has been indicated, this be- 


havior is interpreted n terms ol Interplay the in- 


homogeneous resonances from two centers of different 


concentrations and relaxation times. At lowest powers 


the in-phase resonances are a mixture from the two 


centers, with tl uurce that exhibits rapid-passage 


\t 


powers the in-phase resonances come substantially from 
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a single center while t! resonance comes 


ssage 
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DISCUSSION AND COMPARISON WITH THE 
RESULTS OF OTHER WORKERS 
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The curves obtained by Wolga show about nine re- 
solved lines and the signal-to-noise ratio is not high 
enough to give any information about the over-all line 
shape. He reports a splitting of 1740.5 gauss and a g 
value of 1.996+0.0004. The curve published by Lord, 
obtained on heavily irradiated crystals (the samples 
were dark brown), has a well-defined over-all line shape 
and eleven hyperfine lines. Lord reports g= 2.0029 
+-0.0001 and a splitting of 14+0.1 gauss. It is therefore 
possible that Lord and Wolga have investigated the 
resonances from different centers. 

In addition, Wolga determined analytically the 
breadth of individual hyperfine lines (assuming a 
Lorentzian line shape) if hyperfine structure is to be 
partially resolvable, as observed experimentally, and 
showed that this width is of the order of the hyperfine 
splitting. The over-all line obtained by Lord extends 
well over 400 gauss, with a signal-to-noise ratio such 
that one would expect to see the effect of only the 
central 15 of the 19 lines. Bringing these factors to 
gether, we see that a hyperfine spitting of 14 gauss can 
give rise to a resonance which extends only over about 
200 gauss if the F-center model is correct. 

Kim has studied samples which have been heavily 
irradiated with neutrons (the samples were black). It 
might be argued that the nature of the damage is 
essentially different, since the nuclear reaction Li* 
+n' —+ H*(2.7 Mev)+Het (2.1 Mev) occurs. One might 
expect anisotropic damage because of thermal or dis 
placement spikes. However, Gilman and Johnston" 
have argued effectively that for every fission 1500 defect 
pairs are produced by ionization. Thus, the damage 
essentially arises from this ionization and this method 
of coloring is basically no different from any other 
These workers found no evidence of anisotropic damage 

The line shape and g values obtained by Kim are ap- 
parently the same as those found by Lord and pre- 
sumably both resonances arise from the same center 
But Kim has a very good signal-to-noise ratio and can 
resolve 29 or more lines. This is consistent with the 


ey. J 


1958 


Gilman and W. G. Johnston, J. Appl. Phys. 29, 877 


id 





e000 B00 
Wovetength (A) 


argument above that the line found by Lord is too broad 
and cannot arise from the F center, assuming the usual 
model. Moreover, Kim found marked anisotropy. This 
suggests that an M center or similar aggregation of 
several vacancies is involved. 

It is interesting to note that the splitting which we 
have found from the rapid-passage resonance is in fair 
initial 
Gourary and Adrian.” 
workers,"* 


agreement with the theoretical calculation of 
The most recent calculation by 
these however, shows less splitting, The 


higures are: 


Gourary and Adrian"? 
Lord 
Wolga 
Hyde 


Gourary and Adrian 


40.0 gauss 
14+0.1 gauss 
17+0.5 gauss 
32+1 gauss 
19.0 gauss 


Identification of the Rapid-Passage Resonance 


We have criticized other workers for concluding with 
out sufficient evidence that they are observing the 
F-center magnetic resonance; in the present work, also, 
some doubt must remain as to whether the center which 
exhibits rapid-passage response is in fact the F center. 
rhe argument advanced by both ourselves and the other 
workers is that the F band is by far the strongest optical 
absorption band and should give rise to the strongest 
magnetic resonance. However, in previous work it was 
the absorption X,,”” which was observed, and it has been 
shown that this quantity saturates with increasing H; 
at a level proportional to 1/7,. A center arising from 
fewer spins can easily give a stronger resonance if the 
relaxation time is shorter. On the other hand, it was 
found that the dispersion of an inhomogeneous line does 
not saturate. Thus the strongest magnetic resonance 
when the spectrometer is tuned to the dispersion very 


7B. S. Gourary and FJ. Adrian, Phys. Rev. 105, 1180 (1957) 

‘*B. S. Gourary and | Adrian, “Wave Functions for 
Electron-Excess Color Centers in Alkali Halide Crystals,” in Solid 
Slale Physics, edited by F. Seitz and D. Turnbull (Academic Press, 
New York and London, 1960), Vol. 10, p 127. 
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likely comes from the center with the largest magnetic have found produced H 
concentration diation doses art 
Our experience i that the rapid passage ignal 
level is proportional to F-center concentration. No 
anisotropy has been found. The shape of the resonance 
as expected when the principal broadening arises from 


xX nearest- 


interactions of an / center electron with 
neighbor nuclei. It seems likely that only a center with 
the symmetry of the F center could have a spin-lattice 
The data 


relaxation time long enough at room temperature to put 
complished at 


it into the rapid passage region We concluded that the 


F center gives rise to the rapid passage response 


known 
rypical absorptior | lor rour \ ot colora 
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been discussed in detail. 

APPENDIX. OPTICAL ABSORPTION OF barely be detected; at highest levels other bands begin 
IRRADIATED LiF to appear: in this regior 

It seems desirable to summarize our experience in [he absorption curve for heaviest irradiation is of 

coloring of LiF crystals with Co. The number of F interest. To our knowledg ee eee Bave HOt 

previously been reported at 405 7 Delbecq 

Pring heim do lief ba " $400 and S800) A. 


1 can be ecn 


centers was determined using the Smakula™ formula as 
quoted in Landolt-Bérnstein'’ and assuming an oscil- and 

: : okt 
lator strength of unity. The numbers of F centers we WIC! 
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Saturation of the Magnetic Resonance Absorption in Dilute 
Inhomogeneously Broadened Systems* 
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ting theory due to Portis f aturation of inhon ogener 
theoretical formulation o problem is developed usir 
first given by Rabi. For yH; greater than both 7 and 7 
n the frequency interval yH,; this expression permits ex] 
oss. No assumption is made of the shape of the individual 
weak exciting fields. For F centers in alkali halides, the 


erlying physical reasons differ 


PIN systems thi rise to magnetic resonance cessing 
J absorption may classified as homogeneous or sponses of 


inhomogeneous. A homogeneous resonance arises from field (#1) are 


unpaired spins placed in identical local magnetic fields susceptibility, 


and precessing at the same characteristic frequency 1/H; wit! 
except for a bandwidth due to mutual coupling. An for a dilute. 
i Tu I< man is | | ins « 
inhomogeneous resonance is caused by spins spread change in line shape 
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SATURATION OF 


given expressions for the saturation behavior of a 


homogeneous resonance,‘ 


vw 


1 +ary?H P2(w — Wy Ti 


Xo is the usual temperature-dependent dc susceptibility, 
T, the spin-lattice relaxation time, and g(w—wo) the 
normalized shape factor for the transition. Usually 
g(w—wo) is determined by spin-spin interaction and is de- 
scribed by the Lorentzian function: g(w— wo) = (T2/x) 
[1+7:?(w—wo)* |, where 7; is the spin-spin relaxation 
time. 

Portis' has developed a theory which accounts for 
the observed saturation behavior of dilute inhomogene- 
ously broadened resonances. Let the distribution in 
resonant frequencies be given by h(w—wo), which is 
normalized so that 0*A(w—wo)dw=1. Portis visualizes 
the rf susceptibility at a point w as being determined 
by an integration of the contribution from overlapping 
spin packets. Each spin packet arises from a group of 
spins in nearly the same local field which therefore 
obeys the equation describing homogeneous resonance 
absorption. He then writes: 


x 
x’ (w) of 


If the system is dilute, which implies that 4(w—wo) is 
much broader than g(w—wy’), and if g(w—w’) is Lor- 
entzian, this expression may be evaluated 


w' rg(w—w’ )h(w’ — wo)dw’ 


1+ny’H PT ig(w—w )’ 


” 1 al 
xX" (w aX wh (w— wo) 


(i+y~H2T\T2)* 


Thus as H,; becomes large, X’’(w) varies as 1/H,; and 
the line shape 4(w—wo) is preserved. 

[t is essential, in this treatment, that the spin-packet 
line shape, g(w—w’), be Lorentzian. If one studies the 
integral, it becomes apparent that any shape other than 
Lorentzian will give the wrong dependence of X’’(w) 
at large values of A,. 

Although Portis initially assumed that spin-spin 
processes determined g(w—w’), giving rise to the ap- 
pearance of 7, in Eq. (3), he subsequently pointed out 
that this was in error.’ In dilute inhomogeneous sys 
tems spin-spin interaction is very weak and the char- 
acteristic width and shape of g(w—w’) is determined 
by spin-lattice relaxation. T; is then replaced by 7; in 
Eq. (3). 

The approach used by Portis has caused us concern 
for the following qualitative reason: It is well known 
that in a dilute inhomogeneous system a strong ri 
field H, will interact with spins in the frequency i 


* Throughout, the rf field is assumed to be linearly polarized o 
amplitude 2H; and resolved into two oppositely rotating circular 
polarized fields of amplitude // 


5A wi. Portis, Phys. Rev. 104, 584 (1956 
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terval yH; and will in fact 
in the distribution 


“eat a hole” of width yH/; 
It was difficult to understand how 


took thi 


should be essential that 


the Portis treatment into account, and why 


in such a process it e(w—w’) 
(as determined by either spin-lattice or spin-spin proc- 
esses) be precisely Lorentzian. 

We have developed another approach to the problem 
of magnetic resonance absorption in magnetically dilute 
inhomogeneous systems. In this calculation it is as- 
sumed that the natural line width, 1/y7>, arising from 
direct spin-spin interaction, is negligible, and that the 
spin-packet width for weak excitation is determined by 
spin-lattice interaction. In large rf fields the effective 
width is determined by the rf field strength itself. 

Analysis of the situation is made, using the time- 
dependent Schrédinger equation. Rabi® solved a similar 
problem; the expression for the transition probability 
derived by him can be taken over with only slight 
modification. Johnson and Strandberg’ have also ap- 
plied the technique to collision broadening in gases. 
We assume that the intial probability of a particle 
being in (+-) state is |a,°|* and in (—) state |a_°}?, 
Then the probability |a_\* that the particle is in (—) 
state at time / is given by 


yl1,)*( a,°\* 


a_°}*) 
{ vH;)’ T \w —w’)? 
x sin*t/2[ (w—w’)*+(yH,)* }'. (4) 


An equivalent expression for | a, |? is obtained by inter- 
) and (+) signs in this equation. It is 


assumed that the radiation is in a narrow frequency 


changing the | 


band centered about w. This expression tells us there is 
a probability that a spin rotating at a Larmor fre- 
quency w’, where w’#w, will undergo a transition. The 
half-width of the time-independent term in the above 
expression occurs when (w’—w)=7H. 

We proceed to find the resonance-signal levels. There 
are two methods of dealing with the problem, giving 
identical results, each however providing new physical 
insight into the matter. 


Method 1 


From Eq. (4) we can derive an expression for the 
number of transitions that have occurred at a given 
value of time and frequency 9(w’,) if the rf field is 
turned on at 


time ¢=0 and the system is initially in 


thermal equilibrium: 


/ 


niw, Vila’ 


Phys. Rev. 86, 811 
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Bloch? and ( berger J hen the number of 


transition 


yH 


Fic. 1. Number of transitions as a function of the spin-packet 
resonance frequen nei the excitation frequency «a a 
vif l ) 1 \t™9n This agree 

Portis if in 

Vhi(w'—w is the number of spins in the interval given by (7 
Aw’ 

If we are at a particular point h(w' —« and the 
radiation Treque ncy w 1s held constant, (w w’) is con 
stant, and the time-de px ndent term oscillate between 
zero and unity. If on the other hand we consider the Method 2 
behavior at a specified time /, but change w progr 
ively, we gain fi oscillatory behavior under ; 
Lorentzian envelope of width 2yH. Figure 1 shows the packets wa 
behavior of th nsition probability for a by introdu 
and also for yH\t> As ¢ continu crease, eld depend 
the oscillation ul I ) become ul 


rapid. 


the numerator 
and the dene 
the Osclila 


he tantaneous rate at which the gence of 


which gives t 
tion change if the rf field is sudde nly tu tate Is 
time /=0. Let the average lifetime of a spin stat infinite 


to lattice interaction be given by yH,1 


doe ~ 


where /(/ Is sist with the a ot di greatly trom for valu if ¢ of the order 


sumption onential axation in tormul: ) n the av re power abs« I the 





SATURATION OF 


crystal is by definition 
P34u(2H,)°x", 
P=N( a_°}?— | a,°|*)wyH h(w— wo) htw/ 27). 


From the Boltzmann distribution 


(\a_°|?— | a,°|?)=hw/2kT, 


while the low-field susceptibility for a two-level system 


1S 
Xo= Ng*up?/4kT. (16) 
Thus 


x" (w) = 4X owh(w—wo)e/yT 1H, 17 


in agreement with the high field limit of Eq. (10). 

We pointed out, in reviewing Portis’ calculations, 
that the assumption of a Lorentzian line shape is very 
critical if the integral is to be proportional to 1/H, at 
high rf fields. Portis remarks that the observed inde- 
pendence of X’’H;, on the rf field is proof of a Lorentzian 
line shape. In this section, on the other hand, the as- 
sumptions concerning 7}, at least for yH,7\>>1, are 
very weak. It would seem that for yHi7,;<1 the 
Portis approach is correct, while for yH,7,>1, our 
approach is correct; in other words, the rf field inter- 
acts with a portion of the spectrum either 1/77) or 
H, wide, whichever is greater. 

One wonders if a case could be found where the two 
formulations predict different results. If 7,<7, but 
the interaction of the spins is still weak, so that com- 
plications of spin diffusion’ need not concern us, our 
formulation predicts that for yH,7.>>1 the suscepti- 
bility will be proportional to 1/7,, whereas the Portis 
formulation predicts it to be proportional to 1/(7\7»)!. 
In this limit we can find no reason to believe that the 
signal level is related to T:. Only the rapidity with 
which the excited spins in the interval H, can return 
to the ground state by excitation of phonons should 
determine the power absorption. (This inconsistency 
is essentially that pointed out by Bloembergen and 
treated by Redfield* in a modified Bloch description 
of nuclear resonance saturation.) We interpret the line 
width H; as arising from the uncertainty principle 
because the lifetime of a spin state is limited by the 


* B. Redfield, Phys. Rev. 98, 1787 (1955) 
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rf field. In other words, the change in populations of 
the levels occurs in a time t~1/yH,, accompanied by 
an uncertainty in energy yH,h. As H, becomes small, 


the lifetime will be limited by T> or T; processes. 


SUMMARY 


This study considered the resonance absorption of a 
magnetically dilute, inhomogeneously broadened spin 
system. It was assumed that interaction between spins 
is very weak, that diffusion of spin excitation or cross 
relaxation may be ignored, and that instrumental 
broadening, such as caused by magnetic-field inhomo- 
geneity or nonmonochromatic rf radiation, is negligible. 
We have not considered the complications which arise 
if the radio-frequency or de magnetic field is modulated, 
whether deliberately or because of noise, at a frequency 
of the order of a reciprocal characteristic relaxation 
time. 

Nevertheless, the calculation is believed to be suffi- 
cient to describe the saturation behavior of electron- 
surplus centers in many ionic crystals. For alkali 
halides, the over-all line width ranges between 50 and 
400 gauss and concentrations are normally between 
10'® and 10'* per cm*. For these materials, 7;>7) at 
room temperature, and the calculations presented here 
and those of Portis predict the same result. At lower 
temperatures or somewhat narrower lines and higher 
concentrations, 7» is expected to be <7,;. Then we 
expect that the signal level for 7:<7,<1/yH; will be 


x" (w) AX awh (w —Wwo)T, (18) 


i.e., only the density of spins per unit frequency in- 
terval is important. For 1/yH,<72<7,, the signal 


level becomes 


x" tw) 1X awh W— Wo)t yHyT. (19) 


The unambiguous dependence of the signal level on 
T in this expression suggests that the temperature de- 
pendence of 7, might be found by a single measurement 
at each te mperature 
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oscillating magnetization component perpendicular to 1 


it a consequence of nonlinear terms in the equation 
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which are of 
broad classe S 


ferrimagnetic systems 


be divided into two 


The first is the usual antiparallel type 


interest can 
in which the different magnetic sublattices are oriented 


either parallel or each 


other This i 


intiparallel with respect to 
1(a). The 


the triangular configuration in which two of the sub 


illustrated in Fig. second is 


lattices make an angle with each other and with the 


direction of the net magnetization.’ This is illustrated 


in Fig. 1(b). Fhe 
with respect to the 
garnets which have 


Although the 


materials with tr 


first type is probably of most interest 
prope rties of the fe rrimagne tic 
recently 


evidence for the 


been quite intensively 


studied existence of 


angular arrangements is not com 
pletely is enough to indicate that 


likely of this 
properties of these 


conclusive, 1 some 


materials are very type,? so that the 


resonance systems deserve some 


study As we shal ee. it is possible to some extent to 


discuss both cases of Fig. 1 simultaneously. 


only the 


For the antiparallel three-sublattice case, 


first approximation to its behavior has been found as a 


n arbitrary number of sublattices.’ In 


spec ial case of 
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nave been 


tudied in detail only for the case in which 
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magnetic ri : n it was found that the whole 
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transverse to the directior et magnetization and 
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coupled sy 1 which we u A not include 
effects for simpicity, but I ] an 
held mpost [ onstant 


parallel to the 


sublattice 
damping 
external 
magneti component 
small transverse 
oscillating 
obtained for both r it one m ' en look at 


| 


the antiparallel and triangula irately in 


component he rene tion can be 


orde r 


to find the highest order approximation of interest. In 


particular, for t y ral triangula ase, we shall 
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and molecular fields and is given by 
H,=H+3;\.,M,, 


where H is the external field, M; is the magnetization 
of the jth sublattice, and A,;=A;j; are the molecular 
field coefficients. 

In the triangular case, the requirement that the 
local field must be parallel to the corresponding sub 
lattice magnetization leads to extra conditions to be 
satisfied. If we take H=0, choose the 
common direction of the net magnetization and oi 
sublattice 1, and put M,,=M,, we find that we must 
have* 


z axis as the 


Ai 


Aus=A, 
M,+6(M.+M;)=0, 
B=)ea/d, 
(M2,+M 32) static= (May +M sy) static= 0. 
Because of (3), we can write the total magnetization as 
M=M,+M.24+M;= (1-—8")M,. 6 


These requirements apply only to the triangular case; 

in the antiparallel case, the local fields are all auto 

matically parallel to the sublattice magnetizations. 
The sublattice equations of motion are 


dM ,/dt=y,.M.X Hi, 


where 7; is the gyromagnetic ratio of the ith sublattice 
The components of the external field H are taken to be 
h,, h,, H.=H=const., where h, and fh, are small 
oscillating components each proportional to e‘¢'. For 
simplic ity, we shall also set 
Aye do, Ay = A3, 
We now write the sublattice magnetization compo- 
nents as the sum of static components plus a small 
induced component as follows: 


Mi, 
M2, M,+m2,, 
M ;. —M 4+ m 


Mi+m,,’, 


M.+mz,', 


M2, M,,=m1,, Mi, 


M:,=M,+my, M2: 
M;,=—M,+m;,, Ma=Ms+mi/’. 


J 


Y 


used for both cases: 
satisfy (5), and (3) can be used as a condition on the 
z components ; for the nontriangular case we can simply 
set M. M, ) 

We can now substitute (9) into the set of equations 
of motion (7 


order in tl 


These can be for triangles, they 


second 


and drop all terms which are 
1e m’s. Some of the terms will also vanish 
for both the antiparallel and triangular cases becauss 


M..,=0 or because of (2) and (3). 
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Since the M, are the values of the ¢ components of 
the magnetization when H 


+m, where the m,," are small static components which 


0 


0, we also set m,,’=m,, 


arise when H#0, and m,, are the oscillating compo 


nents ° 


It is necessary to introduce the m,,° in order 
that the oscillating terms m,,;(j=x, y,2) will vanish 
when h,=h,=0. This situation arises only in the 
triangular case, and we find that the m,,° satisfy the 


condition 
Am." +Aol( Me, 


+m;,.°)+H=0., (10) 


We can then assume that the m,,; are also propor- 


tional to e*“‘ so that, for all components, 


dM ,,/dt=dm,,/dt- (11) 


1M j. 


If we now substitute (9) into (7), take into account 


(8) and (10)—(11), we find that m,,=0, and, if we set 


Mm, = M2,+M3,, (12) 


we find that the rest of the equations become 


Aym,, 


Ayme,+ Dmy,, 


H ym, + Bma+Cmy,= — Mihy, 
—M hy, 
—MA,, 

Cm;3,= Mh,, 

M Ah., 


M -h,, 


Hym2,+ Em;,— J om,= 
1ym3.+Fm,,+Gm2,— H ym,+Jm,= 

Aym,,+H ym, 
A ym2,— Dm,,+ Hym2,— Em;,4+-J m, 


y— Fm,,—Gme,+H ym;, 


Bmz, (13a~-g) 


Awm J \m,= 


m, Kom; Lo(mo.+m3,)+K my, 


VAL+Nihy, 


+ Ly (moy+my,) 


where 


(15b) 
H T B T G, H 


hoM., Js 


H+C+E, (16) 


oM,, 17) 


K; M (yd2— ads) iw, (18) 


Ii(yo—y)/iw, (19) 


L2/ Xs. (20) 


If we eliminate m,, with the use of (13d-f), we 


finally find that our equations reduce to 


ty 


(m,,+ Gms,+Cm,,+ Dm th (21a) 


Mh, 
(21b) 


Em, ,+ Fme,+ Gmy.+Km,= $h, 


M shy 


jmi.+ Gme,+ Km Lm, (21c) 


M y= Vs, 


Mm .+ Sms, +- Pms,+ Im, ztNihy=U4, (21d) 
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It is now a straightforward but tedious task to 
evaluate the general solutions explicitly for this case 
We shall only quote the results. 


The highest order of the molecular field coefficients 


AX,.= M*H+2M?H?(Y/W)— (w?/W){LM2(A3M2+A.M 


+A3M2(M.+Ms;)* yo? +[0M3(AoM 1 +A3M 2) +A2M3(M1+M2)* by 


— (3M, +AoM>) ]+(2M,\M V7 \EM2(r -d 


AX ,y= —iwS[M?+2MH(Yy/W) ], 


2H | 
A= (M?* IP? —.2S*?)+—_{ MB’y— oO + ( 


Ww 


Ao As 2X 
+—+ 


Y’ 2? 


a | 


W =Axd3Mi+ArAoMe+AsdoMg, 


Y= (No +-A3)M t+ (AoA) Mot (Ast Ao) Ms, 


MY (M, y+ M, 72) + (M3/43). 


M is, of course, the total magnetization of the 

system and S is the total angular momentum. 
As a check on our results, we can neglect the terms 

proportional to W-', and we find that (30)—(35) yield 

the well-known first approximation for the case of no 

damping: 

Xe2=7VOME/ (y ZH? —o"), X= — wy -M/(y2 


ry Ww), 


where the effective gyromagnetic ratio is y.= M/S. 

We see at once from (30) and (31) that, to this 
order, X,, vanishes at both the magnetization and 
angular momentum compensation points, while X,, is 
proportional to the inverse first power of the molecular 
field coefficients at the magnetization compensation 
point and is different from zero to zeroth order at the 
angular momentum compensation point. In principle, 
these formulas should be of assistance in accurately 
analyzing those experimental results which are obtained 
very close to the compensation points, especially for 
materials with very small damping. 


TRIANGULAR CASE 


In this case, of course, we cannot set M, and M, 
equal to zero. Consequently, none of the symbols 
(15)—(20) and (22) vanish in general; this makes the 
task of simplifying the general solutions very much 
more difficult. The existence of the conditions (2)~—(4) 
does, however, alleviate the situation somewhat. For 
example, now E=8D and G=8F;; in addition, certain 
frequently occurring combinations have simple values 
examples of this are B+E+G=0, BD+F(D+F)=0, 
BF+G(D+F)=0, B+ D+F=MM, etc. 


IN 


—Xo)— (N2M i +AoM 3) + (2M 2M a/y272) Mi (Ao—Aa)}, 


M, 
sn 
yi Y 
: do As 
) + mats( oS + 
V1¥2 w WW 
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(25), (26 


, and (29) is the fourth. If 
we evaluate all of these quantities to the fourth and 


which occurs in 


third order so that we get the leading term plus the 
first correction term, we find that 


+-oM1(Mo+M;)* yi? +0 M2 (A\0oMit+A2M;) 

2+ (2M Mo/yvy2)[ Ma(A2—As—Ao) 

(30) 
(31) 
M, 


sa() 


2X 


In principle, there to be 
considered here depending upon whether y2 and 7; are 
equal or different. If y2=7s, so that A2= Az, then \,, 
Vo, D, MN, N, VP, and U are all zero and, among other 
things, m,=0. 


are two separate cases 


As a check on the work, one can evaluate 
the results for this case, and one finds that the results 
are exac tly the same as for the two sublattice system 
as was already known.’ ( onsequently, we will not 
quote the results again here, especially since the two 
sublattice system including damping has already been 
completely worked out.* 

When yo*y¥3, 


proportional to A*. If only these are kept, the following 


one finds that the leading terms are 


results are obtained 


My 
BX oe (B—1)H+— 
ry} | (M 


*R. K. Wangsness 111, 813 (1958); 113, 771 (1959) 
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al impurities on the high field magnetoresistance of 


f work hardening and the presence 


of O, in the atmosphere used for annealing. A Kohler plot of the transverse magnetoresistance for all speci 


mens gave a single smooth curve. The plot for the longitudinal magnetoresistance of any one specimen as 


the concentration of defects was increased between successive measurements 


However 


in an atmosphere containing O,. The zero field ratio of transverse 
found to be quite insensitive to work hardening and the presence of O, in the 


REVIOUS measurement! of the magnetoresistance 
of poly¢ rystalline copper specimens gave various 

saturation values for the longitudinal magnetoresistance 
even though the transverse magnetoresistance of the 
same specimens obeyed Kohler’s rule. To determine the 
extent to which physical and/or chemical impuritie 
might influence the saturation value of the longitudinal 
magnetoresistan e,a study has been made of the effect 
on specimen properties of work hardening and the pres- 
ence of Oz in the atmosphere used for annealing. 

Recently it has been shown that the presence of oxy- 
gen in the annealing atmosphere will decrease the resid- 
ual resistivity of copper.’ The oxygen absorbed into 
the copper is not only effective in neutralizing certain 
existing impurities. but when present in excess contrib- 
utes new scattering centers so that the residual con- 
ductivity passes through a maximum as the specimens 
are annealed in atmospheres containing progressively 
larger concentrations of Os. To determine the influence 
of this absorbed oxygen on magnetoresistance, speci 
mens were prepared throughout the range of the con 
ductivity maximum and the magnetoresistance of each 
specimen was measured. Finally, the influence of phys- 
ical defects was determined by progressively work 
hardening (bending) the specimens between subsequent 
measurements of the magnetoresistance 

As might be expected,‘ a Kohler plot of the transvers« 
magnetoresistance for all specimens gave a single smooth 
curve. However, as shown in Fig. 1, the longitudinal 
magnetoresistance is affected markedly by the presence 
of O» in the annealing atmosphere. 

The saturation value of longitudinal magnetoresis- 
tance increases from AR/R~1 for specimens annealed 
I) to 


AR/R~2 for specimens annealed to produce the con- 


at very low oxygen concentrations (Curve 


ductivity maximum (Curve III). Intermediate values 
Curves II) occur only during the transition from 
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also gave a smooth curve 


the saturation value of the longitudinal magnetoresistance was markedly affected by annealing 


to longitudinal magnetoresistance was 


annealing atmosphere 


Curve I to Curve III. It is significant that excessive 
concentrations of OQ» in the annealing atmosphere do 
not cause the saturation value of the longitudinal mag- 
netoresistance to rise above AR/R~2. The data of 
Curve III includes samples doped with O, to beyond 
the conductivity maximum and showing degradation 
of the low-temperature conductivity by as much as a 
factor or two. Work hardening of the specimens has 
little effect on the saturation value. Curves I and III 
contain data on specimens worked sufficiently to change 
the zero field residual conductivity by as much as that 
induced by the absorption of oxygen producing the 
separation of the curves. 


All specimens displayed a linear relationship be- 
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ngitucina] magnetoresistance 


Influence of work hardening and O; doping on the 
I AR;,) of polycrystalline samples 
[he resistance ratio S= Ragex/R; ox is given as an index of the 
low-temperature resistivity. Curve I contains data from three 
specimens prepared at very low oxygen concentrations with sub 
sequent work hardening to reduce S over the range 740-580 
Curves II are for two samples prepared with increasing O, doping, 

it insufficient to produce the conductivity maximum. Curve III 
repared at O, dopings yielding speci 
luctivity maximum with subsequent 
wrk hardening to reduce S over the range 1000-400. 


ontains data from samples | 


ens at and bevond the con 
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tween the applied field (4-S) and the ratio of the 
transverse magnetoresistance to the longitudinal mag- 
netoresi AR1/AR);). In this relationship 
AR1/AR 1+ B(H-S), changes in O» doping and 
work hardening ha effect on the zero field inter- 
cept | 
AR 1 /AR\,~2 
work hardening, 
reache a 


lance 


dl little 
which remained relatively constant? about 
The (B) is 
but decreases with O» doping and 
for the conditions of Curve 


inferred from Fig. 1, 


slope also independent of 


minimum value 


Thi decrea e can be since 


DOLECEK 


the Kohler plot of the transverse magnetoresistance is 
the same for all samples 

Thus, the longitudinal magnetoresistance of copper, 
as well as the low temperature conductivity, is sen- 
sitive to the j effects 
and due regard for their possible presence must be 
given in any interpretation of data. For polycrystal- 
of the longitudinal 


presence of impurity induced 


Saturation value 


for the pure metal appears to lie 


R, K>0O 


line copper, the 
magnetoresistance 
between 1>AR 
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1. INTRODUCTION 


Traps and Recombination Centers 
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Perhaps the simplest ture to adopt is as follows: 


Centers that ar charged and attractive to 


minority recombination 


carriers are likely to act 


as 
centers since the cross section for the subsequent neutral 
capture of a majority carrier may only be one order of 
magnitude lower than the minority carrier cross section, 
but the number of majority carriers may be sufficiently 
recombination occur before ejec tion. 
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Cross Sections and Rates 


In an experiment, one does not observe directly the 
capture cross section, but rather a « apture rate const 
B cm'®/sec that describes the 


leave the conduction band via the equation 


int 


rate at which electrons 


— Bn, 1.1 


dn dl 


where n is the density of electrons, and .V is the number 
of empty traps. If all the electrons had the same energy 
ko, the rate constant would be related to the cross 


section by a factor of the velocity 


BU 


vor(Eo); 1 (2ko/m 


The experimental constant B is an average over B(/ 


taking into account the actual electron energy dis 


tribution. For the usual case in which a_ thermal 


equilibrium distribution is present, we may write 


a (4kT mr )’o, 
where 


vor (Ee 


fx a | exp / k7 di / 
fe exp(— Ey kT dE. 


In Eq. (1.4) two factors of p!, 
from the Boltzmann distribution, give rise to the factor 


one from vy and one 


The cross section most frequently quoted in experi 


mental papers is obtained by dividing the observed 


rate by the root mean square velocity 
Orms= B/(3kT/m 15 


The rms cross section may be computed from ours by 


Orma= (4/39) *e. 1.6 


where o will be computed in our paper from Eq. (1.4 

In spite of the slight arbitrariness in de fining a Cross 
section (which is unimportant when our chief aim is to 
predict the correct order of magnitude) it is convenient 
to quote cross sections since they convey an impression 
of the effective size of a capturing center. 


Experimental Results 


An adequate survey of the experimental work on 
trapping and recombination cross sections is beyond 
the scope of the present paper. A survey of early work 
through 1954 has been given by Rose, and more recent 
work has been Bemski.’ Table I sum 
marizes cross sections on some centers of presuma! 
Additional 


reviewed by 


known charge experimental data can 


nental work through 1954, see A 
1955); RCA Rev. 12, 362 (1951 
Radio Engrs. 46, 990 (1958 
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ism, 1s Comparer 
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*)F In (y/1.7818) 
+ (6/y) J 


Zé /nymey(l.y> 
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6 to interpolate for 4 
xk=12, m=4)mo, 
c=4X10* cm/sec and 11.84 
X10 independent of tempera 
ture, based on a room temperature 
mean free path of 8X 10~* cm and 
perature y= kT hmc* 


using Fig 
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found in the proceedings of the 1958 Semiconductor 
Conference 
observed which are ex- 


‘ 


Cross sections have been 


ceedingly small—in the range 10°-™* cm? to 10-2! cm? 
for centers which are known or presumed to be repulsive. 

Mn™ in 
cm? to 10 
traps,” 
known or presumed to possess a Coulomb attractive 


) See Fig. 1 
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large cross sections in the 
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sensitive to temperature. [Some Cu cross sections 


which appear to have a temperature dependence 
characterized by an activation energy®™* have been 
Kalashnikov’ by taking 


nature of the Cu center 


more simply explained by 


into account the multilevel 


* Proceedin the International Con ference on Semiconductor 
Rochester, 1958 { ] ys. Chem. Solids 8. 52-86 (1959) 

*S. Koenig, J. Phys. Chem. Solids 8, 227 (1959 

S. Koenig, Phys. Rev. 110, 986, 988 (1958) 

‘'S. Koenig, /nternational Con ference on Solid-State Physics in 
Klectronics and Telecommunications, Brussels, June, 1958 (Aca 
Press, New York, 1960 

2 J. A. Hornbeck and J. R. Hayr Phys. Rev. 97, 311 (1955); 
100, 606 (1955 
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and R. M. Baum, Phys. Rev. 100, 1634 
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tential possess a series of excited states whose radius 
increases without bound. The states of large radius 


explain the large observed capture cross section. Indeed 
the total cross section for capture into all excited states 
would diverge. Roughly speaking, however, one must 
include only states whose binding energy is greater than 
kT. Lowering the temperature then permits contri- 
butions from states of increasing radius. Thus we 
explain the rapid increase of observed cross sections 
with decreasing temperature (see Fig. 1). 

We assume that in the vicinity of binding energy kT 
there are states closely enough spaced for one-phonon 
transitions to be possible. As a result of these transitions 
the electron es¢ apes, Or moves ¢ loser to the ground State. 
The last step, from a first excited state to the ground 
state may require a multiphonon transition, or th¢ 
emission of radiation. This last step is undoubtedly the 
step limiting the rate at which electrons enter the 
ground state of the trap. But the cross section, as 
measured by the rate at which electrons leave the 
conduction band, is not limited nor even affected by 
the rate of this last step” (providing the ionization 
energy of the first excited state is large compared to 
kT): electrons caught in excited states are unavailable 
for conduction. 

For neutral centers, we suggest that a quasi-long 
range interaction (an inverse fourth-power potential) 
is provided by the polarizability of the center. (Traps 
in solids are significantly more polarizable than free 
atoms because of their lower ionization energies.) Since 
the radius at which the potential energy is kT now 
varies as 7J*, we expect a much less temperature 
dependent cross section. Since the contributions com 
from smaller radii than for the Coulomb attractive 
case, the resulting cross section is much more sensitive 
to the details of the potential at shorter ranges, i.e., the 
chemical nature of the trapping center. 


Classical Approximations 


A calculation of the sum of the cross sections for 
capture into all of the excited states of a center would, 
indeed, be a laborious task. When highly excited states 
are important, however, we anticipate from the Bohr 
correspondence principle that a classical calculation 
that 


between collisions can be described by a classical orbit. 


will be valid, i.e., the motion of the electron 
The probability per unit time that a collision will take 
place can be computed at each point of the orbit by 
treating the electron as if it were a plane wave with 
the energy and momentum appropriate to that point of 
the orbit. This procedure is equivalent to neglecting the 
accelerating effect of the attractive field during the 
collision and is valid if the fractional energy change 

™® The author is indebted to Albert Rose and G. H. Wannier 


for illuminating discussions of this point. In particular see the 
discussion following the author’s paper in reference 19 
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along the orbit is small over a time of the order of the 
“duration of the collision.” 


Mechanisms for Energy Loss 


In order to be captured the electron must lose enough 
energy in a collision to go into a bound orbit. The energy 
can be carried away by: (1) 
hole, (3) optical phonons, (4) acoustical 
(1) cross sections for radiative capture can 
be readily calculated from first principles, or by scaling 


a photon, (2) another 
electron or 
phonons: 


similar calculations for proton-electron recombination. 
The resulting cross sections are a few orders of mag- 
Auger 
recombination with the help of another carrier will in 


nitude too low to explain observed results. (2 


general lead to nonexponential decay, or in steady-state 
experiments to a concentration dependence of the life 
time that is not usually observed.” Of course Auger 
recombination should occur when high carrier densities 
are present.” (3) Optical phonons are generally not very 
effective in nonionic materials in producing the mo- 
mentum transfers required to produce resistivity. 
However, each optical phonon collision transfers so 
much more energy to the lattice than an acoustical 
phonon per collision that the Joulean heat loss to the 
latter is often predominantly via optical phonons.” 
We shall see later than optical phonons make a sig- 
nificant contribution to the room temperature capture 
cross section in silicon and germanium. (4) At low 
temperatures, at large distances from the trap, electrons 
will only have acoustical 
phonons. The enormous cross sections reported in the 
helium temperature range (see Fig. 1) must then be 


enough emit 


energy to 


associated with acoustical phonons. 


Thomson Theory of Recombination 


The theory proposed in this paper leads to results 
that bear a close resemblance to the 
theory of recombination in gases. In the 


[ see Eq. (2.7 
Thomson” 


1G. Bemski, Phys. Rev. 100, 523 (1955). See also reference 15 

™@ Auger recombination is observed by Haynes and Hornbeck™ 
with extremely low cross sections of order 10°” and 10™ times 
the concentration of majority carriers for electrons and holes, 
respectively. This low cross section is presumably caused by the 
Coulomb repulsion of the center for majority carriers. Conversely, 
Auger trapping of electrons by attractive donors is observed by 
Koenig® with the enormous cross section of about 10™ », where 
n is the number of electrons per cm*. Koenig’s data refer to 
electrons of 100°K with the lattice in the 4°-10°K range. This 
large cross section requires an electron-electron collision as the 
first step, followed by a cascading process in which energy is 
conveyed to the lattice. A rough estimate by the methods explained 
later in this paper yields 

a(t 2x? /3)n(e/nEoP(A/kT P 

he insertion of T7=6°K, Eo=k(100°K), and «= 16, the dielectric 
constant of Ge yields ¢~0.6K10™ n cm?! 


*™ E. Conwell, J. Phys. Chem. Solids 8, 234 (1959); T. Morgan, 


J. Phys. Chem. Solids 8, 245 (1959); and J. Yamashita, Phys 
Rev. 111, 1529 (1958 

™ J. J. Thomson, Phil. Mag. 47, 337 (1924) 

*°H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 


Oxford U 


Inpact Phenomena 


Chap. X 


niversity 


Press, New York, 1952), 
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gas discharge case, one also has a “three-body col 
a neutral atom 


oned that ions with kinetic 


lision,” with the third body carrying 


off the energy 


energy greater than (3/2)k7 will lose energy on col 


lision. Ions with lower kinetic energy will gain energy 


ollision. Thus within a critical radius ry defined by 


Le 3/2)kT, 1.7 


collisions will be effective in producing recombination, 


whereas outside this sphe re they will produce sepa- 


losing 


ration. If / is the mean free path for an energy 


collision, and 47 | the average distance across a 


phe re, (475/31) 1s the probability of a suitable collision 


if one hits the sphere and ar,’ is the cross section for 


hitting the phere Phu Thomson proposed a cross 


section of tl order 


1.8 
The Thomson theory 1s implicitly predic ited on the 


that ro<1 so that one or fewer collisions 


| 


as umption 


will occur, on t within the critical radius 
In the 


within the 


e€ average, 


opposite case, rol, many collisions can occur 


In this case, the reaction will 


ind the 


critical radiu 


be “diffusion limited” Langevin theory Is 


appropriate. The rate of influx through a sphere of 


radius r per unit density of electrons is 


B=4nr borr?u(Ze/Kr 1.9 


lrZeu/« cm*/sec, 


where the dri t velocity 
the attractive field Ze 


di charge cast ine 


] ] ; ‘ 
is calculated by multiplying 
xr’ by the mobility w. In the gas 
j 


Thomson theory predicts a re- 


combination rate proportional to the pressure and is 
observed at low pressures, whereas the Langevin theory 
predicts a rate inversely proportional to the pressure 


and ] obse rved it high pre ssures process 
“diffusion limited.” 
Phe Langevir recombin: 3 an be 


Eq. (1.5).by 


electrons in 


become . 
conve rted 


to a cross section according dividing 


by a therma lor silicon, the 


Langevin cro is about 
10-° c1 or at lea 


st observed 


room tempe rature 
four orders of magnitude larger 


sections. We 


conclude that diffusion does not limit any of the electron 


than the large cross may 
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tential to produce a bound orbit), (2) the average 
distance between traps (otherwise one assumes that a 
given center captures an electron that in reality is 
captured by another center), (3) the mean free path 
(at distances larger than the mean free path one should 
use a Langevin diffusion type of theory 


Sticking Probability 


In most experimental situations, however, we believe 
there is a more important limitation than those men- 
tioned already. An electron captuyed into a state with 
binding energy lL’ small compared to kT will find it 
easy to escape in a subsequent collision. If P(U) is the 
“sticking probability” for a state of binding energy U’, 
i.e., the probability that the electron will enter the 
ground state before escaping, then the cross section for 
capture of an electron of energy Fo should be written 


a( Eo) feoceaunav Pl 


where o(£o,U’)dU is the cross section for capture into 
a state with binding energy between U and U+dU., 

To enter a state of binding energy U, the electron 
of energy /» must at least gain in kinetic energy an 
amount U’, so that the critical radius is (Ze/xU), and 
Eq. (1.8) suggests that the cross section diverges” as 
1/U*. The final result converges only because P(U’) 
vanishes sufficiently rapidly for small U. 

In a fully quantum mechanical treatment Eq. (1.12) 
would be replaced by 


o(£o) 


i 


> nt On (Eo) Pa ly (1.13) 


where o,,; is the cross section for capture into a hydro- 
genic state with quantum numbers n and /, and P,,,; is 
the corresponding sticking probability. Our treatment, 
for simplicity, makes the approximation of neglecting 
the dependence of P,.; on /, i.e., on the angular mo- 
mentum, and replaces the sum over n by an integral 
over L’. The last step should be a good approximation 
if the main contribution comes from excited states that 
are reasonably closely spaced. 

The sticking probability P(U) can be calculated by 
making use of the idea that it depends on the binding 
energy U but not on how that state was reached. Thus 
if K(U',fw)d(hw) is the probability that an electron in 
state U will emit a phonon fw in d(fhw), then 


pu)={ K(U,hw)d(hw) P(U+hw) (1.14) 
U +h 0 


“a > 


represents the probability of entering the ground state 
as the probability of any first step times the probability 
that the first step leads to eventual capture in the 

* Actually the probability of emission of a phonon varies as 


EF —hw)= (Eo+U —hw)'= U4 for Eo= hw, so that the divergence 
1/U? 


is really 


CTRONS IN SOLIDS 1507 
ground state. Absorption of phonons is included in 
Eq. (1.14) by allowing fw to be negative. The lower 
limit expresses the assumption that once a state of 
negative positive energy) is 
reached, the probability of capture into the ground 
state is negligible (the probability of any subsequent 
collision into any bound state is small if ro</). 


binding energy (i.e., 


The total probability of all possible steps out of U 
is of course unity 


fa U ,hw)d (he: 3 


but the total probability within the range U+hw>0 
is less than unity for those states U from which escape 


1.15) 


is possible in a single collision. These assumptions about 
the kernel K(U fw) are sufficient to ensure that P(U)=1 
is not a solution and that not more than one solution of 
Eq. (1.14) exists. (A proof has been given by E. N. 
Gilbert of these laboratories. ) 

The virial theorem implies that an electron of binding 
energy U has an average kinetic energy equal to U’. 
Consistent with our neglect of the dependence of P(U’) 
on the angular momentum of the state, we shall neglect 
the fluctuations in kinetic energy over the orbit. Thus 
K(U,hw) can be obtained by calculating the (usual) 
rate at which free electrons of kinetic energy U’, moving 
in a plane wave, have collisions with an energy loss hw 
and normalizing the result in accordance with Eq. 
(1.15). 

If the total reciprocal mean free path 1//(£) for 
electrons of energy £ is displayed as a sum of contri- 
butions with specific energy loss hw, 


1/1 fo l( Eh) 


1/l(E,hw) as the differential 
Energy gains are covered 
appropriately normalized 
written in the form 


ld ( hw), 1.16) 


shall 
reciprocal mean free path 
by the case hw<0. The 
K(U hw) can now be 


then we reler to 


1 l U hw) 
K(U hw ; 1.17) 
STA/LCU hw) |\d (hw) 
For acoustic phonons, conservation of energy and 
momentum dictate that the integration range in Eqs 


(1.16) and (1.17) be limited by 
hio/ me? <4[ (E/4mc*)'—1 


)§+-1 |, 


(1.18) 


(1.19) 


hw/ me > — 4 (E/ 4m 


the maximum possible phonons that can be emitted, 
or absorbed, respectively, by an electron of energy E£. 
Within this range, the deformation potential theory, 
without neglect of phonon energy [see Appendix A, 
Eq. (A11) | indicates that for acoustic phonons the 
differential] reciprocal mean free path hes approximately 
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the form 


1 L(E hw) B\ hw (hu, kT) 


[1 —exp(—hw/kT) f', 


(1.20) 


where B cancels out of Eq. (1.17) but is given by 


B=[8Emel, }"', (1.21) 


where /., the mean free path for electrons in the classical 
limit k7>hw, is given by 


1/l.-= EvkTm'‘/ (xhpc’). (1.22) 


Here c is the velocity of sound, m is the effective mass 
of the electron, p is the crystal density, and £, is the 
deformation potential constant. [In practice we shall 
determine /, from the experimental mobility rather than 
Eq. (1.22). j 

Since electrons with a velocity less than that of 
sound can absorb phonons but cannot emit them, 
electrons with binding energy U’ <4mc* must eventually 
escape. Thus P(U)=0 for U<4me*, and the singu- 
larity” in o(£o,U’)«1/U?* at U=0 will not cause a 
divergence. Even so, if P(U) does not decrease rapidly 
as U gets small (faster than U*) it will turn out that 
the predominant contribution to the thermal average 
cross section will come from electrons of energy Epo in 
the vicinity of 4me*. 

An analysis of the capture integral equation (1.14) 
by a Fokker-Planck type of diffusion approximation 
indicates that P(U’) varies as U* in the region 4m?<U 
<kT. The contribution to the capture cross section by 
electrons of various energies then goes as dEo/(E»)*. 
(See Sec. 5.) The low energy cutoff in Ey) must come 
then from an analysis of P(U) in the low-energy region 
U2 4mce. In this “tail’’ region, however, the electron 
can escape in one jump, and the diffusion approxi- 
mation is not valid. 

To resolve these difficulties, the capture integral 
equation was solved by an iteration procedure using the 
diffusion solution as a first approximation. It was found 
that P(U)) does indeed decrease more rapidly than 
(U—4mc*)' for (U/4me) <about 4. In addition, it was 
found possible to simplify the integral equation in the 
tail region. When A= (U/}mc*)—1<1 it was possible 
to show that P(l’)= P(A) has an essential singularity 
near \=0 of the form 


P(A) <a", 


(1.23) 


n= 3.52+-1n(1/A)/In3+2 In In(1/A)/In3+---, 


so that a more rapid vanishing than A is in general to 
be expected. 

In using the concept of a sticking probability we 
have tacitly assumed that the diffusion up and down 
the energy scale occurs so rapidly that all time delays 
may be neglected. The electron is either captured into 
the ground state or escapes in a time small compared 
to the decay time in the experiment 
exponential decays would be observed ! 


otherwise non- 


Additional Simplifying Assumptions 


In addition to our major assumptions concerning the 
use of classical mechanics and a sticking probability, 
depending only on binding energy, we shall make some 
but convenient assumptions: (1) the 
electrons motion is describable in terms of an isotropic 
The effects 
modes can be 


nonessential 


effective mass (denoted simply by m). (2 
of transverse and longitudinal acoustic 
lumped together by using a single average velocity of 
sound and a single constant for the interaction of these 
modes with Optical modes can be 
characterized by a the Einstein 
approximation. 

The uncertainties additional 
approximations, e.g., by our lack of knowledge of what 
to choose for the appropriate effective mass and inter- 


the electron. (3 
single 


energy 


introduced by these 


action constant may easily cause an uncertainty of a 
factor of 2 or 3 but is unlikely to change the cross 
section by more than one order of magnitude. 


2. QUANTITATIVE FORMULATION 


In view of the large experimental cross section we 
conclude that the important contribution to capture 
comes from large orbits which may according to the 
Bohr correspondence principle” be treated classically. 
We shall therefore make an impact parameter calcu- 
lation of the cross section 


(2.1) 


(FE f 2nbat P.(E,b), 


where b is the impact parameter (see Fig. 2) and 


P.(Eo,b) is the probability thi 
parameter 6 and energy E 


ut an electron with impact 
will somewhere along its 
orbit have an effective capturing collision. The above 
formulation emphasizes 
and hence is a Thomson rather than Langevin approach 
to the problem. 

The probability of capture along the 


a single important collision 


P.(Eo,b) 


orbit 
can be written in the form* 


P.(Eo,b) = faf WLE [ hw d hus 
hu > Es 


x P(hiw— Es), 


where W(E,iw)d(hw) is the transition probability per 
unit time for a collision with energy 
and hw+d(hw), P(hw—E 


loss between fw 
Pil is the sticking 
* The classical viewp 
contributions come fror 
radius in the solid «h® 
*® Strictly speaking 


viding the important 
n dist npared to the Bohr 
Zmé 
2.2 umber of capturing 
events along the orbit Poisson statistics 
exp| PAEob ] is the probabili f having no such collision, 
and 1—exp[ —P.(£o,b)] is the probs ty of capture along the 
orbit, which is of necessity less tl nit or the case in which 
rol, considered here, P-¢ near approximation 
1—exp(— P.)=P, is adequat 
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7 (Eo) -fere db %& (E,,b) 


Fe(Es,0) = fa w(t) 


w= [ W(E(t), had d(Me) Ol hw -E) 
wre 


E(t) = Eg-vir) , r=r(t) 


Fic. 2. The cross section is computed from the area struck 
(i.e., 2bdb) times the probability P.(/o,b) that a capture pro 
ducing collision will occur somewhere along an orbit that starts 
with an energy Eo and an impact parameter 6. Here w(t) is the 
probability per unit time of such a collision, when the electron 
has kinetic energy E(t); W(E(#),Aw)d(hw) is the probability per 
unit time of a collision in which the energy hw is lost, hw— Ep is 
the resulting binding energy and P(hw— >) is the probability 
that an electron with this binding energy will “stick,” i.e., enter 
the ground state before escaping. 


probability for an electron with binding energy U’ and 


E(t) = Eo— V[r(t) ]= Eot+Ze/[xr(t) ] (2.3) 


is the kinetic energy at the time / on the orbit. The 
function r(¢) is to be obtained by solving the classical 
equation of motion for an electron with initial energy 
Eo, and impact parameter b. 

It seems expedient to change the variable of inte- 
gration from ¢ to r. The Jacobian of this transformation 


dr/dt= (2/m)§LE(r) — Eo(b?/r*) 8 (2.4) 


is known from conservation of energy and angular 
momentum, without explicit need for the solution r(t). 
If, in addition, we multiply and divide by »=[2E(r) 
m }*, (2.2) can be rewritten as 


[E(r)} 
P.(Eob)=2 f dr a 
rm [E(r)—Eo(b?/r?) } 


1 
xf W(E(r), EotU)dU P(U), (2.5) 


v 


where the factor 2 is inserted because the region from 
the minimum distance of approach r,, to infinity is 
traversed twice—once inward, and once outward. 

If (2.5) is inserted into (2.1) the integration over } 
can be performed explicitly”: 


bem 
f bdbl E— Eo(b?/r?) -§= E-*b 7? 


) 
(2.6) 


9° F4/ Eo, 
where by =r(£/£»)' is the maximum impact parameter 


= If by exceeds the screening radius, the distance between 
traps, or the mean free path, this upper limit must be modified 
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consistent with a given r. If the integration over U is 
saved for last, the result may be written in the form 
(1.12) where the cross section ¢(£»,U)dU for a collision 


into the binding energy U, U+dU is given by 


a(o,U) f 4mr*dr[ E(r)/ Eo | 


; x[1/ME(r), Eo+U)], (2.7) 


where we have used the relation 


1/1(E, hw) = W(E, hw) /0. (2.8) 
The upper limit ro is the largest radius at which a 
collision with energy loss Ey»+U is possible.” Note the 
similarity of (2.7) to Thomson’s original formula 
4rr,3/3l' when I’ is some effective mean free path. 

Equation (2.7) is general in that the mechanism of 
collision has not yet been specified: it may be, for 
example, collisions with lattice vibrations, or other 
carriers, in a solid, or collisions with neutral atoms in a 
gas. Furthermore, explicit use has not yet been made 
of the form of the potential V(r). The only basic 
assumption has been the use of classical mechanics in 
the formulation of the capture cross section. 

An acoustic phonon energy loss Eo+U, according to 
Eq. (1.18), requires an electron kinetic energy E> E,, 
where 

En=4mce(1+}(Eot+ U)/}me f. (2.9) 
Thus the electrons must convert at least the energy 
E,,— Eo from potential energy to kinetic energy, i.e., 
it must come within a radius ro determined by 
Em— Eo. 


— V (ro) 


(2.10) 
For the Coulomb attractive case this yields 


Zé 1 
- —, (2.11) 
r Amo 14+-3 (Eo +U)/}me? P— v0 


16Ze?(4mc*) 
"= 


- ( 
EtU) 2.12) 


Equations (1.20) and (1.21) show that E/Il(E,hw) is 
independent of E, so that the integration in Eq. (2.7) 
can be performed: 


4 ro { Ey + U) 
o( ko, U) 


eee , (2.13) 
3 Eq 8me*l, 1—exp(—d) 


where 


A= (Eo+ U)/RT. (2.14) 


Making use of Eq. (2.11) our differential cross 


*It should be remazked that if another cutoff r, is present 
due to screening, or the distance between centers, etc.—then the 
upper limit of (2.7) should read ro or 7, whichever is smaller. See 
a'so footnote 32 
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ection can be expressed in the form 


Ww here 
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T 
2.16) 


(sa) 


is independent of temperature and has the units cm’. 
It j 


V ariable 
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xh 


is convenient to introduce the dimensionless 


n=U/kmc?, ¥ PAY 


kT /}mce*. | 


can be obtained from 


(2.18 


If Kq 


bution of electron fluxes, in the manner of Eq. (1.4) we 


(2.18) is averaged over a Boltzmann distri- 
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3. ESTIMATES OF THE TOTAL CROSS SECTION: 
COULOMBIC CENTERS, ACOUSTICAL 
PHONON CONTRIBUTION 


1 


The dominant be! or Ol a(n) as give n by Eq. (2.21) 
n+4)- if 4<n<vy. We 


the isformati 


ds 


(2.21 


therefore introduce into 


tral 


(3.1) 


so that the dominant bel he form 


where 


We 


exper th 


il merel 





CASCADE CAPT 


where 
= d y 


1-{ —— 
e (1+y*)* 


a [(n/4)—1}y % 


The second term in Eq. (3.7) varies as 9~* for large 
7 and is negligible compared to the first except for small 
n. (At »=4 the two terms are almost equal.) Near 7=0, 
the second term diverges as 7~*-*. This is essentially the 
divergence found by Wannier, whose origin is discussed 
in the Introduction.” If one were to assume P(n)=1 as 
Wannier does (or even a small constant) the integral 


and 


Eq. (2.19) for the total cross section would diverge 
However, as we show in Appendix B, P() varies faster 
than (n—1)*, so that the second term in Eq. (3.7) has 
indeed little effect on the result. 

If Eq. (2.19) is integrated by parts, 


‘ os dP 
v= f If a(n’ )dn’ dn. 
0 dn 


” 
A rough approximation to the total cross section can be 
obtained assuming 


a(n)= (450, yn'), (3.10 


and from Appendix B, or Figs. 3-5 


n>6 
n<é, 


dP/dn= (n°/2y*) exp(—n/y) for 


=) for (3.11) 


where 6 of 4 to 10 represents a cutoff in the region where 
a(n) begins to level off and P(n) decreases more rapidly 
than (3.11a) indicates. These crude approximations 


lead to 
4 0} al, 
o* f dx, 
6y' x 


ay 


4°o, Y 
a in( - 
6y' 1.7816 








Fic. 4. Numerical solutions P(») of the sticking probabilit 
integral equation (B1) are plotted versus dimensionless tempera 
tures y=kT/4mc* = 200, 50, 10, and 2. These solutions were ob 
tained by an iterative procedure using the starting approximatior 
shown in Fig. 3. The dashed curves indicate the corresponding 
starting approximations. For y=50 and 200 the correct solutior 
is indistinguishable from the starting approximation on the scale 
shown, but their ratio is shown in Fig. 5. 
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rhe ratio of the sticking probability P(») to the starting 
approximation Pyia(n) of Fig. 3 is plotted against »=l' /4mc 
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Fic. 5 


where the last step replaces the exponential integral by 
an approximation valid when 6/y<1. 

A more accurate evaluation of Eq. (3.3) for A(n,y) 
was made using the ten point Gauss-Laguerre quad- 
rature formula” and the numerical capture proba- 
bilities P(n), see Fig. 4, were obtained by numerical 
solution of Eq. (B1) for the cases y= 2, 10, 50 and 200 
as discussed in Appendix B. The results obtained for 
a/o, are presented in Table II. A change of two orders 
of magnitude in y produces a change of 7 orders of 
magnitude in ¢/o¢;. Column 3 of.the table demonstrates 
that y‘o/o, changes much more slowly. 

In order to be able to interpolate or extrapolate from 
the four numerical results in Table II, it is desirable to 
have an even slower varying function than 7¢/o,. This 
desired property may be achieved by requiring the 
approximate formula (3.12) to agree with the machine 
results by allowing 4 to be a function of y. The values 
of 6 needed to achieve agreement are shown in column 
3 of Table II and do indeed vary slowly. A plot of 6 
versus is shown in Fig. 6. Use of this figure to extra- 
polate to larger values of y is not risky since 6 varies 
slowly and moreover according to Eq. (3.13) appears 
essentially as the argument of a logarithm. 

TaBLe IT. Resul 


ts of the machine computation for a/a; where 
wf 1Zé/ Zé \ 
12 1. kT \ chet 

(3 2)(y/4)o/ay 


75 «10 0.070 
1.03107? 0.003 
3.68105 1.35 
2.62xK10"7 2.46 


a/ay 


puted from the second column by the 
formula Eq. (3.12) yield results in 
at m 


“*H. E Zucker 


1949) 


Salzer and R Bull 


Am. Math. Soc.°55, 1004 
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Fic. 6. The dimensionless cutoff binding energy 4 is chosen as 
a function of dimensionless temperature y=kT'/4me so that the 
approximate equation (3.12) yields a cross section in agreement 
with that computed numerically for y= 200, 50, 10, and 2. This 
figure, by interpolation, permits the use of Eq. (3.12 
cross sections at other temperatures 





to compute 


In order to compare our results with those of 
Koenig®"' for electrons captured by donors in ger- 
manium in the range of 9°K to 4°K we must choose an 
effective mass m, and a velocity of sound. Without a 
complete theory taking into account the mass ani- 
sotropy and the relative proportion of longitudinal and 
transverse phonon contribution to the capture all we 
can do is choose reasonable intermediate values, e.g., 
m=\my and c=4X10° cm/sec. Since the final results 
[Eq. (3.13) ] indicate that the cross section is (aside 
from a logarithmic factor) proportional to (mc)? our 
results can easily be modified by a factor 3 by using 
other, equally reasonable values of m and c. With these 
choices, 4mc?=1.1310~° ev=0.131°K and e*/(3xme?) 
7.9X10~ cm. 

Another difficult thing to do accurately is to deter- 
mine the mean free path /. for acoustic phonon scat- 
tering. Morin and Maita* have attempted to separate 
the acoustic phonon contribution. Their conclusion for 


the mobility in the presence of pure acoustic scattering 
is 


p=2.4X10'T "5, (3.14) 


with a room temperature mobility of 4600 cm*/volt sec. 
The mobility is related to the transport mean free time 
tr by 


w=er/ mr, (3.15) 


where the inertial mass m; is the harmonic mean of the 
parallel mass m,=1.64 and the two perpendicular 
0.0819, i.e., m;=0.12m,) where mp is the 
free electron mass. Thus the room temperature 7 is 
3.15 10-" sec, and the room temperature mean free 
path is 


masses mm, 


(OrnkT/8m)'r, (3.16) 


8.0*10-* cm if 
temperature 
product yl 
ture The 


fF. Morin and J. P. Maita, Phys. Rev. 94, 1525 (1954). 


or / 


The 


2300. 


one uses m= imp. room 
value of y=kT/}mc* is But the 
1.84 10° cm is independent of tempera- 


applicability of this result in the helium 


temperature region may be checked by noting that 
Eq. (3.14) yields a mobility of 4°K of 3X 10* cm?*/volt 
sec in agreement with the mobilities observed by 
' on his unusually pure sample in the He 
temperature range. We find then, that our temperature 
independent unit of cross section is given by 


Koenig® 


o,= 23 (4/12) (e2/x3mc*)* (ley) '=7 KX 10-°Z? cm’. 


(3.17) 


With this unit of cross section (for Z=1), Eq. (3.13) 
and Fig. 6 as a means of interpolating 6, cross sections 
were calculated in the range 4°K to 10°K. Our theo- 
retical results and Koenig’s experimental results*“" are 
shown for comparison in Fig. 1. Both experimental and 
theoretical results increase from 10-" cm? to 10~" cm? 
in the range from 10° to 4°K, with the experimental 
results increasing slightly less rapidly and showing 
definite signs of a level-off near 4°K. Confirmation of 
this level-off is shown in more recent data extended to 
lower temperatures. See Fig. 7. 

For comparison, we note that the (acoustic phonon) 
theoretical cross section at room temperature 5.1 10—" 
cm? is so small as to be unimportant 

For silicon, we shall use m=4mo, 4mc?=10~ ev and 
for electrons /.~3.210~-* cm based on a room tem- 
perature mobility of 1200 and an inertial mass of 
0.259m,. Thus we 
o,;=5.45X10 
temperature + 


obtain as a unit of cross section 
cm? for electrons in silicon. At room 
260 and Eq. (3.13) with 611.5 yields 
7 so that o~0.5 10~"* cm?. This cross section 
is about one order of magnitude lower than Bemski’s 
reported cross section for electrons on Aut of 3.5 10~'5 
cm?. However, Bemski’s cross sections in the range 
200° to 500° show a 7? behavior rather than a T7~ 
behavior. We believe this is due to an appreciable 
contribution collisions and optical 
phonon collisions whose contribution will be estimated 
shortly. 

For holes in silicon, the mobility is about one-fifth 
that of electrons. Other things being approximately 
equal, this leads to a cross section five times larger or 
2.5 10-'* cm? at room temperature, a result that is 
still low compared to Bemski’s value (Table I) of 
1X 10-'* cm? for holes on Au~. Optical phonon contri- 
butions are also to be expec ted for holes in silicon since 
the hole mobility*® 


0/0; 10 


intervalley 


from 


varies iS T 
ideal acoustic law of T 


deviating from the 


4. OPTICAL AND INTERVALLEY PHONON 
CONTRIBUTION : COULOMBIC CENTERS 


For optical and intervalley phonons we may take 
(see Appendix A) the differential reciprocal mean free 
path to have the form 


1 w (E—hw)! 
I 


E,—U), 
96, 28 (1954) 


(4.1) 


X65 (hw 


P. Maita, Phys. Rev 
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Fic. 7. Recombination of electrons on Sb donors in Ge at low 
temperatures by S. Koenig. The measurements shown in Fig. 1 
have been extended to lower temperatures and continue to display 
the level off in the cross section which starts at about 4°K. 





where fw is the single phonon energy, A= fw/kT and w 
is Herring’s*’ factor describing the squared ratio of 
optical to acoustical matrix elements. The assumption 
that optical or intervalley phonons can each be repre- 
sented by a single phonon energy is certainly accurate 
enough for our purposes. 

If Eq. (4.1) and Eq. (2.7) are inserted into Eq. (1.12) 
the integration over U’ can be performed immediately 
with the result 
Eo op (Eo) = 2x(w/l-)AL1—exp(—aA) 

XP(hw—Es)J, (4.2) 


where 


(4.3) 


J= f rdf E(E—hw)}}, 


E=E,—V(r), (4.4) 


and the upper limit 7» occurs when E= hw. For the case 
of a Coulomb potential V(r)=—Zeée/kr, we may use 
(4.4) to introduce E as a new variable of integration: 


Zé\* 7° dE 
1-( )f af [E(E—hw)}}. 
" ne (E—E)* 


The transformation E— Eo= (hw— E»)(1+-y) leads to 


Ze\* (Iw)! 
oF Sk 
A (hw— Ey)! 0 


where a= (hAw— Eo)/hw<1. 


7 C. Herring, Bell System Tech. J. 34, 237 (1955). 


(4.5) 


x 


dy 
—y'(1+ay)!, (4.6) 
(1+~y)* 


ELECTRONS IN SOLIDS 1513 


The integral in Eq. (4.6) may be evaluated by using 
a mean value y= in the factor (1+ ay)*. The optical 
phonon cross section (3.35) then becomes 


rw —( —) r 
8 1. « \xhw/ 1—exp(—A) 


P hw = Eo) 
x 
[1—(Eo/hw) }! 


Fog opt! Eo) = 


(1+ag)'. (4.7) 


The mean value appropriate to the case a1 is g=1, 
and the mean value appropriate to the case a= 1 obeys 
(1+9)'=(64/15r) or 7~0.85. However, when e<1, 
it does not matter what we put for 9, so that we shall 
incur a small final error by setting 7~0.85. 

The cross section (4.7) for capture via optical 
phonons averaged over electron energies in accord with 
Eq. (1.4) becomes 


rw Ze (Ze? r 
Copt(T) = ( ) C(A), 
8 1. ekT \ chow 1—exp(—A) 


d 
ca)=f P(A—x)e~*[1— (x/A) }-Mdx 


0 


(4.8) 


<[1+9—G(x/r)}', (4.9) 
where 

P(y)~1—(1+y+4y*) exp(—y) (4.10) 
is the sticking probability** expressed in dimensionless 
units y= U/kT, and A= hw/kT. Since x/A<1, and the 
integrand weights small values of x/A, a maximum 
error of 35% and usually a much smaller error will be 
incurred if [1+ 9—(«/A) }' is approximated by (1+ 9)! 
== 64/15x. Thus we may write 


oaAL1—exp(—A) }'DA), 


84rwZ* & fe \? 
=" — 
15 1. «kT \xho 
is a unit of cross section independent of temperature, 
and 


Gop (T) (4.11) 


where 


(4.12) 


D(x) -f P(A—x)[1—(x/A) | exp(—x)dx, (4.13) 


) 


a 


D(r)=Ale if y'P(y)erdy. 


0 


(4.14) 


By expanding the integrand of Eq. (4.14) in powers 
of y, we obtain an expansion convenient for small values 


* This sticking probebility is obtained in Appendix B by 
assuming that bound electrons ‘‘diffuse”’ up and down in energy 
by absorbing or emitting acoustic phonons. Optical phonons can, 
and should, be included in this diffusion process. This would 
require the solution of a new integral equation in Appendix B. 
The additiona! labor does not seem warranted in view of the fact 
that the genera! character of P(U) will not change, i-e., P(U) is 
small for U) <kT and approaches unity when U>>kT. 
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of \ but convergent for all values of A: 


x4 
D(A) 
9 


(4.15 
Q4 


By expanding [ 1— (x/A) 
the relations 


f fly) (A—y)dy 
A (A—y)” 

f fly) dy f dy, 
0 n! 


in powers of x and using 


+1 f dy», 


(4.16) 


we obtain the expansion 


D(X) =74(A 


91 a; 
(4.18) 


2 X* wy, 


convenient at large \ but convergent for small A. The 


functions r,=7,(A) are defined by 


(4.19) 


These functions are cumulative Poisson distributions 
’ The ratio D(A) 
slowly varying monotonically decreasing function with 
the value 8/3 at \X=O and 1 atA <. A calculation of 


D/ x, for a few values of A yields Fig. 8 which can be 


and are tabulated by Fry mi(A) is a 


conveniently used for interpolation. Figure 8 and Fry’s 
table of x, permits a ready evaluation of D(A) and the 
( omplete temperature de pe ndence 


exp(—A) }'D(A 


which are both shown in Fig. 9. We see that D(A) 
varies as \‘ for small A (i.e., 7~* for large 7) and ap- 
proaches unity for large \ or small 7. The complete 
T— for 
in the region Aw>kT with an exponent 
4kT. 


\ rough estimate of the size of the cross section in 


temperature dependence varies then from 
kT>hw to T 


of about 2.5 in the region hw 


silicon can be obtained by evaluating the temperature 
independent unit of cross section op given by Eq. (4.12). 


*T. C. Fry, Probability and its Engineering Uses (D 
Nostrand Company, Inc., Princeton, New Jersey, 1928), 
VII, p. 463. See p. 336 for definition of symbols 
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Using /.~320 A for electrons, we find that 


TO, eke 3.5 & 107-''wZ? (0.1 ev/hw)*. (4.20) 


as he 
‘w cm? for a singly changed center. At room 
temperature, however, A= hw/kT 


If we use 0.06 ev for the optical phonons,” we 
getoa 10 
2.4 and, according 
to Fig. 9, the temperature dependent correction factor 
AL 1 e~* |'D(A) is about 1.5, so that the final estimated 
cross section ¢ 771.5 10—-" cm? is 
3.5 10 cm? observed by 
\ut if we 


a reasonable value >| 


larger than the 
Bemski for electrons in 


assume he coupling constant ratio has 


from the point of view of 
mobility 

For holes in silicon, whose mean free path for acoustic 
times smaller than for elec- 
Z77.5X10-" cm 


five times larger then the just 


scattering is perhaps five 


trons, we find ¢ which appears 
juoted cross section for 
electrons. However 


than 


for holes is undoubtedly smaller 
varies as 
“zs 


history of calculating capture 


for electrons since the hot 


mobility 
T-?3 whereas the electron mobility varies 
For the first time in the 


cross sections we are he embarassing position of 


having theoretical answers larger than those observed 
“ B. N. Brockhouse, Phys. Rev tter 256 
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experimentally. There are two possible reasons for our 


overestimate: 


(1) For A>3, we see that D(A)~1, ie., we have 
effectively used sticking probabilities of unity. Our 
sticking probability was computed using an integral 
equation that involved emission and absorption of 
acoustic phonons only.** If we were to take into account 
optical phonons, then the sticking probability would be 
raised for binding energies large enough (l'> hw) to 
permit optical phonon emission. For lower binding 
energies, only optical phonon absorption is possible, 
and the latter will raise the probability of escape. 

(2) In silicon e/x (0.06 ev) = 20 A is comparable to 
the Bohr radius of a donor state. Thus a strictly 
classicai calculation will be somewhat of an overestimate 
since it includes some transitions to binding energies 
larger than the ground-state binding energy. 


Another mechanism that may be of importance for 
electrons in silicon is intervalley scattering via an 
Umklapp process. The electronic band edge points in 
silicon are on the 100 axes about 85°% of the way to 
the zone boundary.’ Thus a transition to the ellipse 
just across the zone boundary can be accomplished via 
an Umklapp process using a phonon® about 30% of the 
maximum longitudinal acoustic phonon or about 0.019 
ev. Thus oo~ 10-"wZ*, \~0.73 and 


AL 1—exp(—A) FDA) 


is about 0.024, so that cintervatiey~ 2.4wZ* XK 10~'® cm*. 
This process involves larger orbits, is less subject to 
quantum mechanical corrections, and in 
agreement with Bemski’s room temperature 
section of 3.5 10~* cm’. 


rough 
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5. DEPENDENCE OF THE ACOUSTIC PHONON 
CROSS SECTION OF ELECTRON ENERGY 


The dependence of the cross section on electron 
energy is shown explicitly in Eq. (4.7) for the optical 
phonon case. For the acoustic phonon case, we may 
start with Eq. (2.15) for ¢(Eo,U) and integrate over L’. 
In the physically important case kT>}mc? we may 
approximate Eq. (2.15) by 


4%o,[ mc?/(Eo+U) } 


Ego ( Eo,U) = —— ’ 
1—exp[ —(Eo+U)/kT | 


(5.1) 


If we substitute Eq. (5.1) into Eq. (1.12) and intro- 
duce the dimensionless variables 


x=Eo/kT, y=U/kT, y=kT/hme, (5.2) 


then the dependence o(x) of the cross section on 
dimensionless energy x is determined by 


xa (x) = (49/6) (01/7) F (x), (5.3) 


41 G. Feher, J. Phys. Chem. Solids 8, 486 (1959) 
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Fic. 9. A plot of D(A) and AL1—exp(—A)T'D(A) versus 
A=hw/kT. The cross section for capture via optical phonons is 
given by a= AL 1—exp(—A)} D(A) where ao is a unit of cross 
section independent of temperature given in Fig. 8 and Eq. (4.12) 
o varies as /** for \<1, and as T™ for A»1 


where 
*  P(y)/(x+y)* 
nny, (5.4) 
1—exp[ — (x+y) ] 
and P(y), the sticking probability, is given by Eq. 
(4.10), except in the region y<6/y where a cutoff is 
more appropriate [see Eq. (3.11)]. If the cutoff is 
neglected, Eq. (5.4) yields 
os 1 
F(x - in ) +01 Inx) x1, (5.5) 
4x 4 1.781x 


2 exp[9/(x+3) ] 


F(x) 


x>1. (5.6) 
(x+6)* 1—exp(—x) 


Numerical results for F(x) in the range 1/16<2<4, 
obtained by numerical integration are shown in Fig. 10. 
Outside this range Eqs. (5.5) and (5.6) are good to 
within a few percent. 

Equation (5.5) implies that xo(x)~1/x for small «x 
so that the total cross section 


a foe exp(—x)dx, 


(5.7) 
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Fic. 10. The theoretical dependence of the cross section on 
electron energy Fo is represented in the form 
o (x)= (49/6) (0;/y)F (x)/x, 
where 
x= Fo/kT, 


T is the lattice temperature and o; is a unit of cross section 
defined by Eq. (2.16). In the region 0.1<2<1, a(x) «x4, 


y =kT/(4mc*). 


would diverge at x=0. However, the cutoff in dP/dy 
for y<6/y used in Eq. (3.11) implies that for <1, the 
behavior 1/(4x) is to be replaced roughly by 


F(x) = (4) [4+ (6/y) 7, (5.8) 
so that Eq. (5.8) is convergent and yields approximately 
the answer (3.12) obtained when the integrations over 
Ey and U were performed in the opposite order. 

The first term of (5.5) implies that over the range 
<1/x and o(x)«1/x*, i.e., o(Eo) 
« (1/Eo)*. Experimental decay times for a mono- 
energetic electron beam should then vary as 
[ (Eo)'o( Eo) | or Eo! . 

Actually as Fig. 10 shows xF(x) is not constant but 
varies as roughly (1/x)°* over the range 1/16<x<1. 
This would raise all exponents by 0.3. This small 
modification, however, is largely cancelled, if one takes 
account of the fact that one has a distribution of 
electron energies. For example, if the electrons have a 
temperature 7,~7, Eq. (1.4) with the modified dis- 
tribution yields j 


o(T,T.)=(T/T.)* f x0(2) expl — Tx/T, ]dx. (5.9) 


of importance F(x) 


The first factor indicates a behavior 1/T2 in agreement 
with the previous result 1/£,?, and the integral is 
practically independent of T, since it can be evaluated 
approximately by replacing the exponential by unity. 
Koenig’s (reference 11) experimental decay times, 


AX 


shown in Fig. 11 vary with the effective electron tem- 
perature as (7,)'* corresponding to a cross section o 
which varies as (7,)~?*. 


6. TRAPPING BY NEUTRAL IMPURITIES 
Polarization Potential 


A charge e at a distance r from a center with polariz- 
ability a will induce a moment p=ae/(«r’), where x 
is the dielectric constant of the medium. This dipole 
will produce an attractive force on the charge of 
2 pe/ (xr*) = 2ae*/(x*r5), so that an attractive potential 
exists of amount 

V (7) = —A/?', (6.1) 


(6.2) 


A= hae’ x. 
The usual formula for the polarizability of an atom 
applies to our case 


a= (eh? /42?*m) a f,/(hva)?, 


(6.3) 
where hy, is the energy difference between the ground 
state and state m, and f, is the corresponding oscillator 
strength. For an extended center, the electronic mass 





Np ~ 2x10'*/cm? 
Ny ~ 5x1t0'%/cm? 


T IN MICROSECONODS 


oo” 


i = L 
06 O08 1.0 2 
E IN VOLTS PER Cm 











Fic. 11. The dependence on electric field of the lifetime for 
thermal recombination of electrons with Sb donors in Ge as 
measured by S. Koenig. In the straight line region the “hot” 
electrons have an energy approximately proportional to the field, 
so that thegrecombination time varies roughly as (electron 
energy )' *. 
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my is replaced by the effective mass m. (For a highly 
localized electron it is more proper to use the ordinary 
mass my.) Since >> /,=1 a rough estimate can be made 
from (6.3): 


a= (eh?) / (42°mI*), (6.4) 


a/an = (mo/m)(1Tn/T)*, (6.5) 


where J is the ionization energy of the center, J = 13.6 


ev is ionization energy of a hydrogen atom, and 
£ 14 , 


ayq= (9, 2) (ay)*=0.666 X 10 4 cm? (6.6) 


is the polarizability of a hydrogen atom.” We see that 
large polarizabilities may be expected in solids because 
I<I_ and m< mp. In order to have a typical number in 
mind, we shall suppose that /<0.5 ev and m= mp for 
a moderately localized electron so that a by Eq. (6.5) 
is $4 10-" cm*. (We assume that J may be taken to 
be < half the energy gap since a neutral center can be 
regarded as a charged center that has trapped an 
electron or a hole, and the smaller of the two ionization 
energies will determine the polarizability.) 

For silicon, with «= 12, Eq. (6.2) yields A=2X 10- 
ev cm!= 20 ev (A)*. Of course, different centers in the 
same or different host lattices will have different 
polarizabilities. All we hope to do here is indicate the 
order of magnitude or the results, and many crude 
approximations will have to be made. For one, the 
potential A/r* must be cut off at some radius R. We 
shall assume that the potential is flat with the value 
A/R* for O0<r<R, see Fig. 12, and shall choose RX small 
enough so that the second electron, the one to be 
captured, will have a binding energy J in the WKB 
approximation. This leads to the condition® 


oN 
Laon 


>= (A /T)t. 


where 


In terms of the dimensionless variable 


X,=9,/R=[A/(IR)}!. (6.8) 


Equation (6.7) can be rewritten 
X [1 — (X 1) J!+ F(X) = 2[h/ (2m) (1/A)*, (6.9) 


“HH. A. Bethe and E. E. Salpeter, Quantum Mechanics of One 
and Two-Electron Atoms (Academic Press, Inc., New York, 1957), 
Sec. 52, Eq. (52.3) with m=0, n: —n,=0, n=1. 

“* The usual one-dimensional WKB method between two turning 
points would have (»+-4)rk on the right-hand side of Eq. (6.7) 
For a radial function, finite at the origin, the correct WKB con- 
dition leads to (n+ })rh. However, the correct answer is obtained 
in the hydrogenic case if one uses (n+ 1)rh, or rh for the ground 
state, so we make the latter choice in (6.7). 
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POLARIZATION POTENTIAL OF NEUTRAL CENTER 


@ = POLARIZABILITY 
A = DIELECTRIC CONSTANT 





-R 





Fic. 12. The attractive potential exerted by the polarizability 
of an atom on a charge carrier has the form V(r)=—A/r* for 
r>R. We assume V (r)= —A/R* forr<R. The radius r; is defined 
by V(r:)=J=ionization energy. The cutoff radius R is chosen 
to be enough smaller than r; to produce a state with binding 
energy I. 


where 


(x))=(1- 


4 


y'(1—y)-tdy (6.10) 


2 


is obtained from the second term in (6.7) by means of 
the transformation r=r,y!' followed by an integration 
by parts and 1.20 is an approximate value for 
r'(3/4)r'(1/2)/T (5/4). Since X,;>1, F(X;) can be 
adequately approximated by 


F(X,)~X,—1.20—1/(3X,*)+O0[(X,)~"]. (6.11) 


If we choose J ~0.5 ev for the ionization energy (of the 
second electron) and A= 20 ev (A)‘ the right hand of 
Eq. (6.9) is approximately x, the solution for X, is 
2.16 and R using Eq. (6.8) is 1.16 A. This rather small 
value for R is obtained because a fairly strong potential 
is needed to give the extra electron a 0.5-ev binding 
energy. The potential in the flat region is 


Vn=A/R', (6.12) 


or approximately 11 ev. 


Optical Phonon Contribution to 
Neutral Capture 


Equations (4.2) to (4.4) remain valid for the neutral 
case with V(r) replaced by —A/r‘. Equation (4.3) for 
J can be written 


J=Jit+Js, (6.13) 
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where the contribution for the region where the po- 
tential is flat is 
R 


Ji [E k- hw) f redr 


) 


(6.14) 


[ (Lot Vin)(Vin—hw+ Eo) }1R*/3, (6.15) 


J = V _R?/3=A/(3R), 


since V,,=A/R*~11 volts is large compared to hw and 
Eo. The portion of J associated with the inverse r‘ 
region can be rewritten using E= Ey+ (A /r‘) as variable 


of integration : 


—[E(E—hw)]}!, (6.16) 
} . 7/4 


or, letting E— he 


where 


hu! V m* and b 


(fiw 


\ sufficiently accurate value setting 


b= f=0, 


obtained by 


/ 1'V,.i=A/R, (6.18 


large as the contribution J, of the flat 


(3R 


is three times as 
region. The combined value J=4A with Eq 


(4.2) yields a cross section 


Eva (Eo) = (82/3) (w/l.)(A/R)AL1—exp(—A) 


<X P(ho—E (6.19) 
The cross section for a thermal distribution of electrons 


according to Eq. (1.4) is 


o = (8/3) (w/l.)[A/(RTR) AL 1—exp(—dA)}'P, (6.20) 


L 


where 


£ 


P f P hw ~kTx exp x dx. 


(6.21) 


The sticking probability ?(l’) should be recomputed 
for an inverse r* potential. In such a potential, however, 
there are no stationary closed orbits. The electron 
spirals inward (at least until the flat portion is reached). 
Thus the sticking probability should be larger than the 
corresponding P(l’) in the Coulomb attractive case. 
We shall therefore assume that P(U) 
l'/kT is not small compared to unity. As 


i as long as 
long as 
hw >kT then, we can approximate P by unity. The 
temperature dependence in Eq. (6.20) now resides 
entirely in the factor AL 1—exp(—A) 
stant for fw<kT and o~1/T 
1.320 A for electrons in Si, A 
A, we get 


}-' namely o~con- 
for kT<hw. 
A)'and R 


Using 
1.16 


20 ev 


cm, (6.22) 


0 wa 1 -exp(—A) 1.7x<10°"* 


im LAX 


Bemski’s ob- 
for electrons on Au 


in order of magnitude agreement with 


6 


served cross section of 8 «10 >cm 


Acoustic Phonon Contribution to 
Neutral Capture 


If we combine Eas 
(1.20 to specify 1/l(E he 
a( Ey 


1.12) and (2.7) and use Eq. 
we find that the cross section 
of energy E 


for a P(hw— Fo)X| hw|\d(hw 
Rmc?l exp 


xf r'dr, 
0 


where A\=hw/kT as usual. Since an electron of kinetic 
energy £ large compared to 4m 


for electrons 


obe Vs 


Koa ( | 


(6.23) 


can according to Eq. 
(1.18) lose a maximum energy of 4(£$mc’)', the maxi- 
mum acoustic phonon that can be emitted is roughly 


him = 4( V mame (6.24) 


where V,,~A/R'~11 ev is the maximum depth of the 
potential, so that hw, imc? = 10~ ev 
which is appropriate for silicon. Of course, we must 


0.13 ev if we use 


replace hw» by the highest available acoustic frequency 


of roughly 0.049 ev. Convers« ly, in order to be able to 


emit a phonon of energy fw the electron must come 


within a radius of roughly 
(6.25) 


Combining Eqs. (6.23), 


a( Fo) ; | 


> find 


where we have. writte 
x E kT; P has been 
dimensionless variables ly 
Am>1, one may approximate P(A 
exp(—A) by zero so that the ir 


nction of 
Since 

by unity and 
tegrai in Raq 6.26) is 


roughly (2/3)(A,,)!. Takir 
of Eq. (1.4) we 


A 


ga thermal average by means 


Making the approximation P(A—x)=1, when x<A the 
* 


double integral in Eq. (6.27) then reduces precisely to 
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(2/3)(A,.)4, so that 


=( A ) 1 [3mc*(hw,)* }* 
o= —}—-— —, 
9\bme/ I, (kT)? 

and the cross section varies as 1/7. Inserting A ~ 20 ev 
(A)*, 4mc?=10-* ev, 1-~320 A, hw,~0.049 ev, and 
kT ~0,026 ev we get a cross section at room tempera- 
ture of roughly 6X 10~-'* cm’. 


(6.28 


7. SUMMARY 


In this paper we have explained giant trapping cross 
sections associated with Coulomb attractive centers by 
means of a large capture rate into highly excited states 
followed by a cascade process in which a certain fraction 
of the captured electrons reach the ground state. 
Acoustic and optic al mode phonon creations provide 
the mechanism for energy loss. 

Capture by neutral centers is treated in a similar 
way with the polarization of the neutral center pro- 
viding excited states via an inverse fourth power 
potential. 

A detailed summary of the results obtained here has 
been presented to the 1958 International Conference 
on Semiconductors and will not be repeated here. We 
only mention here that our theory for the acoustic 
phonon contribution predicts a cross section which 
increases rapidly as the temperature is lowered (because 
of effective capture into larger and larger orbits) in 
agreement with Koenig’s experimental data (see Fig. 1). 
Koenig’s cross section, however, starts to level off at 
4°K (see Fig. 7) whereas ours continues to rise. We have 
previously suggested that this level-off must occur 
because at these temperatures contributions to the 
cross section comes from orbits comparable in size to 
the separation between the centers. Our computed 
levelled-off cross section, however, was too large to 
agree with Koenig’s measurement. 


Mattis* has recently suggested another reason for 


the observed cross section to level off. His reasoning is 
based on our result that the cross section varies approxi- 
mately as (1/E»)? for electrons of energy E» [see Eas. 
(5.3)-(5.5) and Fig. 10]. Mattis suggested that in 
Koenig’s experiment the large capture cross section for 
low-energy electrons depletes the supply of low-energy 
electrons so that the “average” cross section is reduced. 
Perhaps a combination of these explanations can yield 
quantitative agreement. 
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APPENDIX A 
Collision Rates : Acoustic Phonons 


The total rate of collisions of electrons with lattice 
vibrations written, the 
potential theory,” in the form 


EvRT c\p’—p\? 
ae foo M, 
49 h'pc* (hw)? 


M = }hw/RT{ (4-1)6(E(p’) — E(p) +hw) 
+ 5(E(p’)— E(p)— hw) ], 
ai=[exp(hw/kT)—1}", 


can be using deformation 


l/r(E (Al) 


where*® 


(A2) 
(A3) 


and £; is the deformation potential constant and p the 
density of the crystal. We shall furthermore make the 
Debye approximation in which the phonon energy is 
given approximately by 


hw=c\p'—p). (A4) 


For comparison, we note that in the usual (‘‘classical’’) 
treatment of mobility, one makes the further assump 
tion that ttw<kT which is valid for the sort of collisions 
important in conductivity, but not for the collisions 
important in capture processes. In this 
approximation 


‘ a seen 1 PP 
“classical 


M =6(E(p’)— E(p)), (A5) 


and 


(A6) 


fev E!— E)=4vlarm' EF}. 


With these approximations, one obtains a “classical” 
mean free path approximately independent of electron 
energy : 
1 1 1£EPkTm! 
° (A7) 

l. ore @w hpc* 
where m is the effective mass in the crystal. 

Comparing (A1) with the corresponding “classical” 
approximation we obtain 


1/1(E) S dp'M 


. (A8) 
1/l. JS dp'5( FE’ — E) 
The relation (A4) permits one to rewrite dp’ as 
dE'd(hw)dg where ¢ is an azimuthal angle and dg may 
be replaced by 27: 


dp’ = (2xm/ pc*) | hw d(tw)dE’. 


5 J. Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950) 

“ The second term in the expression for M (the absorption 
term) can be omitted if we allow w in the first term to take negative 
values since —w[ fi(—w)+1 J=wii(w 


(A9) 
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If one uses (A6) for the denominator in (A8) and 
integrates over /’ in the numerator of (A8), the mean 
free path is given by 


hw 1 
(A10) 


L./l(E) = (8Emce*) +f od) 


kT 1 —¢ hw/kT 


Comparison of Eq. (1.16) with 
reciprocal differential mean free path 


(A10) yields the 


1/l( E,hw) = [| tw | / (8Eme*l,) |\(hw/ kT) 


xX [1—exp(—tw/kT)}". (A11) 


Collision Rates: Optical and Intervalley 


For optical and intervalley collisions we may regard 
the phonon energy ww as a constant, and modify the 
interaction /;? by a factor w. Thus, if we rewrite (A2) 
as 

M=}d{1 '6(E’—E+hw), 


exp(—aA) | (A12) 


where 


A= huw/kT, (A13) 


with absorption included when w is negative then Eq. 
(A8) becomes 


1./M(E) =u J Mdp’ / f 5(E’— E)dp’ 


= 4wd[1—exp(—A) }'[(E—hw)/E}*, (A114) 


and the reciprocal differential mean free path for energy 
loss Eo l 


1 w r (= i 
li E, Eot+U) 21,1—exp(—A) E ) 


X5(hw— Ey—U). 


can be written 


(A15) 
APPENDIX B 


Sticking Probability Integral Equation 


The integral equation (1.14) can be rewritten in 
terms of the dimensionless binding energy »= U/(4mc*) 
and the dimensionless energy loss u4=fiw/(}mec*) in the 


form 
P(n) f 


Te 1 


K(n,u)duP(n+yp), (B1) 


where K(n,u) is simply the differential reciprocal mean 
free path of Eq. (A11) normalized to unity: 


1 wae 1 


N(n) y 1—exp(—pn/y) 


K (nyu) (B2) 


where K(n,u) is understood to vanish outside the range 
of permissible energy losses and gains —4(\/9+1)<y 
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<4(4/n—1), and N(m) is the normalizing factor 


ed 
: du. (B3) 
vL1—exp(—u/7 


in accord with our discussion 
0 for n< 1. 


The lower limit n+y> 1 is 
following Eq. (1.22) that P(n) 


Diffusion Approximation 


We note that for > 
u~4y/7n is small compared to ». It seems reasonable, 
then, to expand P(yn+ ) in powers of yw. The sticking 
probability Eq. (B1) 


1, the maximum energy loss 


then becomes 


Pa)= f K (n,u)duP a+ f K (n,u)udpP’ (n) 


a+e>1 nte>l 


| 
f K (nu)? P’'(n)+--- (B4) 


eta>l 


ds 


Such an expression is analogous to the Fokker-Planck 
treatment of the Brownian motion problem‘: for 
sufficiently small steps an integral equation is replaced 
by a differential (diffusion) equation. 

The first integral in Eq. (B4) represents the proba- 
bility that after one collision the new binding energy 
n'=n+u21, i.e., the integral in question is the proba- 
bility of not escaping on the first collision. For »> 25 
the maximum energy gain 4(4/n+1) is insufficient to 
produce escape in one collision. Only in the region 
n>>25 will the energy gain or loss be small compared to 
n. Thus the integral equation itself must be used to 
investigate the tail region »<25, whereas the diffusion 
equation (B4) has some validity for »>>25. In the 
latter region, the requirement ~>—(n—1) can be 
dropped since n> —4(4/n-+1) is more stringent. Thus 
Eq. (B4) can be rewritten approximately as 
P"'(n)/P'(n) 


d InP’ (n)/dn= — 2(u)/?)= — f(n), (BS) 


(u" fx 7)u "du 


is the normalized sth moment of yu. In other words, 
(u) is the mean energy loss and (y*) is the root mean 
squared energy loss. The general solution to (B5) is 


P(n) 1—af dn exp| -f }(x ax| 


r 


where 


B6) 


where we have made use of the boundary condition 
P(«)=1. Strictly speaking the integration constant A 
should be so chosen that P() matches with a solution 


“7S. Chandrasekhar, Revs. Modern Phys. 15, 1 


1943), chap. 
I, Sec. 5. 
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suitable for the tail region. Roughly, however, we may 
extend (B6) into the tail region, and determine A so 
that P(1)=0. 

It is clear that a necessary requirement for the 
existence of a solution is that the integral in Eq. (B6) 
converge at infinity. Such convergence is assumed if 
limn f(y) > 1, i-e., 

lim 2{u)/(u?)> 1. (B7) 

0 
The moments (4) and (y*) are expressed by (B5) and 
(B2) in terms of tabulated definite integrals. For very 
large » these integrals yield the asymptotic values 
(u) — 34/n and (u*) — 48n/5 so that condition (B7) is 
easily satisfied, and a solution exists. We could, then, 
tabulate the function f(m) using (B5) and P(m) using 
(B6). 

We did not follow the above course of action since 
we did not wish to expend this much labor to obtain a 
solution only of the diffusion approximation. Instead, 
we note, that the diffusion approximation is likely to 
be valid only if y>>1 and 9>>1. In addition, we note 
that in the important region »=~~y, the energy loss 
4\/n<y. Neglecting terms of order 1/y, 1/n, and 
4,/n/v, we find that 


(u) = 8[ (n/2y)—1), 


(u?) = 8m, 


(B8) 
(B9) 


f(n) = (1/7) — (2/n), (B10) 


dP(n)/dn= An? exp(—n/7) (B11) 


= A(n—1)* exp[—(n—1)/y)]. (B12) 


Equation (B8) indicates that the mean energy loss (x) 
becomes positive at »=2y (or binding energies of 2 k7). 
From Eq. (B5), the zero of (uz) at 97= 27 is also the point 
of inflection of P(m). Thus the region in which P(n) 
varies significantly is verified to be n/7 <1, so that the 
approximations used in (B8)--(B10) are legitimate. 
Equation (B12) does not differ signicantly from Eq. 
(B11) within the approximation 1/n<1 but has the 
desirable property of vanishing at »= 1. The integration 
of (B12) yields 


P(n) ~1—exp(—a)[1+a+ 4a’ ] exp(—a), (B13) 
where 
a= (n—1)/y. 
For small a, 


P(n) = ha? = (n— 1)*/ 67’. (B14) 


A plot of (B13) is shown in Fig. 3. We shall refer to 
(B13) as the high-temperature diffusion approximation. 
In the region in which 4\/n/y becomes comparable 
to unity, P(») will already be so close to unity that the 
neglect of 4,/n/y is unimportant. 
Instead of attempting to improve the high-tempera- 
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ture diffusion result, we shall use Eq. (B13) as a starting 
approximation for the iterative solution of the original 
integral equation (B1). The Bell Laboratories analog 
computer was used to perform the iterations. Figure 5 
shows that for y= 200 the high-temperature approxi- 
mation is indistinguishable from the final correct result 
down to n= 20 (the first iterate agreed with our trial 
function to within the accuracy 1% of the computer). 
A similar remark applies to y= 50 down to r= 40. Note 
that y= 200 and 50 are roughly room temperature and 
liquid nitrogen temperature, respectively, for silicon. 
At lower temperatures (y=10 and y=2) the high- 
temperature approximation can no longer be expected 
to be valid, although it is qualitatively right. In Fig. 5 
we see that the correct P(n) in general exceeds the 
diffusion approximation, except at low binding energies 
(n <8), because P(n) vanishes much faster than (”—1)* 
as »— 1. Qualitatively correct results can therefore be 
obtained by using the diffusion approximation Eq. 
(B13) cutoff at »~é or with a replaced by (n—5)/y 
where 6 is a number of the order 5 to 10. See Fig. 6. 


Tail Region 


Since the total cross section might be significantly 
altered if P(m) did not vanish as rapidly in the tail 
n<<25 as we claim, some detailed investigation of the 
tail region is in order. In the tail region 4,/n<v, so 
that we may assume y/y<1 in the kernel (B2), with 
the result 


K(n,u) — (16(n+1) T" |u|. (B15) 


The kernel (B15) appropriate to the tail region is also 
the kernel of the infinite temperature (y=) case. 
With the latter viewpoint, we may consider 9>25 as 
well as »<25. 

Since K (n,u,7) becomes independent of y for small 7, 
as in Eq. (B15), we may expect then, that the tails of 
the solutions for all y will be the same aside from a y 
dependent proportionality factor. This behavior is 
illustrated in Fig. 13. In that figure we see that the 
infinite temperature solution is the envelope of the 
solutions y*P(n,y). 

If a Fokker-Planck expansion of the type (B4) is 
applied to the kernel (B15), one obtains a differential 
equation of the form 


0=- 


1 
(» + )P+ (9? +-6n+1)P” 


16 
— —(5n?+-10n+1)P° 


15 


8 
—~(9P + 159?-+159+1) Po 
9 


+O(q)P®-++, (B16) 


in the region 7>25. The first twe terms in Eq. (B16) 
suggest that for large n there is an approximate solution 
of the form 7. Iteration, or the use of an assumed form 





Fic. 13. A log-log 
plot of 7°P n,y) ver 
sus n where 

kT /4me?* 


mensionless 


is a di 

tem 
perature and n= 
}mc* is a dimension 
less binding energy 
The common enve 
lope of these curves 
indicates that in the 
tail region 
within one jump of 
the boundary, solu 
tions at different 
temperatures are 
similar except for a 
temperature de 
pendent normali 
zation factor 


n<25, 


“100 200 


of solution leads t 


P(n) 


(B16) are of the form 
introduction of higher 
of additional 


The higher order terms in Eq 
qhtiPG®) and Att PG), The 
order terms permits the determination 
(B17) without affecting the coefficients 

terms. Thus a solution is uniquely 


terms in Eq 
ol the 
determined 

It is clear that if we would impose 
conditions P(« 1 on Eq. (B17) we 
c=P(n)=0, i.e., at infinite temperature the sticking 
probability at all binding energies is zero. For large but 


earlier 


the boundary 


would have 


will be a region in which 
B17), representing the 


matched 


finite temperature there 
23<n<y. In thi 
high-energy 


with the 


region, Eq. 
il solution”? can be 

1) end of the finite tempera- 
Che latter is given roughly by Eq. (B14) 
to be of the form 
(6y*)"'. Thus we functions 7*P(n,y) 
will coincide for sufficiently small 9, with the infinite 
Fig. 


end of the ta 


ioOw-ene°rgy n/Y 


solution 


Lure 


so that we expect the constant ¢ 


expect that the 
temperature solution providing an envelope (see 
13). 

Equation (B17), however, only represents an ap- 
proximation, asymptotic for large » to the infinite 
Equations (B17) and (B16) are 
25 or even somewhat larger 7 because 


solution 


temperature 
both invalid at 


Fic. 14. The sticking probability P(») in the tail region divided 
by a starting approximation (»—1)* is plotted against 7. P(n) is 
obtained by numerical solution of Eq. (B1) using the kernel (B15) 
appropriate to the tail region, obtained by setting the temperature 
equal to infinity. The starting approximation is based on a 


lokker-Planck treatment of the same equation 

P’() has a discontinuity at »= 25. This discontinuity 
to the integral equation 
4(y/n+1) at 
not be valid 


arises because the lower limit 
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Phe conjecture (B21) can be verified by converting 
Eq. (B20) to the differential difference equation 


32P” (X) =3P(3X)+16\P’ (A) +P). 


(B17) using (B15) as kernel can be rewritten as 


h+4(1+A)? 4 
P(r) =[16(2+A) | f A—A’| dd’ P(X’), (B19) 


(B22) 


where A transformation to the new variables ¢(y) and y 


a=V, A<24 
A—4(1+A)i—4 A> 24. pP=e? (B23) 
In the region A<<1 Eq. (B19) reduces to 


1 3A 
P(A)=— f IA—A’| dd’ P(X’), 
32 Jy 


a deceptively simple equation. To obtain the analytic 
dependence near A\=0, one might try P(A’)=(\’)". 
However, this yields P(A) «\"*?, so that each iteration 
raises the exponent by two. Thus P(A) vanishes faster 
than X" for any finite m. It is indeed not obvious, at all, 
that there is any analytic behavior near \=0 that will 
satisfy Eq. (B20). 

We can, however, obtain the nature of the singu 
larity at \=0 by a physical argument. Equation (B20) ¢ 
indicates that the probability of each (downward) step where 


is of the order \, so that » downward steps occurs with 1 128 . 
In -2 |=3.52. 
In3 3(In3)? 


for 


and A=e’, 


for 
permits (B22) to be rewritten after some rearrangement 
in the form 


¢(¥)— ¢(y—In3) = 2y+1nA, (B24) 


(B20) 
where 


A= (32/3) ¢’'+(¢’)?— 9” ]+ (16/3) ¢’e**—e*¥, (B25) 


We are concerned with the solution of (B24) in the 
region of large y. The term in 2y is dominant, and may 
be used to obtain an approximate solution g=y?/In3 
that already contains the dominant behavior described 
in Eq. (1.23). One iteration using the dominant term 
in A, i.e., A = (32/3)(¢’)* leads to 


y) = y?/In3+ (2/1n3)y Iny+cy+---, (B26) 


a probability of the order \". Since the binding energy 
can at most change from \ to 3), i.e., triple in each step, 
if <1, the number of steps m to go from \ to a binding 
energy 6 of order unity is given by 


b/A=3", n=I1n3(1/A)+l1n,6, 


A return to the original variables gives P~X" with 
B21) n= \n(1/d)/In3+3.5242 In In(1/A)/In3. (B27) 
{ 
Equation (B27) verifies to good approximation our 
original conjecture Eq. (B21), and supplies us with an 
understanding of the nature of the essential singularity 
near A=0 


so that we expect 


P(\)«<X" with n=I|n3b4+1n;(1/d), 


as stated in Eq. (2.23) of the introduction 
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Anisotropic Ferromagnetic Resonance Linewidth in Ferrites* 


Herpert B. CALLEN AND ERNEST PITTELLI 
Depariment of Physics, University of Pennsylvania, Philadelphia, Pennsylvania 
(Received April 28, 1960 


In disordered magnetic materials such as the ferrites, the dominant source of resonance linewidth can be 
attributed to processes involving only two elementary excitations: the destruction of a magnon with the 
creation either of another magnon or a phonon. We here consider only the primary magnon-magnon scat- 
tering process. We show that the random variation of the spin-orbit coupling parameters of the disordered 
ions leads to a resonance linewidth comparable to that observed in ferrites. The particular symmetry of the 
crystalline fields around the octahedrally :oordinated sites causes an anisotropy in the linewidth with a 
minimum in the [100] directions and a maximum in the [111] directions. This anisotropy of linewidth is in 
general agreement with experimental observations on typical ferrites, as for example, the measurements of 
Schnitzler, Folen, and Rado on disordered lithium ferrite 


1. INTRODUCTION who pointed out the possibility of two excitation proc- 


HE source of resonance linewidth in disordered 

magnetic materials such as the ferrites has been 

discussed by Clogston, Suhl, Walker, and Anderson,’ 
* This work was supported by the Office of Naval Research 


1A. M. Clogston, H. Suhl, L. R. Walker, and P. W. Andersor 
J. Phys. Chem. Solids 1, 129 (1959) 


esses conserving energy but not momentum. The pri- 
mary mechanism of magnon scattering was attributed 
to the random pseudodipoiar interaction. However, the 
subsequent discovery by Folen and Rado* that the 


*'V. J. Folen and G. T. Rado, J. Appl. Phys. 29, 438 (1958). 
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magnetocrystalline anisotropy is single-ion additive 
provides an upper limit to the strength of the pseudo- 
dipolar interaction; this upper limit is too small to 
account for the observed linewidths. 

That the pseudodipolar interaction is small has been 
suggested also by White’ on the basis of observed 
paramagnetic linewidths above the Curie temperature, 
and by Yosida and Tachiki‘ on the basis of theoretical 
calculations of both the pseudodipolar and single-ion 
contributions to the magnetocrystalline anisotropy. 

We show that a relatively strong loss mechanism 
exists in disordered ferrites because of the variation 
from ion to ion of the intra-atomic spin-spin and spin- 
orbit coupling parameters. These interactions contribute 
terms to the effective Hamiltonian in first- and second- 
order perturbation theory, respectively, and give strong 
magnon scattering from the homogeneous mode to the 
degenerate spin-wave modes. 

The interactions which we consider are, of course, the 
same interactions which give rise to the one-ion ani- 
sotropy, as calculated by Yosida and Tachiki.* However, 
in an ordered structure the first and second-order 
perturbation terms reduce to constants when summed 
over all equivalent sites in a cubic unit cell, and the 
scattering and loss thereby disappear. The magneto- 
crystalline anisotropy arises in third order (two spin- 
orbit and one spin-spin interaction) or in fourth order 
(four spin-orbit interactions). It should perhaps be 
noted here that no simple correlation exists between our 
scattering mechanism and the magnetocrystalline ani- 
sotropy because of the different relative admixtures of 
the underlying spin-spin and spin-orbit interactions in 
each order of perturbation theory. 

We find a contribution to the linewidth of the form 


YAH ~don=doK+Arox" 


(aa? +ay;-a3+ag’az"), (1) 


where a, a, a3 are the direction cosines of the mag- 
netization with respect to the crystal axes. The quanti- 
ties Ace and Ao,” are coefficients which we calculate; 
they depend on the applied field, sample shape, spin- 
spin, and spin-orbit coupling parameters, and the 
strength and symmetry of the crystalline fields. The sign 
of dos“ is independent of the sign of the spin-orbit 
interaction (which usually dominates the spin-spin con- 
tribution) but depends on the symmetry of the crystal- 
line fields. For the octahedral sites in the spinel structure, 
the crystalline fields have trigonal symmetry along the 
[111] axes, and Ao." is found to be positive. Thus the 
contribution to the linewidth is maximum in the [111] 
directions and minimum in the [100] directions. In a 
typical resonance experiment on a spherical ferrite 
sample Aox/y and Aox™ /y are calculated to be of the 


order of 1 and 45 oersteds, respectively, corresponding 
to a linewidth of 1 oersted in the [100] directions and 16 
oersteds in the [111 } directions. 


+R. L. White, Phys. Rev. 115, 1519 (1959 
*K. Yosida and M. Tachiki, Progr. Theoret. Phys. (Kyoto) 17, 
3 (1957). 
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The primary process of magnon scattering from the 
k=0 mode to degenerate modes is found to be tempera- 
ture independent. The secondary process of equilibra- 
tion among the k#0 magnons cannot proceed by 
two-excitation processes and is strongly temperature 
dependent. We assume the temperature to be sufficiently 
high that the secondary equilibration process proceeds 
much more rapidly than the primary process. At low 
temperatures, however, failure of the k#0 magnons to 
relax among themselves can lead to a saturation of the 
primary transition and a decrease of the contribution to 
the linewidth. 

Preparatory to the detailed calculations we briefly 
discuss the relationship of magnon scattering to ferro- 
magnetic resonance linewidth in Sec. 2. In Sec. 3 we 
summarize the theory in such a way as to exhibit its 
main qualitative features. In Sec. 4 we compute the 
contribution to the linewidth, its dependence on the 
orientation of the external field, its dependence on the 
magnitude of the external field (or resonant frequency) 
and its dependence on sample shape. Finally, the results 
are discussed in Sec. 5. 


2. MAGNON SCATTERING, DYNAMICAL RESPONSE, 
AND LINEWIDTH 


The dynamical response of a ferromagnetic material 
to an applied field has been analyzed in terms of magnon 
scattering probabilities by Callen.* For an ellipsoidal 
sample symmetric around the applied magnetic field the 
dynamical equation follows from two basic results of 
spin-wave theory. Every magnon excited reduces the z 
component of magnetization by one unit (yh) of mag- 
netic moment. That is 


M,=M,—vyhn, (2) 


where n is the total number of magnons present, and Mo 
is the saturation magnetization. However, the magni- 
tude of the magnetization M is reduced only by the 
magnons with nonzero wave vector; 


M=M,—yhw', (3) 


where n’ is the number of magnons with k#0. Sub- 
tracting these two equations yields the relation 


M,=M-—vyhn, (4) 


where mp=n—n’ is the number of magnons with k=0. 

Alternatively, m, n’, and mo can be interpreted as the 
numbers of magnons in excess of the thermal equilib- 
rium numbers; My then represents the equilibrium 
magnetization at the given temperature. We adopt this 
interpretation henceforth. 

Two-excitation scattering processes are represented in 
the Hamiltonian by products of a creation operator for 
one excitation and a destruction operator for the other 
excitation. Such terms give rise to simple first-order 
equations for the rates of change of the magnon numbers 


+H. Callen, J. Phys. Chem. Solids 4, 256 (1958). 
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of the form 
tio = tio” — (Aon tAve) Mo, (5) 


ti’ =oxno—Aron’, (6) 


where tio is the rate of creation of k=0 magnons by 
the applied magnetic fields, and where Ags is the 
probability of magnon-magnon scattering from k=0 to 
k~0. That is, Ao is the probability of destruction of a 
k=0 magnon with the creation of a k#0 magnon. Ao. 
is the probability of destruction of a k=0 magnon with 
the creation of a phonon, and dx, is the probability of 
destruction of a k~0 magnon with the creation of a 
phonon. 

Expressing mp and n’ in terms of M, and M through 
Eqs. (3) and (4) and substituting into Eqs. (5) and (6) 
gives immediately 


M,= —y(MXH,),+)0.(M—M,.)+)io(Mo— M), (7) 
M=—)or(M—M,)+Ane(Mo—M). (8) 


In the first term of Eq. (7) H, is the sum of external 


and demagnetizing fields, and this term describes the 
precession of the magnetization around the field H;. The 
part of this term involving the dc field gives a pure loss- 
free precession which is not represented in Eqs. (5) or 
(6), and which has been added in accordance with the 
familiar loss-free quantum mechanical equations of 
motion. The part which involves precession around the 
rf field is responsible for the absorption of power from 
the rf generator and is represented by the term ip”) in 
Eq. (5). 

It is useful to regroup the terms in Eqs. (7) and (8) as 
follows: 


M.=—y(MXH,).+Ace(Mo—M,) 
+ (Ake—Aoe) (Mo— M), 


M = —)or(Mo—M,)+ (Ave t+Ane) (Mo—M). 


(9) 


(10) 


An alternative pair of equations can be written in 
terms of M, and M,, the transverse component of M, 
defined by 

M ?+M/7=M"’, (11) 
whence 
M—M.<—~M ?/2M~M ?/2M,>. 


To first-order equations (7), (8), and (12) give 


M,= —y(MxXH,),+ (Aoe—Are)M 2/2M o 
+rro(Mo—M,), 


M = —y(MXHaQ) :— (Aon t+Aoe)/2M 


Finally, these two equations can be represented by a 
single vector equation 


aM 


at 


(12) 


(13) 


(14) 


= —7(MXH,)— (Ace +Ave) 
[Hox (MX Hy) //2HP+Dre(Mo—M) 


+ (MH y—M-Ho)doe/Ho JHo/Ho, (15) 


FERROMAGNET 


IC RESONANCE LINEWIDTH 

where H, is the externally applied magnetic field in the z 
direction. It is to be recalled that M» is the equilibrium 
magnitude of the magnetization at the given tempera- 
ture, whereas M is the instantaneous magnitude. 

Each of the terms in the dynamical equation (15) can 
be interpreted in a direct physical way. The first term 
is, of course, the loss-free precessional term. The second 
term has the direction Hyp (MX Hb), which is perpen- 
dicular to the s axis in the plane containing M. This 
term therefore describes the relaxation of the transverse 
component of M. It is proportional to (Aox+Ao.), or to 
the rate of destruction of k=0 magnons. This is reason- 
able since the k=0 magnons decrease M, without de- 
creasing M; that is, they “tilt” the magnetization and 
account for its transverse component. The final term in 
Eq. (15) describes the relaxation of the s component of 
the magnetization. This relaxation arises from two 
mechanisms; the change in the magnitude of M and the 
change in the tilt. The two terms in the square brackets 
of Eq. (15) represent the sum of these two mechanisms, 
the contribution of Ay, to each cancelling out as it did 
in the derivation of Eq. (7). 

The dynamical equation (15), or the equivalent pairs 
of scalar equations (9) and (10), or (13) and (14), pro- 
vide a basis for the analysis of magnetic response. Three 
independent constants appear in the equations, in con- 
trast to a single constant in the Landau-Lifshitz* equa- 
tion and to two constants in the Bloch-Bloembergen’ 
equation. 

We consider specifically a ferromagnetic resonance 
experiment in a spherical sample, with an rf field applied 
in the x~y plane. If the components of the field are A, and 
h, we define h,, h_, and m by 


ha =h rihy, 
M=M.Hy/Hy)+m, 


(16) 


also 
Mms= mM timy. 
Then, the dynamical equation becomes 


mi, = iyHo—4(Aoet+Aoe) jm, —iyMohg, 
m, = —iy(m,h_— m_h,)/2 
+m,m(oe—Ane)/2—Azom,. (20) 
If we let 
hs. = hoe**', (21) 


m,. =m e*', 
The solution of Eq. (19) is 

m= —YM oho/[w—yHo— (i/2) (Nort Aoe) }, (22) 
whence the half-width of the resonant response is 


YAH = dortoe- (23) 


*L. Landau and E. Lifshitz, Physik. Z. Sowjetunion 8, 153 
(1935). 

7 F. Block, Phys. Rev. 70, 460 (1946); N. Bloembergen, Phys. 
Rev. 78, 572 (1950). 
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Solutions of Eq. (20) have been given by Seiden® in 
connection with an analysis of the “roll-off” region of 
decreasing rf susceptibility with increasing rf power. 

From Eq. (23) it is seen that measurements of reso- 
nance linewidth evaluate only the sum of Aox and Ao,, the 
total scattering probability of the k=0 magnons. How- 
ever, Fletcher, Le Craw, and Spencer® have used both 
Eqs. (13) and (14), which they rederive by an exactly 
equivalent energy argument, as the basis of an experi- 
mental method for measuring Aox, Ave, and Axe Sepa- 
rately. They modulate the rf power in a resonance 
experiment, observe M, in the usual way, and observe 
M, by an additional pickup coil with its axis parallel to 
the applied de field. 

In this paper we are concerned only with a theory of 
the magnon-magnon scattering parameter Ao, in ferrites. 
However, the method of Fletcher, Le Craw, and Spencer 
has not yet been applied to the measurement of Ao« in 
ferrites, and we will therefore be able to compare our 
results only with the general magnitude and angular 
dependence of the observed resonance linewidth. 


3. GENERAL CONSIDERATIONS 


In this section we discuss the general features of 
magnon scattering processes and of magnetic loss pre- 
paratory to the detailed calculation of Sec. 4. 

In a finite ferromagnetic sample the k=0 mode is 
degenerate with modes of very small k, or very long 
wavelength. In a spherical sample the k=0 mode has a 
frequency of w(0)=7~Ho, whereas modes of wave vector 
k have frequencies w(k)=y[Ho— (44/3)Mo+H .a?k*], 
where H/, is the exchange field and a is the inter-atomic 
distance. This latter dispersion equation actually applies 
only to modes with k parallel to s, but for the purpose of 
our present qualitative discussion we can ignore the 
directional dependence of the dispersion law. The mode 


degenerate with the k=O mode then has 


dM y\ 3 3000 \! 
ka ( ) ~( ) ~10 2 
3H, 3x10" 
or A™~600a for a typical ferrite. 


The transition probability from the k=0 mode to the 
degenerate modes is given by the standard expression 


(24) 


Nok (lr h) Mox|*p(E), (25) 
where Mo, is the matrix element of the scattering per- 
turbation and p(£) is the density-in-energy of final 
states. Since the number of states in the Brillouin zone 
is V, and its volume is (2x/a)*, the density is 

N4rk*® dk Nka 
p(E)= = ; (26) 
(2x/a)?dE 4 yhH, 

*P. E. Seiden and H. J. Shaw, Fifth Conference on Magnetism 
and Magnetic Materials, Detroit, Michigan, 1959 (J. Appl. Phys. 
31, 225S (1960) ]. 

*R. C. Fletcher, R. C. Le Craw, E. G. Spencer, Bell Telephone 
Laboratories Technical Report (unpublished 
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where dk/dE=dk/hdw is evaluated from the given 
dispersion law. If Eqs. (24) and (26) are inserted into 
(25) the result is 
Vi Mor!? 444My\ 3 
Aor ( ) , (27) 
why 12H; 

Let us suppose that the underlying perturbation 
which acts on the spins and causes the magnon scatter- 
ing can be represented by an effective magnetic field 
H(r,) which is a random function of position. Let H(k) 
be the kth Fourier component of this random magnetic 
field 

H(k) 


N-> =; A(r,)e**-*. (28) 


Tke perturbing energy acting on the ith spin is 
yhSH(r;) and the kth Fourier component of the per- 
turbing energy is ykhSH(k). The matrix element between 
the k=0 spin wave and a spin wave of wave vector k is 
therefore N~!yhSH(k), whence 


7S?) H(k)|? 744M o\3 
on STURN tt 
7 12H,’ 


If we are to find a linewidth AH = Xo,/y of the order of 
10 oersteds, Eq. (29) requires a perturbation H(k) of the 
order of 10° oersteds. 


(29) 


The central problem of the theory now becomes evi- 
dent when we translate this requirement on H(k) back 
to the spatial representation. Let us suppose, first, that 
the fluctuating field has no correlation from ion to ion. 
Then from Eq. (28) 


H(k)H*(k)=NO >). A(r)H*(re*-, (30) 
and if we take an ensemble average 
(HA (r,)H*(r H ?) ij, (31) 
whence, for any k, 
H(k) |?=(H2 (32) 


Here (H),, is the mean square of the random field 
acting on a representative ion. If we insert Eq. (32) into 
Eq. (29), we obtain directly the result of Clogston, Suhl, 
Walker, and Anderson; their more detailed analysis 
simply replaces ovr numerical factor S*/r(12)! by a 
lattice sum with a value of the order of 3/20. The con- 
clusion to be drawn from this analysis is that whatever 
the perturbation, be it pseudodipolar or otherwise, it 
must have an rms value of 10° oersteds if it fluctuates 
without correlation from ion to ion. 

If the Fourier spectrum of the perturbation were not 
“white,” or constant through k space, but were peaked 
in the vic inity of those k’s corre sponding to Ac~600a, the 
required rms field would be much smaller. Suppose, for 
instance, some impurities were to strain the lattice and 
through magnetostriction were to produce a random 
anisotropy field. If these ions had a mean separation of 
600a, the Fourier spectrum would be peaked at 
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ky~™~2x/000a. Let us suppose the half-width of the 
Fourier spectrum to be Ak. Then by writing the equa- 
tion analogous to Eq. (30) for H(r,)H*(r,) we find 


H(r,)|?=(1/N)3- x! A(k) |? 
~|H(k,) |2a*k,PAk/2x*, (33) 
or putting Ak~k, 


| H(r;) |\*~| A(k,) |?(Rpa)*/22°~S00. (34 


Thus, if the Fourier spectrum were peaked in the 
vicinity of A~600a, with a half-width of the same order, 
an rms fluctuating field of only 20 or 30 oersteds would 
be sufficient to give the observed loss. Local anisotropy 
fields of this magnitude can be produced magneto- 
strictively by the strains in the vicinity of impurity 
atom clusters, dislocation lines, or other such defects, 
and it is plausible that these contribute a structure- 
sensitive background to the observed linewidths. 

The model of scattering which we propose in this 
paper is a single-ion theory in which the perturbing field 
is not correlated from ion to ion. As mentioned in Sec. 1, 
the perturbing field is obtained in first- and second- 
order perturbation theory from the intra-atomic spin- 
spin and spin-orbit interactions, respectively. The 
second-order spin-orbit contribution is of the order of 
\?L*2S?/8 where AL-S is the spin-orbit interaction and 6 
is the energy difference of the orbital states split by the 
crystalline field. Equating this energy to yASH, we find 
the order of magnitude of the effective perturbing field 
to be 
(35) 


H NLS? / yhie2 X 10° oersteds 


where we take the values X10? cm™ and 6~10° cm™! 
from Yosida and Tachiki’s calculation for Fe** 
the octahedrally coordinated sites of ferrites. Thus, on 
the basis of these qualitative arguments, it is plausible 
that the random variation of intra-atomic spin-spin and 
spin-orbit interactions will lead to the observed magni- 
tude of resonance linewidth, as we shall corroborate in 
detail. 

The angular dependence of the loss can be understood 
by a semiclassical symmetry argument as well. Consider 
a single ion in an octahedrally-coordinated site with 
spin-spin and spin-orbit parameters which deviate from 
the average values. By perturbation theory we obtain 
terms in the effective spin Hamiltonian which are 
second order in the spin operators—the first-order terms 
vanishing by inversion symmetry. These terms must 
reflect the symmetry of the crystalline field. The 
crystalline field at an octahedrally-coordinated site in a 
ferrite has trigonal symmetry about a body diagonal. If 
we choose a site with trigonal field along the [111] 
direction, the perturbing term therefore must be of the 
form CS*1111;, where Sty is the component of S along 
[111]. Let us first suppose that the average magnetiza- 
tion is along the [111] direction, so that the k=0 spin- 
wave mode consists of all spins precessing in phase 
around the [111 ] axis. The perturbation C.S*,,,1) is then 


ions on 


FERROMAGNETIC 


LINEWIDTH 1527 


RESONANCE 


equivalent to an additional field acting on the particular 
ion, which consequently precesses with a different fre- 
quency and destroys the coherence of the k=O mode. 
(Quantum-mechanically this corresponds to scattering 
from the k=0 mode to other spin-wave modes. Now let 
us suppose that the average magnetization is along the 
[001 } direction, and that the k=0 spin wave consists of 
all spins precessing in phase around the [001 ] axis. If 
the perturbation is expressed in terms of S,, S,, and S,, 
it has the form 


CH= 4CLS(S+1)4+2S5,5,+25.5,+25,5S, ], 


of which the classical average over a precessional cycle is 
zero. This perturbation therefore produces no shift in 
the energy levels nor in the precessional frequency and 
does not scatter the k=0 mode when the magnetization 
is in the [001 | direction. We conclude that the total loss 
vanishes in a (100) direction; it must be fourth order in 
the components of the magnetization and hence must 
have the form Ags" (a’ar*+as’a?+as’a;") with a posi- 
tive value of Ao."’. The constant term Ag, in Eq. (1) 
would presumably be zero but in our more detailed 
calculation we actually find a small but nonzero value 
of Ace” which results from the effect of magnetic dipole 
interactions in a finite sample. This long-range inter- 
action makes the k=0 mode less simple than the pure 
homogeneous rotation assumed above. From the formal 
point of view the Holstein-Primakoff transformation 
diagonalizes the magnetic dipole interaction by ad- 
mixing shorter wavelength spin waves in the homogene- 
ous mode. Nevertheless, the essential features of the 
above symmetry argument hold true. 


4. CALCULATION OF du 


To simplify the calculations, we adopt the simplest 
model of a crystal structure which has the relevant 
features of the true ferrite structure. We assume a 
simple cubic array of magnetic ions situated on four 
different kinds of sites which are distinguished only by 
the direction of the crystalline field acting on each type 
of site. The crystalline fields have trigonal symmetry 
about the four separate body diagonal directions. In 
obvious analogy to the ionic distribution on the 
octahedral sites of a partially inversed ferrite we assume 
the four interpenetrating lattices to be populated at 
random by two types of ions; A ions with fractional 
concentration c, and B ions with fractional concentra- 
tion 1—c. 

The Hamiltonian of the system consists of the inter- 
action of each spin with the external field, the exchange 
interactions between nearest neighboring spins, the 
dipolar interaction, the spin-orbit coupling AL-S of each 
ion, the intra-atomic spin-spin interaction —p[(L-S)* 
+4L-S—4L*S*) of each ion,‘ and the crystalline field 
potential. The complicating feature of this Hamiltonian 


” A. Abragam and M. H. L 
A205, 135 (1951) 
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is the difference between the A and B ions, and the 
disorder of the spatial distribution. We consequently 
proceed by introducing an “unperturbed” or average 
Hamiltonian, in which we ignore the difference between 
A and B ions and replace exchange integrals, spin, and 
magnetic dipole moments by their average values. The 
perturbing terms in the Hamiltonian arise from the 
deviations of the ionic parameters from these average 
values. 

Note Added in Proof.—The contribution to the line- 
width from variations in spin magnitude is clearly 
isotropic and these variations consequently do not 
contribute to the anisotropic linewidth here calculated. 
Actually it can be shown that variations in spin magni- 
tude make a completely negligible contribution even to 
the isotropic component of the linewidth. 

The average, or unperturbed, Hamiltonian can be 
reduced to an effective spin Hamiltonian by the method 
of Yosida and Tachiki.* We the orbital 
states of the ions are qualitative ly similar to the orbital 

tates of the Fe 


of the spin orbit and intra-atomik spin-spin interactions 


assume that 
ion, so that a perturbation treatment 


yields a one ion anisotropy, and hence an unperturbed 
Hamiltonian of the form 


Ki M-H—J 310i SiS; 
tA >, DSi S);— (3/r.7) (Si-2,,) (Sj- 85) ] 
t+ (a/12)5> 5(Sje4+Sj,'+5;,*). (36) 


The quantity D,; is the dipole interaction strength, 
equal to the product of the magnetic moments divided 
by the cube of the distance between the ith and jth ions. 
rhe vector r,; is the vector from the ith to the jth ion. 
The quantity a@ is the (average) 
coefficient and is a function of X, p, and the crystalline 


single-ion anisotropy 


field splitting parameter 6. The crystallographic axes 
are designated by £, n, p. We assume the sample to be an 
ellipsoid of revolution. We designate this symmetry 
axis by 2’, and the two orthogonal axes by x’ and y’. 
Finally, we introduce a third coordinate system x, y, z, 
with the z axis parallel to the equilibrium direction of 
the magnetization M, as determined by the externally 
applied field. 

To summarize: &, , p are along crystallographic 
[100 ], [010], and [001 ] directions. 2’ is along the sym- 
metry axis of an ellipsoidal sample. z is parallel to 
equilibrium direction of M. 

The rotation matrices which relate these coordinate 
systems are defined by 


[*] [Ba Be” B;” x") 
| 
| 
| 





; 
y By Be Bs \> 
| ri 

z ls, Be Bs LZ 

ay) ae a3 | {é] 
; , ’ | ~ 

ay ae a ” (37) 
a ae 3 p 


The direction cosines of the equilibrium magnetiza- 
tion with respect to the crystal axes then are aj, ag, az. 


AND E PITTELLI 


Also 
S a; a; a a 
S. a , a 4 ri S (38) 
dD, a , as a 
We introduce the spin-wave variables by the substi- 
tution 
Sj+=Sj2tiS ;,= (2S/N)§ Dy at (ke“™ 84, (39) 
Sj Djs Wj, 2S/N > ar a(k)e**:*i, (40) 
S;=S—S;-S j*/2S. (41) 


If these equations are inserted into the Hamiltonian 
(36) and only those terms not greater than second order 
in the spin-wave operators are kept, the result, expressed 
in the notation of Van Kranendonk and Van Vleck," 
becomes 


Ko=} dul A (k)[a* (k)a(k)+a(k)a* (k) J 


(42) 
+ B(k)a(k)a(—k)+ B*(k)a* (k)a* (—k)}, 
where 
A(k)=2yh(A4H 1) Sak? 
+-4oryhM of A 22(k) +A yy (k) ] (43) 
+ (8eV/N'S)My: (I—N)-Mg, 
B(k)=4ryhM [A ..(k)— A yy(k) + 27A 2, (k) J, (44) 
A(0)=2yh(H,+ Hi)+ (44V/NS)M fi B-) (45) 
266—'3’—6''6”), 
( F : S\(N—3 
B(O)= (4nVM2/NS)(N il) ve (46) 
-(8'B'+ 6B" +218'8”), 


where H, is the z « omponent of the external field, H, is 
the effective anisotropy field, N and I are the sample 
demagnetizing tensor and the unit tensor, respectively, 
§ is the vector with components §;, 82, 83 as defined in 
Eq. (37) and 9’ and §” are defined similarly to §. The 
quantity $$ is the dyadic tensor product. The tensor 
A,z(k), Ay,(k) and A,z,(k) are lattice 
sums which have been computed by Cohen and Keffer,” 
who show that for wavelengths small compared to 
crystal dimensions 


components 


Azz(k)=k2/P—}, (47) 
Ayy(k) =k,?/k—4, (48) 
A sy(k) =k 2k, /F. (49) 


The Holstein-Primakoff transformation which diago- 
nalizes the Hamiltonian is 


at (k)=cosh(A;/2)o;* (k) —sinh(A;/2)e***0,(—k), 


a(k) —k), (51) 


(50 


cosh(A;/2)o,(k)—sinh (A;/2)e7? #40," 


“J. Van Kranendonk and J. H. Van Vieck, Revs. Modern Phys 
30, (1958 

2M. H. Cohen and F. Keffer, Phys. Rev. 99, 1128 and 1135 
(1955) 
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where 
hw(k) coshdA, = 4A (k), (52) 
hw(k) sinh, = 4! B(k)|, (53) 
B(k) = | B(k) |e, (54) 


hus (k) = 4 A?2(k) — B(k) B*(k) |. (55) 
The average Hamiltonian thereby reduces to 


Ko- > [oi(k)o;* (k)+} Vw (k), 


(56) 


where o;(k)o,*(k) is the number operator for magnons 
of wave vector k. 

We now consider the scattering effect of the random 
deviations of the Hamiltonian from its average value. 
The variations in dipolar interactions give rise to 
linewidths of the order of a tenth of an oersted, as can be 
seen easily from the discussion of Sec. 3, and hence, will 
be ignored. Variations in exchange interactions con- 
tribute isotropic terms which commute with the total 
spin and which therefore cannot scatter the k=0 mode; 
we therefore do not consider these variations. The re- 
maining perturbations arise from variations in spin- 
spin, spin-orbit, or crystalline field parameters. For an 
ion with crystalline field axis along [111 ] the first- and 
second-order perturbation of spin-spin and spin-orbit 
interaction terms, respectively, contribute terms to the 
Hamiltonian of the form C.S*,:11), as discussed in Sec. 3. 
Yosida and Tachiki,‘ by a direct perturbation treatment 
of the orbital states of an Fe** ion split by the cubic and 
trigonal fields appropriate to an octahedrally coordi- 
nated site, show that C has the value 


C= — (3p+7.5d*/ 106), (57) 
where p is defined in the second paragraph of Sec. 4. For 
Fe** the parameter p has a value of approximately 0.95 
cm~' whereas Ac~~10? cm and 6-~10* cm~, so that the 
spin-orbit contribution to C is larger than the spin-spin 
contribution for this ion. In the case of disordered 
ferrites we must consider two values of C appropriate to 
the two different types of ions; i.e., C4 and Cx. In order 
to write these terms in the Hamiltonian explicitly, we 
define several useful quantities: E, is a unit vector 
along [111], E, is a unit vector along [111], E; is a 
unit vector along [111 ], E, is a unit vector along [111 ], 
P,;=+1 if the site 7 has crystalline field parallel to E,; 
zero otherwise, and g;=-+1 if the site 7 contains an A 
atom, and q,;==0 if the site 7 contains a B atom. 
The total Hamiltonian can then be written as 


K=Kot Dye CoCat 1—g,)Ce ]Pi;(Er-S;)? 


— Die lCat (1—c)Cgz }P,;(E.-S,;)’, (58) 
or 
KH= Hot (Ca—Cz)>; (q;—c) P(E, -S; 2. (59) 


The third term in Eq. (58) is simply the average value 
of the second term and is obtained by replacing q; by its 
average value c; this term must be subtracted in order 
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that the average value of 3C shall be Xo, as defined. In 
Eq. (59) we see that the perturbation terms vanish if the 
two ions become identical (C,4=Cg,) and that it is the 
deviation from the average distribution (qj;—c) which 
is significant. 

From Eqs. (37) it is evident that a@’’, with components 
‘in the &, », p coordinate system, is a unit 
vector along the x axis; a similar relation exists for a’ 
and @ so that we may write 


” ” ; 
ai ,@2 , @ 


S;=a@'S;.+a'Sj,+aS j,, (60) 
and then from Eq. (41) 
S;=4a" (Sjt+5;-)+ (1/21) (S}—-Sp)e’ 
+a(S—S;-S;*/2S). (61) 


If this equation is introduced into Eq. (59), the result 
is 
KH=Kot (Ca—Cz)>j t P.;(qj—©) 
x {S?(E,-@)?+4[E,- (a” —ia’)S + P—S/-S;* (Ey)? 
+4[E,- (a +ia’)S 
+4[1—(E,-@)*}(SS;-+S;-S;*) 
+S(E,-a)(E,-@’’)(S;' +S, ) 
+iS(E,-@)(E,-@’)(S;-—S;*)}. (62) 
If the spin-wave variables are introduced through 
Eqs. (39)-(41) and the subsequent Holstein-Primakoff 
transformation (50)—(51), the resulting Hamiltonian 
contains terms of zero, first, and second order in the 
spin-wave variables. The first-order terms are easily 
eliminated by the canonical transformation 
o;* (k)+d*(k)=o* (k), 
oi (k)+d(k)=o(k), 
where d(k) is a constant. 
Finally, after considerable algebra, the introduction 
of the final spin-wave variables defined in (63) and (64) 
transforms the Hamiltonian to the form 


H= Hot Lewel fall, k’)Lo* (edo (k’) +0 (he )o* (he) 
+a* (k)o* (k’) fo*(k,k’) 
+ a(k)o(k’) fo(k,k’)}, 


(63) 
(64) 


(65) 
where 
fit k) => 5S 2N)P1;(qj—c) 

xX (Ca—Cz)e**—™ #1 

* (G.{sinh(A,/2) cosh (A-/2)e~? 
+cosh(rA;/2) coshd,-/2 
+cosh(A,/2) sinh(d,-/2)e**’ 
+sinh(A,/2) sinh (A¢~-/2)e 0-40] 
+ Lil —cosh(A,-/2) sinh (A, /2)e-? 
) coshd,-/2 
—cosh(A,/2) sinh (Ag /2)e? **’ 

sinh (Ag-/2)e? 40-2 +48 | 


+ cosh (rA,/2 


+sinh(A,/2) 


+ 2i0,[ sinh (Ag/2) cosh (Ay /2)e7? 
— ¢*'*’ cosh(d,/2) sinhd,-/2 J}, 


(66) 





LEN 


Cale k+k 
* {(Gi+L, l[cosh(A,/2) coshd, 
+2 cosh(A,/2) sinh (A 4 /2)e7?*#*’ 
t-sinh(A,/2) sinh(A,-/2)e7>?"* 
2i0 [ cosh(A,/2) 


sinh(A,/2) sinh(A,-/2)e7?*e#-? #4 


coshaA ,-/2 
> (67) 


G,= (E,-@’)?— (E;- a)’, (68) 
L.=(E,-a’)?— (E;- a)? 


2i0,= (E,-a@’)(E,-@’). 


(69) 
(70 
The matrix element for scattering from the mode 
k=0 to k’ is simply 2/,(0,k’), whence 
Uo S/NVC.4 Cp, PD t Pe3(q; -—c)e' 
x [ cosh(A.¢, 2)(Git+L,) 


T sinh (A, 2)e?'#*(G,— L; 


ker; 
—2i0,) |. (71) 
Squaring M , summing over r;—r; =/ and taking the 

ensemble average with the assumption that there is no 
correlation of the g,’s from ion to ion, gives 
(| M ox |? a S?74N)(C4—Cg)*c(1—c) 

x >°. [cosh (A, /2)(Li+G,)” 

+ |G,— Ly— 210, |? sinh?A,/2 

+-cos2d, cosh(A,/2) sinh(A,/2)(G?2—L?) 
cosh (A, 2) 
X0(G.4+-L,) |. 


+4 sin2¢, sinh(A;/2 
(72) 

It is 
depends on the concentration solely through the factor 
c(1 C); 


it should, and is 


evident immediately from (72) that the loss 


the loss therefore goes to zero for c=0 or 1, as 
1 maximum at c=4, which is to be 
expec ted 

If we now insert the specific values of E, into (72) via 
Eqs. (68)-(70), we find Age reduces to the expected 
lorm, Eq | Chat is, from (25) 


’ Tee ey ee ee — 
Now =) tok? (aa? +ay2a3? + a2"a3") (73) 
where 


SV (¢ C4 Cp 


Or hi? \ 


r a da Ok 
xf / sin k? 
y « 2 dw k 


. 


< sin8 dé .d¢,, 


, -* Ax rN 
x | (cosh +} sinh? ) 
: 2 2 


Ok 
sind ,.d6 do, 


AND I 


Those parts of Eq. (72) containing terms linear in 
sin2@, and cos2¢, vanish when integrated over the 
variable dp: and so have been omitted in Eqs. (74) 
and (75). 

Of partic ular interest are the dependenc of Age on 
static field direction for a spherical sample, and the 
dependence of Ao, on sample shape and resonant fre- 
quency for a field along the symmetry axis of the sample. 
When the field is along a symmetry axis Eqs. (43) and 
(44) become 


A(k) 
Qhu(k 
2yh(H.+H 4 


( osha , 


1) Sa*k?+4ryhM y sin’é, 


2hw(k 
rynaM \, 


hu(k) 
Bik 


2hw(k 


2xryhiM sing 
ha k 


sinhA, 


integrals 1 ie 74) and (75) we 


wing torm: 


To evaluate the 


rewrite these equations in tl foll 
( —( ) (= ) 
yh He 


Az Ay 
cosh? —+ 4 sinh? — 
y) 


) 


Noe 


rs Hé ) 
a 


functions 


try M o, 


The integrals 


de pe nding onl 
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Figi 


Fic. 1. Dependence of the resonance linewidth, A//, on the 
transverse demagnetizing coefficient of a sample whic h is an 
ellipsoid of revolution 


where w(Q) is the resonant frequency. The first integral, 
I,, has been evaluated numerically by Clogston, Suhl, 
Walker, and Anderson'; our integral ‘J;, is equal to 
//45mr in their notation. The integral J, 
evaluated by us® in terms of Legendre elliptic functions 
of the first, second, and third kind. The relevant quanti- 
ties (J;—J.) and (10/,+5/2) are plotted in Fig. 1 as a 
function of reduced resonant frequency, w(0)/4ryMo, 
and of the transverse demagnetizing coefficient of an 
ellipsoidal sample with applied static field along the 
symmetry axis. These two graphs, together with Eqs. 
(1), (80), and (81), then determine Ao, directly. 

With the representative values S=2, c=4, (44M)! 
70, H,=1.8X10°, and C4a—Cg=2X10-"® ergs, the 
ordinate 0.1 in Fig. 1 corresponds approximately to a 
value of Ao! y of 34 oersteds, where it is to be recalled 
that S is the average spin on a lattice site, c is the frac- 
tional concentration of A ions, H, is the exchange field, 
and C4, Cg are coupling parameters for A ions and B 
ions respectively, and are defined in Eq. (57). With these 
values of the sample parameters and for a spherical 
sample with w(0)/4ryMo= 2.0, the quantities Aq’ /7 
and Ao," /y have the values 0.3 oersted and 36 oersteds, 
respectively, so that the line width is approximately 
12.3 oersteds in the [111] direction and 0.3 oersted 
in the [001 } direction. 


has been 


5. DISCUSSION 


In Fig. 2 
Schnitzler, 
ferrite, 


we show the experimental observations of 
Folen, and Rado™ on disordered lithium 
and a theoretical curve of the form aya? 
+a:’a;?+a;7a;?> which has been fitted to the data ob- 
tained at 77°K to compare the predicted angular 
dependence. By fitting Ao” to the anisotropy of the 
experimental data at each temperature, we find 


‘15 oersteds at 77°K 


~ 


14 oersteds at 196°K 


(14 oersteds at 300°K. 


I 


1 ¢ LINEWIDTH 


ro 


Angular dependence of 


o—~ worr 
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e-~ 77*« 
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Fic. 2. Dependence of the resonance linewidth, AH, on direction 
of the applied static field in the (110) plane for spherical samples 
of disordered lithium ferrite 
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At 4°K the data does not fit the predicted curve, and 
it is probable that other processes dominate in this 
region, as discussed in Sec. 1. At the higher tempera- 
tures the results are reasonably constant with tem- 
perature, as theoretically predicted. The experimental 
values of Ao. are in good agreement with the value of 
Aoe estimated by taking the parameter Cy, for the 
Fe** ion as equal to that of Fe? 
the of magnetocrystalline anisotropy), 
taking Cg=0 for lithium ions, and c=0.8; in this way 
we estimate for a spherical sample with an external field 
Hy=8xM, (approximately 8X 10° oersteds) 


Aor , 


ions (because each has 


same order 


(theor.)™~16 oersteds. 


¥ 


Paradoxically the linewidth of ordered lithium ferrite 
is comparatively large, rather than being small (com- 
parable to that in yttrium iron garnet) as we would 
expect. However, the cubically symmetric component 
of the linewidth does vanish with the onset of long- 
range ionic order. 

Further comparison of the results with experiment is 
difficult until some method such as that of Fletcher, 
Le Craw, and Spencer is used in ferrites to measure Xo, 
rather than merely AH ; a direct test of the results shown 
in Fig. 1 should be feasible, as should a test of the pre- 
dicted concentration dependence of Ao“. Nevertheless, 
the good agreement with experiment of the general 
order of magnitude of the loss, and particularly its 
predicted directional dependence, seem to indicate that 
this effect is the 
disordered ferrites. 


dominant source of loss in many 
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Using the technique of zone melting by electron bombardment, }-in. diameter single crystals of vanadium 
were grown in a high vacuum. Two crystals were prepared from seeds such that their lengths were parallel 
to the [100] and the [110] crystal directions. With these orientations, the elastic moduli Cy, Cu, and 
4 (Cii—Ci2) were measured directly from 4.2°K to 300°K using the ultrasonic pulse-echo technique. The 


results are, in units of 10" dyne cm™? 


Temp. Cu 


300°K 22.795 
4.2°K 23.240 


Cu 


4.25 5.460 
4.59: 5.652 


The moduli at 4.2°K were used to calculate a Debye 0 of 399.3°K which disagrees with the @ of 338°K ob- 
tained from calorimetry. The room temperature moduli agree very we!l with all other determinations. The 
moduli were used to calculate a phonon frequency distribution which is compared with the distribution mea- 


sured by slow neutron scattering. 


INTRODUCTION 


HE Born-von Karman theory! of crystal lattices 

predicts the phonon frequency distribution func- 
tion of a solid if the interatomic force constants are 
assumed. Since the force constants also determine the 
elastic constants, it is possible in principle, to use meas- 
ured elastic constants to define the force constants and 
thence to determine a frequency distribution. A com- 
parison between the measured and calculated distri- 
butions then serves to assess the validity of the force 
constant model chosen. Until recently, it has been im- 
possible to obtain a measured frequency distribution 
and it was necessary to carry the theory a step further 
and calculate the specific heat before a comparison could 
be made. Recent studies of inelastic neutron scattering 
show that if the scattering cross section is incoherent, 
the energy spectrum of scattered neutrons is easily con- 
verted to the lattice vibration frequency distribution. 
Because of the special properties of vanadium, the neu- 
tron scattering from this metal is almost completely 
incoherent and its phonon frequency distribution func- 
tion has now been measured by several workers.?? It 
is therefore important to know the elastic constants of 
pure vandium as accurately as possible. 

The bulk modulus,‘ Young’s modulus®* and the rig- 
idity modulus® of polycrystalline vanadium have been 
measured but these do not uniquely define the single 
crystal constants Cy, Cy2, and C44 which are needed by 
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the theory.’ An attempt to get the single crystal con- 
stants from thermal diffuse x-ray scattering has been 
made by Sandor and Wooster® but the results give only 
the two ratios Cy./Cy; and Cy4/Cy,. Accurate values of 
all three constants can be obtained by ultrasonic tech- 
niques if large single crystals are used. However, such 
specimens are very difficult to fabricate because of van- 
adium’s high melting point (1900°C) and its extreme 
reactivity with oxygen and nitrogen., Recently the use 
of vacuum arc melting techniques and of floating zone 
purification techniques have yielded sufficiently large 
vanadium single crystals. The elastic constants reported 
here were determined on crystals grown by the floating 
zone method while room temperature measurements 
made simultaneously with the present work in another 
laboratory” used crystals prepared by the arc method. 


SPECIMEN PREPARATION 


As pointed out above, the major problem of determin- 
ing the three elastic moduli of vanadium is in the prepar- 
ation of sufficiently large single crystals. A further com- 
plication is imposed if it is important to control the 
crystallographic orientation of the specimen. Both of 
these problems were overcome with the aid of D. K. 
Donald of the Electrical Department of the Ford Motor 
Scientific Laboratory who designed and built a floating 
zone purification apparatus." In this equipment a poly- 
crystalline rod about ~ in. in diameter is supported 
vertically inside a bell jar which is evacuated to 10-* mm 
of Hg. Around the rod, a movable filament electron 
source with focusing electrodes directs a beam of high- 
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energy electrons at the bar. In this way a narrow zone 
may be melted and moved along the length of the bar. 
For preparing the vanadium single cyrstals, a section 
of the 3-in. bar was machined down to }-in. diameter. 
The passage of the molten zone through this neck formed 
a small diameter single crystal which then served as a 
seed for the section of larger diameter. By mounting the 
seed in a jig and using x-rays to orient it, the crystal- 
lographic orientation of the crystal grown from it could 
be controlled. 

The vanadium metal used for the present measure- 
ments was purchased in the form of a }-in diameter 
rod from Electro Metallurigical Company” and had an 
initial purity greater than 99.5%. During the single 
crystal growth ten or fifteen molten zones were passed 
through the sample to increase its purity. After growth 
analysis showed 0.008% Ne and O+, 0.006% Ho», and 
less than 0.01%C and metallic impurities. Measure- 
ments of the ratio of the room temperature resistivity 
to the low-temperature residual resistivity" were only 
12 to 15 which is not very large compared to other 
pure metals but is much higher than is usually observed 
for vanadium. Two 3-in. diameter X 1-in long crystals 
were prepared. One had its length 7° away from a [100 | 
direction and the other was within 3° of the [110] 
direction. It was possible to cut two parallel faces on 
each crystal whose normals were at a slight angle to 
the specimen length but which were within 3° of the 
principal crystal axes [100] or [110]. In this way, a 
quartz transducer attached to one surface could generate 
sound waves which would propagate along the [100] 





23.310, 
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Fic. 1. Temperature variation of the elastic moduli of vanadium 
rhe open circle points were obtained on a [100] oriented crystal. 
The square data points were obtained on a [110] crystal 
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Taste I. The adiabatic elastic constants of vanadium 
at various temperatures. 10" dyne cm™* 


Cu 4(Cin— Cis) Ci 4(Cir+2Ci2) 


5.460 11.870 
473 11.884 
486 11.898 
500 11.910 
520 11.910 
542 11.916 

11.908 
11.914 
11.906 
11.920 
11.930 
11.940 
11.936 


15.508 
15.531 
15.554 
15.575 
15.588 
15.609 
15.617 
15.638 
15.646 
15.672 
15.692 
15.705 
15.702 


Nh 
23 
ww 


22.905 
22.951 
23.995 
23.042 
23.085 
23.132 
23.177 
23.216 
23.239 
23.240 
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or [110] direction and be reflected back without inter- 
ference from the sides of the specimen. The details of 
the cutting process has been described elsewhere.” The 
final length of the [100] specimen was 1.3352 cm and 
of the [110 } specimen, 1.4765 cm. 

The elastic constants were measured using the ultra- 
sonic pulse echo technique as described previously."* 
Because of the small diameter of the single crystals, a 
few modifications had to be made. One half-inch diam- 
eter, 10 megacycle transducers were used but only a 
section } in. in diameter was covered with the electrode. 
They were driven at 30 megacycles per second to mini- 
mize beam spreading effects and interference from the 
side walls. The pulsed oscillator and receiver were pur- 
chased from the Arenberg Ultrasonic Laboratory.'® The 
method of obtaining measurements as a function of 
temperature has been described eleswhere.”'* In the 
present case Nonaq stopcock grease was used as a binder 
between the transducer and specimen. 


RESULTS 


The [110] oriented crystal was used to determine 
the two shear wave velocities from which the elastic 
moduli $(C1,;—Ci2) and Cy are obtained directly. Using 
longitudinal and shear waves in the [100] crystal, the 
moduli Ci; and Cy were measured directly. For these 
results, the room temperature density was taken as 
6.022 g/cm® as calculated from the x-ray lattice para- 
meter.'’ At lower temperatures the density and sample 
length naust be corrected for thermal expansion. Since 
no such measurements are available, a simple dilato- 
meter was constructed using fused silica rods and a 
precision dial indicator to measure the specimen length 
change between room temperature and 77°K. Based on 
these results, a correction amounting to at most 0.16% 


J. R. Neighbours and G. A. Alers, Phys. Rev. 111, 707 (1958) 

“4 G. A. Alers and J. R. Neighbours, J. Phys. Chem. Solids 7, 58 
(1958) 

94 Green Street, Jamaica Plain 30, Massachusetts 

T). L. Waldorf, J. Phys. Chem. Solids (to be published) 

7C. S. Barrett, Structure of Metals (McGraw-Hill Book Com 
pany, 'nc., New York, 1952 
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TABLE II. Comparison of the present results with those of Bolef 
and Menes (reference 10) and of Bridgman (reference 4) 


Present 
Bolef, Men« 
Bridgman 


was applied to the moduli measurements. Figure 1 shows 
the results. The circle points were obtained from the 
[100] crystal while the square data points come from 
the [110] crystal. Excellent internal consistency be- 
tween the two crystals is shown by the agreement ob- 
tained on the Cy, modulus. Table I gives the values 
for the measured moduli as well as the other elastic 
parameters which can be calculated from them as a 
function of temperature. The tabulated values were read 
from smooth curves drawn through the data points. 
The absolute accuracy of the moduli Cy, Cus, and 
A(Cui— C2) is 4% 


O- 


DISCUSSION 


The 4.2°K values of the elastic moduli were used to 
calculate a Debye 6) using a computer as described 
previously.'* The results were 69 (elastic) =399.3°K. 
Low-temperature specific heat measurements on van- 
adium"™, give a value for 4) (calorimetric) of 338+5°K 
which is in definite disagreement. This difference in @ 
values is surprising since it has been shown’* that the 
4 (elastic) and 6» (calorimetric) are in excellent agree- 
ment for all other cubic metals examined. It is not 
likely that the difference arises from a gross error in 
the elastic constants since other measurements are in 
very good agreement with those presented here. Table 
II shows a comparison between the various available 
measurements. It is not likely that the low-temperature 
specific heat data are at fault because the measurements 
are quite accurate and were taken at temperatures be- 
low 6/50 where Debye theory is usually satisfactory. 
Furthermore, great care was exercised in suppressing 
the effects of superconductivity. 

It is of interest to compare these two @ values with 
the phonon frequency distribution as determined from 
the most recent neutron scattering experiments.’ At low 
frequencies the measured distribution should be para- 


bolic and have a shape described by the Debye theory. 
Figure 2 shows the two Debye distributions for @= 338°K 


lon 


(calorimetric) and @= 388°K (elastic) superimposec 
the measured distribution. It might be concluded that 
6=388°K gives a slightly better fit. This @ value was 
calculated from the room temperature elastic constants 


since this is the temperature at which the neutron scat- 


6G.A 
675 (1959 
’W. S. Corak, B. B 
Wexler, Phys 102 


Alers and |]. R Revs. Modern Phys. 31, 


Neighbours 


Goodman, { B 
656 (1956 


Satterthwaite, and A 
Rev 


ALERS 


tering experiments were performed. Strictly speaking 
the @ obtained from low-temperature calorimetry 
(338°K) should be adjusted downward before comparing 
it with the phonon distribution at room temperature. 
However, such an adjustment would only serve to make 
the Debye distribution based on the calorimetric 6 devi- 
ate more from the neutron data. In view of the slightly 
better agreement bet ween the measured phonon frequency 
distribution and the @ determined from the elastic con- 
stants, it might be concluded that the low-temperature 
specific heat includes a contribution which varies as T* 
in addition to the lattice 7 
while to heat 
greater than 6/50 and to examine the 
the 7* law. 


The main purpose for measuring the elastic constants 


term. It would be worth- 


extend specifi data to temperatures 


deviations from 


was to use the values to define a set of force constants 
from which the frequency distribution might be calcu- 
lated. One force constant model discussed in the liter- 
ature which can be used easily to construct a distribu- 
tion is that given by Montroll and Pleaslee.” This is 
a two force constant model in which central forces are 
assumed to connect an atom with its nearest and next 
The 


the elastic constants by 


nearest neighbors force constants are related to 


3aC 44/2 (nearest neighbors) 


=a(Cy,;—Cj2)/2 (next nearest neighbors), 


where a is the lattice parameter. The solid line curve 


shown in Fig. 2 is the frequency distribution predicted 
by Montroll and Peaslee’s two central force constant 


} 


model. It is obvious that such a model represents too 


and only describes the 


extreme an oversimplification 
general features of the observed distribution. The same 


nits } 


+) [ areitRary 


s 





Fic. 2. Phonon frequenc 


The data points are the ne 


function of vanadium. 
itron scattering results of Eisenhaur 
et al, (reference 3). The dashed curves are distribution func- 
tions predicted by Debye theory using @ values determined from 
the elastic constants (388°K) and from calorimetry (338°K). The 
light line distribution is predicted from a two central force con- 
stant model 


a a 
lstributio 


two 


reference 20 
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1944 
1 J. de Launay, § 
New York, 1956), Vol 
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force constant model has also been studied by Clark” ACKNOWLEDGMENTS 
who has arrived at the same conclusion as is reached 
here. A more general force constant model has been 
applied to vanadium by Singh and Bowers,’ but the 
elastic constants they used deviate considerably from these measurements possible. Also, D. L. Waldorf de- 


The author is particularly indebted to D. K. Donald 


for preparing the single crystal specimens which made 


the measured values serves thanks for his help in orienting and cutting the 


2(C. B. Clark, Bull Am. Phys. Soc. 5, 41 (1960 acoustic specimens. 
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Photoconductivity in Gallium Sulfo-Selenide Solid Solutions 
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Ihe photoconductivity characteristics of solid solutions of GaSe and GaS have been investigated for 
proportions of GaS between 10% and 50%. The difference between the room temperature band gaps of 
GaSe and GaSe(50)-GaS(50) is 73% of the total difference between the band gaps of GaSe (2.03 ev) and 
GaS (2.58 ev). The optical quenching energy and the thermal quenching energy of sensitizing centers are 
independent of the solid solution composition, thus giving additional evidence that these centers are associ- 
ated with the crystal cation and that the photoconductivity observed is associated with holes 


INTRODUCTION that the ionization energy of acceptor imperfections is 
HOTOCONDUCTIVITY in GaSe crystals has been @8S0ciated primarily with the anion of the compound.’ 
: It is reasonable that a similar correlation should exist 
in the properties of Group III-Group VI compounds. 
It would be expected therefore, to find a variation in 

(1) GaSe has a layer-type crystal structure as indi- the ionization energy of the sensitizing centers with 
cated by easy cleavage perpendicular to the c axis composition in GaSe-GaS solid solutions if the sensi- 
(2) The photoconductivity characteristics of GaSe _ tizing centers were associated with acceptor-type imper- 
were not dependent on whether the applied field was  fections (as is found in the CdSe-CdS system), but not 
parallel or perpendicular to the ¢ axis. if the sensitizing centers were associated with donor- 
(3) GaSe crystals were high conductivity p type as type imperfections. Normally one would expect sensi- 
prepared from the melt, but low conductivity crystals  tizing centers to be associated with acceptor-type im- 
with high photosensivity could be prepared by compen- _ perfections (negatively charged) if the photocurrent 
sating with chlorine or tin impurity. were carried primarily by electrons (as in CdS and 
(4) Rectification tests at room temperature indicated CdSe), and with donor-type imperfections (positively 
photoconductivity by holes. Crystals were of too high charged) if the photocurrent were carried primarily by 
a resistivity to permit Hall effect measurements to date. holes. If the photocurrent in GaSe is carried by holes, 
(5) Both optical quenching and thermal quenching _ therefore, as indicated by the previous investigation, it 
of photoconductivity were observed. The energy for would be expected that the ionization energy of sen- 
optical quenching, about 1.0 ev, however, was twice  sitizing centers would be relatively independent of com- 
the energy for thermal quenching, about 0.5 ev. position in GaSe-GaS solid solutions. It is the purpose 
(6) Analysis of the thermal quenching data indicated of this paper to present the results which confirm this 
a capture cross-section ratio for the sensitizing centers expectation. 
of 3X 10°. 


described in a previous publication.' The major 
results of that investigation may be briefly summarized: 


EXPERIMENTAL 

GaS has the same crystal structure as GaSe® and a 
complete range of solid solutions should be possible. 
Evidence has been obtained from analysis of the prop- 
erties of Group II-Group VI compounds indicating that 
the ionization energy of donor imperfections is associ- 
ated primarily with the cation of the compound, and 


Crystals of GaSe-GaS solid solutions were grown in 
essentially the same manner as described previously for 
the growth of GaSe crystals.' Reaction between the 
elements was followed by gradient freeze crystallization. 
Since the melting points of GaSe (960°C) and GaS 
(about 1020°C) are not appreciably different, all solid 


1R. H. Bube and E. L. Lind, Phys. Rev. 115, 1159 (1959 solutions had melting points within a small temperature 
2H. Hahn and G. Frank, Z. anorg. u. allgem. Chem. 278, 340 
1955). *R. H. Bube and E. L. Lind, Phys. Rev. 110, 1040 (1958) 
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Fic. 1. Spectral response of photoconductivity at 300°K (solid 
curves) and 90°K (dashed curves), for various ratios in the 
GaSe-GaS solid solution sequence 


range. Slower cooling was used to get good solid-solution 
single crystals than was necessary for the GaSe; about 
40 hours was used to decrease the temperature to 120°C 
below the melting point. Impurity compensation was 
accomplished by addition of metallic Sn to the initial 
melt. 

Difficulties of preparation without explosion above 
50% GaS postponed further measurements in this range 
until suitable pressure apparatus is available. Single 
crystals of GaS, however, were obtained by similar 
preparation procedures and were available for compari- 
son.* The data at hand indicate that most of the results 
of interest occur for proportions of GaS less than 50%. 
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Photoconductivity measurements were made with 
melted indium contacts, tested to insure ohmic behavior, 
in an atmosphere of He gas between the temperatures 
of 90° and 400°K. Excitation was primarily by a Bausch 
and Lomb grating monochromator. 


RESULTS 


A summary of the data is given in Table I, where 
are listed the band gaps at 300° and 90°K, the corres- 
ponding temperature coefficients of band gap, the op- 
tical quenching energy for photoconductivity, and the 
thermal quenching energy for photoconductivity. 
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hing spectra at 90°K for various ratios 


n the GaSe-GaS s« 1 sol itior sequence 


Band Gaps 


Figure 1 shows the photoconductivity excitation 
spectra of the various solid-solution compounds, com- 
pared with those of GaSe and GaS. The maxima of the 
curves have been selected as a measure of the band 
gap; the values obtained in this way are probably re- 
liable to a few hundredths of a volt 


Optical Quenching 


Optical quenching of photoconductivity was meas- 
ured at 90°K with the 
though the shape of the 


results shown in Fig. 2. Al- 
juenching spectrum is altered 
with increasing proportion of GaS, the low-energy 
threshold is approximately unchanged. The photosen- 





PHOTOCONDUCTIVITY 


sitivity of the GaS crystal at low temperatures was too 
low to permit measurement of optical quenching. 


Thermal Quenching 


The variation of photocurrent with temperature for 
comparable excitation conditions is shown in Fig. 3 for 
GaSe and the GaSe-GaS solid solutions. Included also is 
the same type of variation for the GaS crystal, measured 
with a somewhat more intense light source. A rate equa- 
tion analysis described elsewhere® was used in the previous 
investigation! to obtain values of the thermal quenching 
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Fic. 3. Temperature dependence of photocurrent for various 
ratios in the GaSe-GaS solid solution sequence. For Sec. (a) 
through (e), excitation is by a broad band from a monochromator 
centered about the excitation maximum; for Sec. (f) excitation is 
by a 900 ft-c incandescent light source. All measurements made 
for an applied voltage of 10 volts. 


energy and sensitizing center cross-section ratio for the 
GaSe crystas. This same cross-section ratio was as- 
sumed to hold for the other members of the GaSe-GaS 
solid solutions, and the sensitizing center thermal ioni- 
zation energy was calculated for each from the tempera- 
ture and conductivity at the temperature breakpoint. 
It is directly discernible from inspection of Fig. 3 that 
the temperature breakpoint is relatively independent 
of the solid-solution composition. The corresponding 


*R. H. Bube, J. Phys. Chem. Solids 1, 234 (1957) 
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Fic. 4. Dependence of the band gap as determined from photo- 
conductivity excitation spectra at 300°K and 90°K on the compo- 
sition of GaSe-GaS solid solutions. 


calculated values of thermal ionization energy also show 
little dependence on solid-solution composition. 

The effect of increasing proportion of GaS is to (1) 
decrease the photosensitivity, and (2) decrease corres- 
pondingly the ratio of maximum photocurrent at the 
temperature breakpoint and the high-temperature re- 
duced photocurrent. It may be noted from Fig. 3 that 
the materials indicated in Fig 3(a) through 3(e) all have 
about the same high-temperature photosensitivity, not 
very much different from the high-temperature photo- 
sensitivity of GaS itself. The addition of GaS may be 
interpreted either as decreasing the cross-section ratio 
of the sensitizing centers, or as decreasing the density 
of sensitizing centers relative to efficient recombination 
centers. It is likely, therefore, that the apparent small 
increase in thermal ionization energy for the GaSe(50) 
-GaS(50) compound is not a real increase; a reduction 
in the cross-section ratio of the sensitizing centers would 
account for the observed effect. 


DISCUSSION 


The dependence of band gap on the composition of 
the GaSe-GaS solid solution is shown in Fig. 4. A con- 
cave upwards variation is indicated between GaSe and 
GaSe(50)-GaS(50), with the band gap of the latter 
compound being 73% of the difference between the band 
gaps of GaSe and GaS. Thus the variation of band gap 
with composition bears at least a superficial similarity 
to the type of variation find in the Ge-Si system.* 

The invariability of the optical quenching energy and 
the thermal quenching energy with the composition of 
the solid solution is additional evidence that the sen- 
sitizing centers are associated with donor-type imper- 
fections and that the photocurrents are carried pri- 
marily by holes. 


*R. Braunstein 
695 (1958) 


A. R. Moore, and F. Herman, Phys. Rev. 109, 
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The effect of pseudodipolar coupling on the intrinsic domain magnetization of a cubic ferromagnet at 


low temperatures is investigated. Besides the anisotropy in the magnetization 
of the thermal excitation of spin waves on magnetization direction in the crystal 


resulting Irom the dependence 


the pseudodipolar coupling 


is capable of making an anisotropic contribution to the magnetization, even at 7 =0°K, in the same approxi 


mation as its contribution to the first order anisotropy constant K,. Be 


th effects are ilculated and found 


to be in opposition to one another, tending to cancel in nickel at about 7.5°K 


I. INTRODUCTION 


HE low-temperature behavior of an ideal ferro- 

magnet was shown by Dyson! to be well described 
by a theory of noninteracting spin waves. The isotropic 
exchange between nearest neighbor spins on a cubic 
lattice was treated very precisely, but other energies 
were completely ignored. However, his work serves as 
a basis for including other terms in the Hamiltonian. 
Thus, Charap and Weiss? were able to treat the pseudo- 
dipolar coupling between nearest neighbor spins and 
show that the first order anisotropy constant, Ay, as 
calculated for this interaction, varies at low tempera- 
tures as the tenth power of the magnetization. As was 
first pointed out by Van Vleck,’ the biquadratic angular 
depeadence required to represent the cubic anisotropy 
associated with K, could be obtained from this pertur- 
bation in the second approximation. In such a case we 
may also expect to find, even at the absolute zero of 
temperature, an anisotropy of the intrinsic domain 
magnetization to the same order in the perturbation as 
the leading contribution to Ky. It is the purpose of 
this paper to calculate the anisotropy in domain 
magnetization due to this pseudodipolar coupling. 

The dipolar interaction has a twofold effect on the 
magnetization. In the first place, the magnetization 
associated with a given state, as defined by the set of 
spin-wave occupation numbers, varies with direction as 
stated above. That is, because of the perturbation, the 
low-lying states have admixed into them other states 
differing by the excitation of two spin waves of wave 
vectors k and —k. The second-order energy is depressed 
by this admixture by an amount dependent upon the 
magnetization direction in the crystal. Those directions 
for which the energy is depressed most are the easy 
directions. These are the for which the 
unperturbed states have the greatest admixture of 


directions 


excited states, that is, states of smaller magnetization. 
Thus, the effect is one which results in greater magnet- 
ization in the hard directions than in the easy ones. 
It is a temperature dependent effect, decreasing with 


1956) 
116, 1372 


‘F. J. Dyson, Phys. Rev. 102, 1217, 1230 

7S. H. Charap and P. R. Weiss, Phys. Rev 
Henceforth, this paper shall be referred to as I 

+]. H. Van Vleck, Phys. Rev. 52, 1178 (1937 


1959). 


increasing temperature. Secondly, the spin-wave occu- 
pation numbers become dependent upon the direction 
of the magnetization with respect to the crystalline 
axes. Such an effect was described by Callen* on a 
field The 


prec essing in a narrower cone when the magnetization 


molecular model pins are visualized as 
is in an easy direction than when it is in a hard one. 
In the the fact that the 
energy required to excite a spin wave is least when the 
magnetization is in a hard direction. Thus, at a given 
temperature, there will be 
the magnetization is in a 


spin-wave picture, we ust 


more spin waves excited if 
hard direction than in an 
easy one. On either have an effect which 
vanishes at 7=0 and results in greater magnetization 
in the easy directions. In the case of nickel we shall find 
that the two effects tend to cancel 
1=1.5°h 

We omit the long-range magnetic dipole forces from 
the present calculation. 


model we 


each other at about 


as a calculation of the 
The result is, 


Thus, 
magnetization this work is incomplete 
however, a complete description of its anisotropic part, 
to lowest order. On the other hand, we point out that 
the Holstein and Primakoff* calculation may not be 
regarded of the magnetic 
dipolar interaction. In I it is shown that certain terms 
in the dipolar interaction which are neglected by H-P 
make important contributions to the anisotropy. It 
should be noted also that the argument given by H-P 
concerning the relative effects of pseudodipolar and 
magnetic dipolar interactions on the magnetization 
does not apply to Mg, (Mz is the H-P designation for 
the deviation from the simple Bloch law which survives 
at 7=0). The important contributions to Mg come 
from the very short wavelength spin waves, for which 
the pseudodipolar interaction far outweighs the mag- 
netic dipolar coupling. However, on the basis of the 
magnetic contribution alone, Mg was judged to be 
negligible and dropped by them. 


as a complete treatment 


In Sec. II we briefly present the low-lying energies 
to second order in the pseudodipolar interaction. The 
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notation is thereby established for the magnetization 
calculation of Sec. ITI. In Sec. IV we give an approxi- 
mate calculation of the anisotropic My. Finally, in 
Sec. V, the results are discussed for nickel and for iron. 


Il. SPECTRUM OF LOW-LYING LEVELS 


We treat a cubic lattice of V identical spins. Each 
spin is coupled only with its nearest neighbors by way 
of the exchange (/) and short-range pseudodipolar (D) 
interaction. The spin-wave Hamiltonian may be ob- 
tained by use of the Dyson! formalism. This approach 
was used in the anisotropy calculation of I for S=} 
only. The extension to arbitrary § is straightforward. 
Alternatively, one may use the prescription of Oguchi® 
for handling the Holstein-Primakoff* formalism. This 
treatment may be found in the analysis of the pseudo- 
dipolar anisotropy problem by Keffer and Oguchi.’ 
The spin-wave Hamiltonians resulting from the two 
procedures are somewhat different in form. However, 
the energy levels which have been calculated by means 
of these are identical. For the purposes of this paper, 
those spin-wave interactions are neglected which con- 
serve the total number of spin waves. Of these the 
most important is Dyson’s' dynamical interaction. 

The dipolar term is regarded as a perturbation on the 
exchange and, to second order, the energy of the state 
with spin-wave occupation numbers Vy, Ve, Vs 
is, except for constants, 

B,|? 

+ Niue: (1) 

A k 


E=- rear 


The first term is the anisotropic part of the ground-state 
energy, /,, and the second is the energy associated 
with the excitation of spin waves. For small k, 


1 | By 
e% =A,t+k,- 


Ax 


1 1 yi 
tT — ( By |?— Py). (2) 
N ~~ AwN\2S 


Much of the notation used here is that of Keffer and 
Oguchi.’? We have 
Ay=2SJ ¥ [1 —exp(tk-I) ], 
Ey= —4SD ¥[1—-3(/))*) exp(ik-D, 
| By= —3§SD ¥(b-/)? exp(ik-D, 
an 


Fy = — (4S)3D S(U1-/P) exp(ik-). (6) 


In these expressions, the sums on I range over all the 
nearest neighbor vectors of the lattice. The z direction 
is the axis of quantization and 


+#=+il’. 


*T. Oguchi, Phys. Rev. 117, 117 (1960) 


7 F. Keffer and T. Oguchi, Phys. Rev. 117, 718 (1960 
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In I, the pseudodipolar coupling was measured by the 
parameter ¢«, which is —}D. The effect of a magnetic 
field, H, along the z axis is taken into account by the 
usual Zeeman connections; to E, we add — gusN SH, to 
1, we add gurl. 

It is a rather good approximation to neglect the 
second and third terms on the right-hand side of (2), 
since Ey and B, vanish for k=0, and D«J. The sums 
on k appearing in Eqs. (1) and (2) have been treated 
in some detail in I. It may be shown that 


1 1/2 
rs ( By|?+|Fi ‘) 
V A,\S 


is an isotropic quantity, i.e., a simple number, which 
we may conveniently denote by y. The spin-wave 
energy (2) may be rewritten 


5 |By |? 


1 
ey Ayt >a apthat 
N 2S Ay 


—y. (7) 


Ve insert this expression into Eq. (1), noting that the 

anisotropy is entirely contained in the sums on By, so 
that we may immediately write for the first-order 
anisotropy constant in terms of the thermally excited 
spin-wave occupation numbers (N,)(T), 


K rol. 1 — ( 10/ NS) (NV x) J, (8) 


Since, according to simple theory, the magnetization, 
M, obeys the equation 


K,(T) 


M(T)=Mo1—(1/NS)Du(N a) ), (9) 


then, for the low-lying states 


K,(T) =") 


K 10 Mo 


which is the well-known tenth power law. 


Ill. THE MAGNETIZATION 


The magnetization is calculated from the partition 
function, Z, according to the relation 


kpT ra 
f - . 
V OH 


InZ. (11) 


Here kg is Boltzmann’s constant, the volume of the 
crystal is V, and 


Z= dz exp( —E ‘kpT). 
For the problem being treated here, 
1 dz, 


1 Oey 


M = x( Nx). (12) 


V OH V 0H 
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In the simple theory, By = F,=0, and we have 


1 Ok, 


gupSN V =Mo, 


1 Oey LR 7 


, 14) 
NS 


V 0H V 
These results lead immediately to Eq. (9). The thermal 
spin-wave excitation numbers are given by the Bose 
function 


Vx) [exp (ey kpT)—1 .. (15) 


In the presence of the pseudodipolar interaction two 
anisotropic effects may be distinguished in Eq. (12). 
The first of these is the deviation of the derivatives 
with respect to H from the values given by (13) and 
(14). The second is the variation of the expectation 
values (Ny) as given by Eq. (15), with the direction 
of the magnetization in the lattice. The deviation from 
Eq. (13) due to the pseudodipolar coupling in second 
order is 


1 —( B,|? 
mh 
4 fwk 
V dH A, 


and to Eq. (14) we must add, 


gun 5 B,|? 1 & 
_ 


V aH 


(17) 


ak T 


VV 2S A? 


In the simple theory e, includes only the exchange 
energy which is approximated by its leading term, 
quadratic in k. This leads to the well-known Bloch T! 
law, i.e., 


1/NS)Su(Ny)=CT!. 


The addition of other terms, independent of k, to the 
spin-wave energy modifies this result. We may make 
use of an expansion due to Robinson*® to show that 


(1 VS)>°»( Ve) =CT1(1—1.32a'+-0.559a 


-0,.0398e2+-0.0016308+---), (18) 


where for our problem, according to Eq. (7), 


1 


kpTa=gusH+— > (19) 
\ 


2S Ay 


Robinson’s expansion of the Bose-Einstein integral 
converges for |a| <2 and the terms given in Eq. (19) 
are accurate to at least 1% for a<1. For nickel the 
latter condition will be satisfied in zero field for temper- 
atures above about 0.6°K. 

At the absolute zero of temperature, 
magnetization consists of two parts; 


Mot+Ms, 


Phys. Rev. 83, 678 


then, the 


ej E. Robinson 1951 


HAR 


where Mz is giver 
Finally we have 


antsotropic. 
M = My T Ms 


VS avy 1 
(a7 L1OM ) > (Vx). 
V AHINS 


VS V dy OH in 


magnetization 


(20) 


We neglect the isotrop 
comparison with M 
into two part 


U7 
where 
M\(T | 1/NS)> (Nx) |, 


and 


M,(T M s[1—(10/NS)¥ (Ns 


—e 


In the spirit of the approximation 
value of }>x(N yx) to be used in Eq. (22) is that of Eq. 
(18), but in Eq. (23) the value at a=0, i.e., the Bloch 
value is appropriate. Thus the two anisotropic effects 
are completely separated in the formalism. Note also 


that Mo, like Ky, 


of this paper, the 


obeys the tenth power law; 


IV. CALCULATION OF M; 
The evaluation of 
VU J z. (25) 


is made in a manner similar to that 
in I 


used for the energy 
Thus we write 


£UR 9 : 


- Lytl, , 
SD En.n( ) dus 
4V } P? 


d, > Ax 


Us (26) 
where 

2 exp(ik-r (27) 
The expression for Mg (Eq. 26) is anisotropic by virtue 
of the fact that /+ and f- are defined in terms of a 
coordinate system whose z axis is the magnetization 
direction. Except for some constant factors, the defi- 
nition (27) is a direct analog of the b. used in I. By 
dz, we shall mean (as in I) that d, associated with the 
lattice vector whose components along the cube edges 
are, in units of the 
neighbor vector, the integers fgh. 
centered cubic, that d, 
nearest neighbor vector is di;9= dy) 
in combinations and we define 


length of a component of a nearest 
Thus, for the face- 
associated with a 

d ll- The d- arise 


which is 


f 4 =do00+d200— 2d 110, simple cubic 
= dooo+d222—do22—d200, body-centered cubic, 


= dooo t+ d220— do11— doi, face-ce nt red ‘ ubic , 
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ind for the face-centered cubic only 

fp 2d 290 d24,— doi. 29 
Also, for the face-centered cubic only, we define the 
vector I* as one of the nearest neighbor vectors which 


is normal to l. Then by the techniques of appendix A 
in J, 


gus Y : Il 
Us = sD fa : a ( ) 
4V 4 P 


: ]+1* 2 
+fr =4( ) | x) 
p. 


ae, and a; being 
respe ct 


In terms of = a;°a2*+a;°a3?+a2"a3", a, 
the direction cosines of the magnetization with 
to the crystal axes, 


bl 
= 
[2 
I 
a 


‘ 


(4 (1—T') s( 


) =< (32 9)(1+7T bec, 


2(34+T) fcc 


) 2(1—3F) fcc 


In the ene ry anisotropy calculation, functions analo 
gous to f4 and fg were evaluated by calculation of the 
individual 6, involved. In the present work we calculate 
only the combinations f,4 and fy in the following 
approximation. The Zeeman contribution to A, is 
neglected. The numerators and denominators are 
separately expanded in powers of k and the leading 
terms are proportional to k. Only the leading terms 
are kept and the sums converted to integrals. In this 
way we find 


(2SJ)? 240 


80)(1—T) Ss 
2 


M,sD 
( ) (1/45)(14+T) bec. 
5 USF 


(3/1280) (4+3P) fee 


Finally then 


Ma- —_ 


We include a summary of results from I for the purpose 
of evaluation of the quantity a in Eq. (19). These are, 
(0.476(1—T) s\ 
+0.268(1+1) bee, 


| 


.0.0223(12+51r) fe 


|? DB 
J 


(1.899 s¢ 
D*| 
2 1.612 bee 
/ 


0.644 fe 
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For the case of nickel a numerical estimate of the 
pseudodipolar coupling parameter was made. Com- 
parison with the experimental ground-state value of K, 
gives D/J =0.12, with J ~ 230k,. 


V. DISCUSSION 


We have calculated the anisotropic contributions to 
the magnetization of a cubic ferromagnet, using as their 
source the pseudodipolar coupling. There are two 
effects. One of these, the anisotropic thermal excitation 
is contained in that portion of the 
magnetization which is denoted by M,. The other, 
denoted by M2, is the anisotropy of the moment of a 
given spin-wave state and is essentially given by the 


of spin waves, 


magnetic field dependence of the anisotropy coefficient 
K,. Contributions to M, arising from a magnetic field 
dependence of the coupling parameter D have been 
neglected. We note that the terms calculated here are 
of magnitude (yu,/kT.)K,, where T. is the Curie 
temperature. We may argue on the anisotropic exchange 
Van Vleck’ that the neglected 
terms have the order of magnitude (yp/hv)K,, where 
hv is of the order of magnitude of the crystal field 
splitting. Thus the neglected term is smaller by a 
factor kT ./hv(~ 5) than have calculated 
here. 

It is instructive to consider the relative magnitude of 
the effect of the pseudodipolar interaction in M,(T) 
versus that in M,(T). For the purpose of this compari- 
son we note that the temperature dependence of M, is 


model described by 


what we 


quite negligible at low temperatures so that we need 
only consider Mg. It is also necessary to suppose that 
a magnetic field of the order of magnitude of the 
“effective anisotropy field” (~3000 oe for nickel) is 
applied so that the magnetization may be equally well 
oriented in hard and easy directions. In the presence 
of such a field, for the face centered cubic we have 


» 


kala 0.5657. (38) 
This field will have a negligible effect on Mg because it 
is the short wavelength spin waves excited in the inter- 
mediate states that are most important for its calcula- 
tion. Unless an even larger field is applied we always 
have a1 for T>0.6°K. 

For nickel } 


fcc, s=4) we calculate from Eq. (35) for 
the easy directions 


M g= —3.4X10-M ». (39) 


The change in Mg, which results from the rotation of 
the magnetization from a hard to an easy direction, is 
t of the value given by Eq. (39) and is comparable to 
the change in magnetization resulting from heating the 
sample from 3°K to 6°K. The deviation of M,(T) from 
lis, using C=8.6X 10-*(°K)~!* 


*M. Fallot, Ann. phys. 6, 305 (1936 


the 7! law value when a 
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for nickel, approximately 3.4x«&10-°M>. As 
perature is increased the a! term will tend to domi 
nate among the deviations in M,, and grows linearly 
with 7. The two anisotropic effects tend to cancel each 
other at about 7.5°K. At temperatures above this the 
VM, effect the greater 
occurs in the easy directions. Below this temperature the 


the tem 


dominates, i.e magnetization 
greater magnetization occurs in the hard directions 
There is an interesting application of this work to 
the case of iron. Although the pseudodipolar coupling 
may be present, the problem of the anisotropy in iron 
has been treated more easily than that in nickel because 
of the possibility of using a pseudoquadrupolar inter- 
action, which yields K, in first order.” This interaction 
must be measured by a parameter whose magnitude 
is ~ D*/J, if it is to explain completely the anisotropy 


HARAP 


in iron. The anisotropy in magnetization resulting from 
pseudoquadrupolar coupling again has 
The contrib M, wil cactly 
the dipolar « ise. However, 
er 
to K ond order, we 
i. term in M, of ord magnitude (D 
the pseudoqu According to 
our dis¢ ussion, sui 


the two parts. 
the in 
the contribution to M. must 
of the 


ution to Same as 


occur in a higl order approxin ation than 


contribution may 


have J ‘ coming 


from 


bserved at any 


oO 


reasonable temperature hus, \ an imagine the 


vossibility deter! experimentally, to what 
A I J 


extent the anl otropy n iron 1 due to pseudodipolar 


coupling by observatior tization anisotropy. 
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The 


polarization by 


magnetic scattering ol slow neutrons of arbitrary initial 


an extensive class of magnetically-coupled lattices 
is treated by a time-dependent operator approac h for the case of 
complete orbital quenching of the magnetic ions. This magnetic 
scattering is carefully divided into purely magnetic and magneto 
vibrational scattering, the types thereof involving, respectively 
only zero-phonon processes and solely nonzero-phonon processes 
and general formulas for these two types of scattering are obtained 
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I. INTRODUCTION 


N this paper, we shall investigate the magnetic scat 
tering of slow neutrons by a wide class of lattices 
having ions which are orbitally quenched 
and are magnetically coupled with one another. Our 


magneti 
objective is twofold. First, we want to derive formulas 
of 
neutrons of arbitrary initial polarization f incident on 
of 


r 
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interest than the magnetovibrational scattering, which 
could be of comparable or even larger magnitude, so 
that it is desirable, both experimentally and theore- 
tically, to separate the first type of scattering from the 
second. 

Halpern and Johnson? derived intensity and polariza 
tion formulas for the purely magnetic neutron scattering 
in a basic paper which is centered around the two ex 
treme cases of a set of uncoupled paramagnetic ions 
and of ferromagnets with their electronic spins locked 
rigidly in an ordered arrangement. Van Hove’ devised 
a very general and powerful time-dependent approach 
to both nuclear and magnetic scattering of slow neu 
trons which we shall exploit in the present study. 

A number of theoretical and experimental investiga- 
tions have dealt specifically with the effects of exchange 
coupling on the magnetic scattering of unpolarized 
neutrons in the paramagnetic and spin-wave regions. 

In regard to the paramagnetic region, several 
investigations of the purely magnetic scattering by 
these lattices have been carried out, principally by 
means of moment methods. Van Vleck® first pointed 
out the relationship between the inelasticity of this 
type of paramagnetic scattering and the exchange 
constants of the pertinent lattices as early as 1939. 
Second and fourth moments of neutron energy transfer 
were computed for cases of nearest-neighbor exchange 
interactions, and a local cluster-model computation 
for such a case was also done. Interference effects due 
to short-range magnetic order were not considered by 
Van Vleck. Employing stationary-state methods, 
Slotnick® dealt with the purely magnetic scattering by 
paramagnetic 
actions between nearest and next-nearest neighbors, 
taking into account interference effects. This 
author studied the dependence of the effective energy 
integrated déo/dQ2 for a 1/v-detector 
[see our Eqs. (3.6a)] on T and on the initial neutron 
energy Ey, and presented calculations of first and 
second moments of energy transfer. However, a sys- 
tematic procedure for computing the above cross section 
and moments was not given. After the substantial com- 
pletion of our paper, we became aware that de Gennes’ 
investigated the purely magnetic scattering of neutrons 
by Van Hove’s approach.‘ De Gennes dealt mainly 
with such large values of T in the paramagnetic region 
that the T dependence of the quantities of interest 
could be disregarded. This author treated the energy 
transfer and the momentum transfer vector of a neutron 
as independent variables, in contrast with the view- 


exchange-coupled lattices with inter 
these 


cross section 


?0. Halpern and M. H. Johnson, Phys. Rev. 55, 848 (1939 
*L. Van Hove, Phys. Rev. 95, 249 (1954) 
‘L. Van Hove, Phys. Rev. 95, 1375 (1954) 
J. H. Van Vieck, Phys. Rev. 55, 924 (1939) 
* M. Slotnick, Phys. Rev. 83, 1226 (1955). 
P. G. de Gennes, Service de Physique Mathématique, Centre 
d'Etudes Nucléaires 4 Saclay, Report No. 199, November 1956 
unpublished); Compt. rend. 244, 752 (1957); J. Phys. Chem 
Solids 4, 223 (1958). The essential content of this work is in the 
first and third of these studies. 
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point adopted, for instance, in reference 6 and in 
Sec. III of this paper. De Gennes derived some general 
properties of his moments of energy transfer, and 
formulas for the second and fourth of these moments 
for cases of next-nearest neighbor interactions. Various 
plausible formulas, giving explicitly the dependence of 
the scattered neutron intensity of the energy transfer 
and wave-number transfer vector of a neutron, have 
been obtained in references 5, 6, and in the third part 
of reference 7 for high enough T by fitting moments 
of energy transfer. Rigorously derived formulas of this 
kind are not available. 

In regard to the spin-wave region, Van Hove‘ 
studied the purely magnetic one-magnon scattering of 
neutrons for ferromagnets by combining his method of 
time-dependent correlation functions with the spin 
wave formalism of Holstein and Primakoff.* Elliot and 
Lowde’® investigated this spin-wave scattering by both 
ferromagnets and antiferromagnets using the above 
formalism and that of Ziman" for antiferromagneti: 
substances. They also discussed the magnetovibrational 
scattering, and gave rules for separating it experi- 
mentally from the purely magnetic scattering. Maleev" 
performed an improved computation of the above type 
of ferromagnetic spin-wave scattering. Kaplan” treated 
this purely magnetic scattering by spin waves in 
normal spinels with nearest-neighbor A-B exchange 
interactions." Earlier theoretical papers on the scatter- 
ing of unpolarized neutrons by spin waves are listed 
in references 4, 9, and 11 

With respect to experimental studies of the magnetic 
scattering of neutrons in the paramagnetic region, 
Shull and his collaborators, Erickson, and Brockhouse 
and _ others'* effects of short-range 
magnetic order on the above effective integrated cross 
section in this region. Inelastic magnetic scattering was 
studied by indirect methods by Bendt'® and by direct 
energy-analysis methods by Brockhouse and his col- 
laborators.'® In a broad manner, these studies con- 
firm the theories of Van Vieck® and Slotnick.* More 
data on the paramagnetic scattering of neutrons by 
the simpler types of exchange-coupled lattices, under 
theories for such 


observed the 


conditions for which the various 


scattering just mentioned’~’ and the pertinent con- 


clusions in Sec. ITT of this paper are valid, are required 
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before more definitive experimental tests of this 
theoretical work are possible. 

Among the experimental investigations of spin-wave 
scattering, we mention that of Lowde for iron and that 
of Riste, Blinowski, and Janik for magnetite,"’ involving 
no energy analysis of the outgoing neutrons, and the 
studies of Brockhouse'* on the energy spectrum of 
neutrons scattered by magnetite. These spin-wave 
experiments support the main conclusions of Elliot and 
Lowde® and Kaplan.'-?. 

We the 
investigation 

In Sec. II, methods of reference 4, we 
derive general for the differential 


section per unit energy range for the magnetic scatter- 


now summarize contents of the present 
using the 

formulas cross 
ing of arbitrarily polarized neutrons into a given final 
spin state by the class of lattices alluded to previously, 
separating carefully the purely magnetic from the 
magnetovibrational scattering. 

In Sec. 
lattices of the above class in the paramagnetic domain, 
that the magnetic interactions of the 
certain invariance properties. 
This hypothesis is satisfied, in particular, in the case of 
lattices of this class for which these magnetic inter 
actions are of the exchange type. We study the purely 
magnetic scattering of unpolarized neutrons for suffi- 
ciently large £, and T by means of a systematic moment 


method, which yieids equations for the previously 


III, we treat the scattering of neutrons by 


supposing 


pertinent ions have 


mentioned energy-integrated cross section and suitably 
defined relative moments of general order in the form 
of power series in 1/Ey and 1/7, with coefficients 
involving certain averages. An extensive set of such 
averages is given explicitly for exchange-coupled lat- 
tices, which, when combined with the power-series 
formulas just alluded to, yields results which include 
previous ones*~’ of this type as special cases, as well as 
new results. For the sake of « ompleteness, we show that 
the moments defined by de Gennes, for example in the 
third part of reference 7, can be obtained from our abso 
lute moments for the purely magnetic scattering by a 
simple limiting process. Our theory for this scattering is 
illustrated by 
wavelengths 1A and 2A incident on polycrystalline 


numerical calculations for neutrons of 


MnF, in the paramagnetic state, for two hypothetical 
cases of exchange-coupling. These numerical results are 
compared with experiment.'® The rather unimportant 
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case of polarized neutrons scattered purely magnetically 
in the paramagnetic domain is not treated. A rough 
equation is derived relating the magnetovibrational 
scattering to that portion of the 


lastic incoherent 


ine 
nuclear scat the magnetic ions. 


In Sec. 


tering arising solely from 
IV, we begin by applying the usual spin-wave 


”) 


theories*:°™ to construct a framework for a systematic 


separation and calculation of the purely magnetic and 
magnetovibrational cross sections of various types for 
f incident on the lattices of the 

II for the « 


lormulas for the 


neutrons of arbitrary 


class specified in Set ise of ext hange 


coupling and for 7<<7 one-magnon 
zero-phonon scattering are obtained for these lattices, 
and their straightforward extension to more compli- 
cated ones is indicated and compared with experiment.'* 
The only restriction on the magnetic order in the above 
work is that the spins in each domain be aligned along 
a unique axis. This ty of magnon scattering is 
studied in detail 
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tronic and nuclear spins is neglected, and the latter 
are assumed to be oriented at random. The magnetic 
interactions of the ions of the lattices of interest with 
one another and with a uniform external magneti 
field are specified by the Hamiltonian H. In this 
section, our only assumption concerning H is that it 
depends on no other operators outside of the resultant 
electronic spin vector operators So,S;,S»,- - -,Sw_1 of the 
magnetic ions. We describe the relevant nonmagnetic 
interactions of the ions by the usual vibrational 
Hamiltonian, denoted by ®, which depends quadrati- 
cally on the coordinate and momentum operators of the 
nuclei of the lattices of interest and involves no other 
operators. For mathematical convenience, we suppose 
in this section that the scattering crystals are in the 
form of rectangular parallelepipeds whose edges are 
parallel to the crystalline axes and we adopt periodic 
boundary conditions, in the sense that the magneti 
and nonmagnetic ions near crystalline boundaries are 
coupled among themselves in the familiar cyclic 
manner. 

The magnetic and nuclear interactions of a slow 
neutron with a magnetic lattice of the above type are 
described by the operators U and V, where U cor 
responds to the conventional interaction between a 
neutron and the orbitally quenched magnetic electrons 
of the pertinent ions of such a lattice according to the 
work of Halpern and Johnson,” and where V represents 
the Fermi” pseudopotential. 

Let the incident neutron beam be characterized by a 
wave-number vector k and a polarization f along an 
arbitrary unit vector 4. Let 4’ be a second arbitrary 
unit vector and s the neutron spin vector operator, 
and denote the eigenvalues and eigenkets of (2’-s) by 
Sa =4a and |s,’), respectively, where a= +1. Omitting 
the purely nuclear scattering, we are interested in 
calculating the differential cross section per unit- 
energy range for observing the magnetic scattering of 
a neutron of the above beam into a direction specified 
by a final wave-number vector k’ and into a spin 
Sa’), for given a, by a single crystal of the afore- 
mentioned kind in thermodynamic equilibrium at a 
given T. The relevant statistical-mechanical properties 
of the scatterers before collision are supposed to be 
described by a density operator which is the product 
of a density operator referring to the randomly oriented 
nuclear spins by exp[—8H]exp[—83], where 
8=1/kpT,kp being Boltzmann’s constant. We designate 
by d’a(a)/dedQ2 this last cross section, which cor- 
responds to a wave-number transfer vector 


q=k’—k, 
and to an energy transfer 


e= Ey — Ey; (2.2 


state 


(2.1 


Ey = (# 


2 E. Fermi, Ricerca Sci. 7, 13 


2m)k?, Ey =(h?/2m)k”: 


1936 
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of a neutron, where m is the neutron mass, k= {k], 
and k’={k’!. We shall use the symbol @a/dedQ to 
denote >°.~4; @o(a)/ded2 and, in general, we shall 
write 


d*a 


: —- 
dedQ = a= 


dedQ 


for a partial magnetic cross section of any type of 
interest involving a summation over the final neutron 
spin states. 

We now treat this magnetic scattering in the first 
Born approximation, employing the interaction poten- 
tial U+V. In this approximation, it is well known that 
no extra term in this potential is necessary to take 
into account the effect of a uniform external magnetic 
field, so long as g#0. We shall avoid the trivial com- 
plications introduced by such an external field in what 
follows, by the understanding that the restriction g#0 
is to be imposed whenever it is present. With this 
proviso, we can write in the first Born approximation : 


d’a(a) Dou (a) 
+ : (2.4) 


ded 


d’a,(a) 


dedQ dedQ 


The first term in the right-hand side of (2.4) is quadratic 
in matrix elements of U with respect to a complete set 
of initial and final which are simultaneous 
eigenstates of the neutron momentum vector operator, 
H, ®, and some convenient complete set of operators 
involving the nuclear spins. The second term in this 
right-hand side involves products of such matrix 
elements of LU’ with those of V. The scattering of purely 
nuclear origin arising from terms quadratic in matrix 
elements of V of the above type is well understood 


] 
} 


States 


‘and shall not be considered here. 


Letting a=u,ur, we divide the cross sections 
@a,(a)/ded2 in (2.4) into two parts. These parts, 
denoted by d’aq,9(a)/dedQ and d*o,,;(a)/dedQ, contain 
solely matrix elements of the class just specified whose 
initial and final phonon occupation numbers are either 
identical or different, respectively. From (2.4) and 
this definition, we obtain 


dala da,(a) 


dedQ 


Gola) @o,la) dou, (a) 


- , v=0,1. 
deddQ dedQ 


dedQ 


definition in the 


shall regard the indices r=0 and 


In the schematic 


Introduc tion, we 


spirit of a 


r=1 in (2.5) as referring exclusively to purely magnetic 
ind to magnetovibrational scattering, respectively. 
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tefore continuing, we shall need to define” 
expLiHt)A expl—iHt); 
expLi3ct ]@ expl—iscz]; 
trace{ B expl—8H }} 
trace{exp[ —8H }} 


trace{® expl—8% ]}} 


trace{expl —83 ]} 


where A and B are any operators which depend solely 
on the resultant electronic spin operators; @ and @ are 
any operators dependent only on the coordinates and 
momenta of the nuclei of the lattice; and the traces in 
the definitions of (B)s and (@)g are to be taken over 
a complete set of states pertaining to the resultant elec- 
tronic spins and to the vibrational modes of the lattice, 
respec tive ly. 


We shall also require the definition 


1 £ 
f dt expLiet (expLiq-u;,.(0) ] expl—q-uy (2) })s 
7 


£ 


) 


denotes the displ icement vector operator of the 


magneti 


lith nonmagnetk 


ion in the ith unit cell from its equilibrium position 


0,1,2, 
By procedures parallel to those used in a similar 


*In order to simplify our formulas, we find it convenient to 
*t which has the dimension of inverse energy. 
™(e’.q)(i,m=0,1,2,---,»—1) can 
umber of known methods, for example, by that 
Arkiv Fysik 4, 191 (1950). However, we shall 
icit results in this paper 


use a time 


“Explicit equations for 
be obtained by a num! 
of P. O. Froman 


not require such exp 


SAENZ 


connection 1n reference 4, we find 


do, o\a) 


dedQ 


f{ (Tex2]-LexS,.(0) }) (Lexa) 


-LexS,(t) ])+ (Lex 2’ ]-LexS,(0) 
x (Lexa ]-LexS,(¢ 
x (LexS$,(0) }-LexS,(t i(e-d 


e (Ss 0 xS t) 1)} 8; 
where F} denotes the magnetic form factor of a magnetic 
F being positive and 
q/q; 


ion of the type of interest here, 
depending on k and k’ only through g= q); e 
and 

vr (2.10) 
+ being the magnetic moment of a neutron in units of 


nuclear Bohr magnetons and rp the issical electron 


radius 
By considerations analogous 
(2.9a lude 


o those employed in 


we con 


obtaining 


1? 
fF 


@our.o(a) 


dedQ 
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where Q@o=q_ 0; Ge qo! ; Co= e ex0; Gi is the coherent 
scattering length of the /th ionic species (/=0,1,2,---; 
v—1); and Re denotes the real part of the pertinent 
expression inside curly brackets. 


Ill. PARAMAGNETIC SCATTERING OF NEUTRONS 
BY LATTICES OF COUPLED MAGNETIC IONS 


The results of the present section are perhaps of 
greatest interest when the magnetic couplings of the 
magnetic ions with one another are predominantly of 
the exchange type. In this case, we replace H in Sec. II 
by 


J (SiS) ; 


where J,; is the exchange-coupling constant of the ith 
and jth magnetic ions, and depends solely on the 
neighbor relation between 
dependence on the lattice displacements being ignored 
here. We also assume that each magnetic ion is coupled 
by exchange interactions with a finite number of 
neighbors. The effects of external magnetic fields and 
of anisotropic magnetic couplings among the relevant 
ions on the paramagnetic scattering of neutrons will 
not be considered. 

In view of the fact that, in principle, the moment 
methods of this section are not confined to the case of 
exchange coupling, our discussion of the above para 
magnetic scattering is of a more general scope than 
would be required to treat only this important special! 


these ions, its possible 


case. 

To every magnetic ion i, with equilibrium position 
X, o, of the scattering parallelepiped of Sec. II, we asso- 
ciate the magnetic ions i(d) and i(—) of the para! 
lelepiped, with equilibrium positions X, o+d+R,(d) 
ind —X;o+R,(—), respectively, where d is a vector 
independent of ¢ connecting the equilibrium positions 
of any two magnetic ions of the scatterer, and R,(d) 
and R,(—) are vectors whose components are suitable 
integral multiples of the sides of the above paral- 
lelepiped. It is easy to see that R,(d) and R,(—), and, 
therefore, that the previously prescribed positions of 

d) and i(—) are uniquely specified by i and d. The 
analogues of i(d) and i(—) in the case of a crystal un- 
bounded in all directions are given by images of ¢ under 
rigid crystallographic displacements and_ inversions, 
respectively. 

We shall denote the invariance of H under the sub- 
stitutions §;—> S,:a) for all i and das property A ; the 
invariance of H under the substitutions S$; — S,_) for 
all i as property B; and the invariance of H under arbi- 
trary rigid rotations of all the §; as property C. Im- 
posing the periodic boundary conditions of Sec. I, 
one can verify that properties A, B, and C hold for 


H=Hp. 
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TRONS 


We obtain from (2.6) 


if 7 has property 4; and 


S,,r(O)S 5,0(t)) p= (OVS j~),0(4))e, (3.2b) 
if H has property B. In (3.2a) and (3.2b), r and 5 refer 
to the components of the pertinent spin vector oper- 
itors with respect to a set of Cartesian axes. 

From the fact that &, for the case of periodic 
boundary conditions, is invariant under substitutions 
of the coordinates and momenta therein for the various 
lattice sites analogous to the substitutions corresponding 
to property 1, we find from (2.6) and (2.7), under these 
circumstances 


(eq) = Vira) jcay(€,Q), 


l.m=(0,1,2, 


If H has property C, we obtain: 


S g= QV 


(3.2d) 
(O)S;.0(t)) 9= bref (S,(0)-S;(0)))s. 


(2.9b) -and (3.2d), we conclude that the 


assumption that H has property C implies: 


from 


A°O ue ra) dedQ {), Tr 0.1. (3.3) 
Detine 
1 . 
f dt expi tel ((S8,(0) S,(t)) B- (3.4) 
) 
T 


+ x 


lf H has the invariance prope rties “i and ¢ , WE CON lude 
from Eqs. (2.5), (2.6), (2.9a), (3.2a), (3.2c), (3.2d), 

3.3), and (3.4) that d’a,(a)/dedX (r=0,1) and the cor 
responding cross sections d*¢,/dedQ2 involving a summa 


tion over a= +1 are given by 


fo 
d-a 
, 


eo 


dedQ 


£ 


xf dé’ Lile—e' yd (€,q). 


v 


At this point, we mention for the sake of clarity and 
to avoid unnecessary repetitions, that all cross section 
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and moment formulas derived in this section hold, in 
particular, if H has properties A, B, and C. 

The magnetic scattering of neutrons in the para 
magnetic different for 
poly ry stals than for single crystals The former have 


domain is not essentially 
received much more attention experimentally and are 
more from the standpoint of detailed 
theoretical analyses than the latter in this temperature 
region. Nevertheless, we shall deal with both of these 
types of scatterers in this section, for the sake of 
completeness. 


convenient 


Because of the remarks on the case {#0 made later 
in this section, we shall only consider in detail the 
situation when f=0. Equations (3.5) imply that it is 
then sufficient to study d’o,/dedQ (r=0,1), a task to 
which we now address ourselves. 

We define the effective differential cross sections 


. dc, 
f dep ; 
Ey ded 


the relative moments of neutron energy 


(3.6a 


transfer 


L 


d’a, 
E,™ de &"p : 
J — By dedQ 


and the corresponding absolute moments 


dé 
dQ 


where m= 1, 2, ---, r=0, 1, and p is a positive quantity 
representing the detector efficiency. To avoid uninterest- 
ing complications, p is taken to depend on k and k’ only 
through & and e. In the case of polycrystals, (3.6a), 
(3.6b), and (3.6c) are to be understood as follows: the 
appropriate formulas for d*¢,/dedQ, obtained by suit- 
ably averaging the pertinent Eqs. (3.5) over all crystal 
orientations, should be inserted into (3.6a) and (3.6b), 


(3.6b) 


and the moments in (3.6c) should be constructed from 
the foregoing results for dé,/dQ2 and E,'™. In the inte- 
grations over € in (3.6a) and (3.6b), k, k’/k’, and ¢ are 
to be regarded as independent variables, so that the 
3.6a), (3.6b), 
depend on k and k’ only through k and 
k’ k’, a vie wpoint adopted for the sake of « xperimental 


integrated cross sections and moments in 

and (3.6 

convenience 
We 


scattering in the paramagnetic region. 


now consider the case of purely magneti 


Because Wilq in (2.8) reduces to ( uy in the 


74 
case of crystals of cubic symmetry, the formula for 
d’°¢o/dedQ in (3.5) is valid both for single crystals and 
polycrystals in this case if the following replacement is 


carried out with respect to the explicitly appearing 


SAENZ 
functions exp{ iq: X;.o | therein: 
expliq: X;o]— ¥i(q 
exp iq: X, 
ij (aX 
X,o= |X, 


f . 
single crystals 


f 
vig 
polycrystals 


where the notation j,(¢) denotes the usual spherical 

Bessel function of the specified order and argument. 

In this section, barring a statement to the contrary, 

we shall suppose in the case of purely magnetic scatter- 

ing that we are dealing with polycrystals whose com- 

ponent elementary single crystals have cubic symmetry. 
It will be convenient to make the choice of origin 


X 0 


(3.8) 


In what follows, we suppose tl 


lim p=po(independent of ¢)>0, 3.9) 


£ 


where this limit is taken for any prescribed e. Equation 
(3.9) holds, in particular, for 1/r-detectors, where we 
take p=k/k’. 

We now relate the moments for the purely magnetic 
scattering in (3.6c) to a somewhat more explicit form 
of the corresponding moments introduced by de Gennes 
in the third part of reference 7. Using a notation 
parallel to that employed therein, where Aw=—e and 
x= —q, we define (w”),(m=1,2,---) for single crystals 
and polycrystals, for arbitrary 7 in the paramagnetic 
region, by means of (1.8) in this last reference, where 
we replace 2m by m and where, in the case of poly- 
crystals, we replace the functions p,(w), given by (1.5) 
of this reference, by the appropriate average of these 
functions over all Taking for 
granted that F is continuous in g for g20, we combine 
q with (3.4), (3.5) 
3.6b), (3.6c), (3.7) 


crystal orientations. 


the foregoing definitions of (w” 


modified in the sense of (3.6a 


’ 


(3.9), the elementary identity 


qo= lim q, (3.10) 


valid for any fixed qo and ¢, and a formal interchange 


of the appropriate integrals and limits, obtaining for 
any given q 


This is the relation alluded to in the Introduction. 

In the remainder of this section it will be understood 
that the limit k—> « is to be taken for any fixed qo. 
Howeve r, it is easy to set that the subsequent formulas 
of this section involving this symbol hold for poly- 
crystals of the type specified above if only go is kept 


constant, a remark which also applies to (3.11). 
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The identity 


x d”™ 
f dé’ é'*L,(é) ( —1)*- —{(§;(0)-So(t)))s t 
e (idt)” 


—] "(((S;,H Jn-So) 8 


=(—1)*xé; (8), 
=(), 1,2, ---; 
[a,b lo=a, 

[a,b ],=ab—ba, 
[a,b jm+1=[[a,b |m,d J, 


x=S(S+1), 


m=1,2,-- 


where S is the resultant electronic spin quantum 
number of a magnetic ion, is of basic importance in 
our treatment of the purely magnetic scattering of 
neutrons in the paramagnetic region. It can be proved 
by means of (2.6) and (3.4). 
From the definition of £;,,(8) in (3.12) we conclude 
for the case when H has property C * 
N-1 
> &..(8)=0, n=1,2,--- (3.13a) 
=~ 
At present, there is no rigorous method for evaluating 
exactly the spin averages £;,.(8) in (3.12). However, 
one can express these averages as power series in 8, 
whose coefficients can be computed, at least in principle, 
by expanding exp[ —8H ] therein in such a series, and by 
employing (2.6) and (3.12), with the following results: 


é;.(8)=> BE: nr, n=0,1,2,---; 


ref) 


where 
&;, n0(6)= E;, n(O) _ by nO, 


1 07é, .(8)| r—l 
— =b;ar—>. Cr ott, ney 
| Bae 0 
(3.14) 


and where 


(—1)" trace{ ((S;,H ],-So)H’} 


r! (2S+1)¥ x 
(—1)* trace{ H*} 


C= : sa ny,s=0,1,2,- , oe 


s! (25+1)* 


b;. ar 


The averages £;,n, have several general properties 
required in the sequel. From (3.12) and (3.14) follow 
the elementary results 

&, 00 = 50; 
(3.13b 
r=1,2,---; 


% A result equivalent to (3.13a) for H=Hp is given in the 
third part of reference 7, Eq. (1.7). 


£oor=0, 
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rRONS 


for all A in Sec. 11; while we obtain 


V-1 
> gE. ar=0, nm=1,2,---, r=O0,1,2,---; (3.13a’) 
ra) 


from (3.12), (3.13a), and (3.14) if H has property C. 
In the Appendix, we show that * 


gi 1410 


0, ¢=0,1,2,---; (3.13c) 


AEs on20, ¢=0,1,2,---; (3.13d) 


gE, +11 


in particular, when H= Ho, for large enough crystals, 
independently of the introduction of periodic boundary 
conditions; and when H has properties A and B, 

In the case H=Hpo, we find from (3.1), (3.12), and 
(3.14) 
(3.15) 


E; w=O(J**"), ay 


0,1,2,: «>, 


where J denotes a typical exchange constant. 

In Eqs. (3.16) below we list some results for &; nr for 
i~0 and H=H, which play a central role in the 
explicit calculations of déo/dQ2 and Eo™ for O0<m<4 
mentioned later in this section. These results, derived 
by means of straightforward but lengthy trace com- 
putations based on (3.14), are valid for crystals of any 
shape which are sufficiently large in all directions, in 
virtue of the assumed short-range nature of the 
coupling of interest between the magnetic ions.”? 


—(3 4x)J io?} - 


8 
ak DT ee 
i* 


27 


y I PI 0 — 2J 
i 


~~ 
A 


x|¥ J 


ed it uae 
2+ > Jud |+-(2- --+-— 
4x ij 5 [. £ 


— 2S sok, 02; 


1 
Ei 2 £5 403 
2 24 


8 -_ 
E; 20 me aft yu J > 
3 4 


—4S nt; 20; 


§ 21 
* A result equivalent to (3.13c) for the case H =H, is stated 
without proof in the first part of reference 7, p. 3. 

It is, of course, unnecessary to introduce periodic boundary 
conditions in deriving (3.16). We have purposely refrained from 
applying (3.16) to various special crystal structures and schemes 
of exchange coupling, both hecause of lack of space and because 
these special results follow readily from our general ones. 





+5 > J 


Che lattice sums in (3.16) range over all values of 7 and 
k for which the relevant coupling constants are not 
From lattice 
constants explicitly are to be understood in a parallel 
manner. 


zero. now on, sums involving these 


Employing (3.5), (3.6a 


(3.6b), and (3.7), we tind 


2 N-1 . k’ 
> f de p(k) F(q) 
E k 


ado 


2Wo(q) Wilq)/ 


l 7 kh’ 
f de ep €,k) I q 
Ey k 


x expl 


x ¢ xp| 


2Wo(q) Wilq)L.(e), m=1,2,- 


Some formally exact limit formulas for dé/dQ and 
Eo™ (m= 1,2, 
From (3.7), (3.8), 


will be given at this point. 

(3.9), (3.10), (3.12), (3.13a), and 
(3.17), we find by arguments parallel to those used in 
deriving (3.11)*8 


dé 
lim 


ke dQ 


lim / 


M = 41'xpoF (qo) exp — 2W'o(qo) 


** It is interesting to compare the formally exact Eqs. (3.18), 
(3.19a), and (3.19b) with parallel results in references 6 and the 
third part of reference 7. The first of Eqs. (3.18), with &, replaced 
by the corresponding series in 8 in (3.14), is given rather implicitly 
for single crystals by Eq. (11) of reference 6. Equations (1.9 
and (1.10) for even moments in the third part of reference 7 
correspond, respectively, to evaluating limg,.¢o°"’ by means of 
(3.18) in the limit 8 — 0 and to (3.19a) for m even in this last 
limit; and the conclusion immediately after (1.8) in this reference 
on the vanishing of odd moments for 8-0 is equivalent to 
(3.19b), if the moments in question are defined in the way pre 
scribed earlier in this section 


SAENZ 


With the 3.61 


we obtain 


aid of 3.13 3.14), and (3.18 


lim lim ¢ 3.19a) 


A ke 


lim lim ¢ 0,1,2 3.19b 


oe) 


to obtain formulas for dé 


be 


It is desirable 
Eo™ (m= 1,2, 
range of Fy than 
begin 
doo/dedQ is significant 

€| <<E,.” A rough way of expressing this requirement 
is given by the inequality 


dQ and 

used for a larger 
lo obtain such formulas, we 
for large k, 

ly different from zero only if 


which can 
(3.18 
assuming that, 


by sufficiently 


Ex, (3.20) 


supposed to hold for & large enough. This inequality 

j f number of 
Moreover, we 

that, for any given k and k’/k’, pF is analytic in «, 

say for |e Ey, which can be readily seen to imply 

that the functions under the (3.17) 

possess this analyticity property in this range of «. It 


pl nas niS iast 


is easy to satisfy experimentally for a 


exchange-coupled compounds suppose 


integral signs in 


is easily verified property for 


e <Ey, in the case tors and for F analytic 
in g for g=>O. Lf the 
properties ol Pao) dedS 


two hypotheses 
id pF as 
satisfied, one expects to obtain very good approxima- 
dQ and Eo'™ (m= 1,2 for sufficiently 
large k by treating (3.17 
lower limits — £y in the 
changed to 2m: tl 


concerming 
functions of e€ are 
tions for dé 
in the following manner: the 
integrals over € in (3.17) are 
e functions under the integrands in 
(3.17) are replaced by the appropriate Taylor series in 
integrations over ¢ are then 
performed by means of (3.12). In order for the above 
integrated series for dé /dQ or Eo\™ (m= 1,2, to 
be rapidly convergent for given k and k’/k’, such that 
the hypothesis expressed crudely by (3.20) holds, it is 
that, in the iX~0, |¥.(q) 
-y.(q should be varies 
over the range for which L,(e 
different 
expect 


about «=0; and term-wis« 


essential nontrivial case 


sufficiently small when e 
or e"L,(e) is appreciably 
3.10), one 
sfied 


onsider this condition 


from zero. Because of does not 


this requirement to be sat unless & is 
sufficiently large. We shall 
on W,(q) any further. 

With the 
paragraph, in 


(3.13« (3.14 and (3 we ob 


not < 


in the last 


3.13b), 


aid of the treatment of 


with 


conjunction 


déo 2 N—-1 


ic. 


5 i i 


* A parallel hypothesis 
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2 « N-1 
(—1)"M> > Dd Br Ea "ki. nro 
[Yin—Won], m 
¥i0=¥i(qo), 
Vi n=L(—1)"/n! ]{ poF (go) exp — 2Wo(qo) }} 
x< (a” dy") {p(e,k)y'F (q) 
Xexpl —2W'o(q) Wi(q)} |yr,, 2 =1,2,- 


where y= (k’/k)?; and where we carry out the indicated 
differentiations regarding k/k, k’/k’, and y as inde 
pendent variables.” 

From numerical calculations for typical exchange 
coupled lattices, including the case of polycrystalline 
MnF, discussed in this section, one expects for such 
typical situations that the series in (3.21) for déo/dQ 
and Fy) should converge well for Ey in the thermal 
and epithermal domains and for 7 sufficiently larger 
than 7, or, more precisely, than | © 
high-temperature Curie-Weiss 
2kp oF J 3! 

For H=Ho, using (3.13c), (3.13d), and (3.16), one 
can write the following terms in the series in (3.21) as 
explicit lattice sums, involving the appropriate e. 
change constants and the functions ¥;,, in (3.21): (a) 
for d&/dQ, those with O<r<3 if n=0, and thos 
with 1<n+r<4 if n>0;(b) for Eo 
1<n+r+m<4." Computations based on these re 
sults should permit one to analyze a wide range of 
paramagnetic 
compounds and thus to extend in a substantial way 


, where © is the 


constant, given by 


those with 


scattering data for exchange-coupled 


*® The terms of the series for d@/d2 and Fo in (3.21) 
involving the lowest positive power of 1/k in the limit go ~ 0 
can be shown to be nonnegative in this limit if 7 has properties 
1, B, and C, if pF is analytic in the sense mentioned previously, 
and if p satisfies certain requirements which are obeyed, in 
particular, for the case of 1/v-detectors. In virtue of (3.19a) 
this nonnegative property constitutes a check on the correctness 
of the series for Eo” in (3.21) for go + 0 

Tt is well known that, for (S,)s=O, the portion limy..déo/dQ 
f d&/dQ independent of k satisfies 


16 ' 
lim sim[ Se / u|=e (8) lim LB *x(s 


where x (8) is the zero-field susceptibility [Compare, for example 
with R. J. Elliot and W. Marshall, Revs. Modern Phys. 30, 75 
1958), Eq. (3.36) ]. Because of (I) and the fact that for exchange 
coupled lattices the power series in 8 for x(8) converges rapidly 
only if 7>>| © , we see that the series in 8 for limy.d@_/dQ in 

3.21) should only converge rapidly for go —+ 0 if 7 satisfies this 
inequality. The numerical calculations alluded to above indicate 
that the rapidity of convergence of the last mentioned series 
with respect to 8 is not strongly dependent on go, so that one 
expects that 7>>/|©) is also a necessary condition for its con- 
vergence for go>>O (Compare with the remarks on this condition 
in reference 6, p. 1229). Although no considerations of this type 
have been found in the case of the power series in (3.21) cor 
responding to the portion of d&_/dQ involving positive powers of 

1/k) and to /y'"’, they converge weli in 8 in these numerical 
examples for 7> ©, and for £y in the thermal and epithermal 
ranges. 

# The specia! explicit formulas for integrated cross sections 
and moments in reference 6 and for moments in the third part 
of reference 7, alluded to in the Introduction, can be readily ob 
tained by employing a suitable proper subset of the terms of (3.21 
listed in (a) and 
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our present restricted knowledge 
constants of these compounds. 

For the important case of polycrystalline scatterers 
and 1/vr-detectors, the following rather explicit formu- 
las, obtained by means of elementary differential 
identities, can be given for the functions y;, with n>0: 


of the coupling 


™1'[ (l—m)!m\}"'(X;, o/qo)™ 


d' m 


{Fg ) exp - 2W ol qo) l}, 


q 2)! 
t=1,2,---; 


for real x and y, 


, xsy 
min {x,y} | | for | } 
y x> y 


We shall give a rough and provisional treatment of 
the magnetovibrational scattering for T large enough. 
Because of the occurrence of the functions vio" (€,q) in 


whe re 


(3.5), an accurate treatment of this scattering would 
entail considerable difficulties. 

As a working hypothesis, we suppose that, for a 
given 1, y0"(e,q) is a much more slowly-varying 
function of ¢’ than is L,(e’) near e’=0. An examination 
of the detailed structure of yw"(e’,q) and of the mo- 
ments of L,(e’) with regard to « for H=H, provides 
an indication, if not a proof, that these functions of ¢ 
are negligible if ¢’ lies outside of the significant range 
of energy transfer of the scattered neutron spectrum 
corresponding, respectively, to the superposition of 
inelastic phonon processes of all orders and to the 
exchange-coupling the pertinent ions for 
T>T~,. Our assumption is therefore reasonable in this 
special case only if the significant range of energy 
transfer of the first of these spectra is much larger 
than that of the second, which is plausible for typical 
exchange-coupled lattices.” In virtue of our hypothesis 


between 


* From the work of G. Placzek and L. Van Hove, Phys. Rev. 
93, 1207 (1954) [see particularly pp. 1212-1213], one expects 
that the significant width of the energy spectrum of neutrons 
scattered incoherently by one-phonon processes in typical crystals 
is much larger than the width of the corresponding spectrum for 
the purely magnetic scattering of neutrons by typical exchange- 
coupled lattices in the paramagnetic region. Although it is 
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we can replace y.i0"(¢’,q), approximately, by yi” (€,q) 
in d’o;/dedQ in (3.5). For T sufficiently high, we com- 
bine this replacement with the rough approximation 
(S,-So))g<a6,0. It can then be seen that we obtain for 
single crystals and for polycrystals whose component 
elementary single crystals have cubic symmetry: 


h’ 
Th qx Y 


3 k 


d aj 2 
~ 


3.23 


dedQ 


0’ (€,q). 


Since yoo”(e€,q) is proportional to the total inelastic 
phonon scattering of purely nuclear origin from the 
magnetic 3) 
relation this scattering and 
vibrational scattering 


ions, (3.23) constitutes an approximate 


between the magneto- 
We now consider bri fly the case /#0. Supertu ially, 
it is tempting in this situation to define dé,(a)/dQ, 
E,™ (a), and e,“ (a) (r=0,1, m=1,2,---) 

of (3.6a), (3.6b), and (3.6¢ 
@o,/dedQ by d’a,(a)/dedQ2. Formulas analogous to 
(3.18) for the quantities déo/dQ and Eo’ (m=1,2---) 
be derived. Series for these quantities 
analogous to (3.21) can also be readily deduced, but, 
unfortunately, terms of these series become unbounded 
for fixed k and go— 0. This difficulty for go 
from the fact that, for fixed k and for go=0, e is a 
nonanalytic function Scant significant 
knowledge, not derivable from moment studies of the 
neutron intensity for / 


by means 


where one replaces 


can easily 


>0 arises 


of « new 
0, would appear to result from 
investigations of the purely magnetic scattering for 
(#0 of the type just mentioned. As far as the magneto- 
vibrational scattering is concerned, it is clear that an 
approximate relation for d?e,(a)/dedQ for arbitrary t, 
analogous to (3.23), 
(3.5) and (3.23 

We conclude this section by presenting results of 
numerical calculations for d&>/dQ and e»® in the case 
of MnFos, a substance for which, for values of T and 


can be obtained trivially from 


Fy which seem to be particularly convenient experi- 
T>| ©) (3.20) are 
relevant in (3.21) 
appear to converge quite well for the choice of exchange- 


mentally, the inequalities and 


readily the 


satisfied, and series 
coupling constants used in our calculations. Since 
different exchange-coupling schemes have been pro- 
posed for MnF,™ and since nothing certain is known 
on this matter, we have adopted the following simple 
model for the « oupling between the Mn*? ions any one 
of these ions is connected by exchange constants 
/<Qand6X/J with the ions of this type at the 8 nearest- 


? 


ne ighbor sites and the 2 nearest ions of this kind along 


the ¢ axis, respectively. The paramagnetic susceptibility 


wr which eq 
ast of comparable 


plausible that the rang ef is appreciably 
magnitude to that 
discussed by Placzek and Van Hove, 


» settle this point 


ciflerent i is 
for the incoherent scatt 
1 careful study is needed t 
* Compare, for exar 
S. Smart, Phys 
laketa, Prog 


om zer 


the exchange-coupling models proposed 
Rev. 86, 968 (1952) and by 1 
Theoret. Phys. 13, 1 1955 


Nakamura 
29 


ws 


AENZ 

data on MnFk, of Foner® can be fitted by 0= —80°K. 
This fact and the temperature transverse suscepti- 
bility data of Griffel and Stout,** analyzed by means of 
Ziman’s spin-wave results,’ are not compatible with 
6 much smaller than —1. In order to study the above 
magnetic scattering for two widely different cases, we 
chose 6= 0, 1, for whi kp oe) e ws 
2.29°K, respectively, using value of ©. 
From Erickson’s™ coherent s attering data for MnFk>», 
the corresponding F was fitted by exp[—ag*}, with 
a=0.145 A*. It decided hoose 7=300°K, 
600°K, and to select the initial neutron wavelengths 
\— 0, A=1A,2A, 
limg. keeping go 


low 


one obtains J 


the above 


was to ¢ 
where A 
fixed. vibrations are 
unimportant as far as the purely magnetic scattering 
by MnF, is concerned, we put Wo=0. For Wo=0, it 
there are no restrictions of crystal 


»0 corresponds to taking 


Since lattice 


can be seen that 


symmetry on the applicability of (3.21) to polycrystals, 


so that they apply, in particular, to polycrystalline 
MnF>», described according to our model 
Curves for 


respectively, are given for this last polycrystalline 
way, for the case of 


substance, described in the above 


1/v-detectors, where 


im lim lim ¢ 


om 8D kao 


(3.24) 


1.€., €0,.° corresponds to incoherent 


scattering at 
sufficiently high Ey and 7. These curves were obtained 
with the aid of the IBM-704 at NBS, employing 
(3.6c), (3.22), and our explicit calculation of the terms 
of (3.21) listed in (a) and (b), closely following (3.21). 
From (3.24), one obtains for our model of MnF2 as a 
trivial by-product of these explicit results 


, 


56003 


5S. Foner, |. phys 


J. radium 20, 336 (1959 
36M. Griffel and 


J. W. Stout, J. Chem. Phys. 18, 1455 
7 J. M. Ziman, Proc. Phys. Soc. (London) A65, 548 
Eq. (16), and reference 10, Eq. (20 
We shall make some nonrigorous remarks on the expected 
accuracy of our final results for d@»/dQ and e@), on which we 
have based the curves in Figs. 1 and 2, with respect to the cor 
responding exact values. Our results for d&/dQ2 for \ +0 and 
\= 1A, 2A, and of eo” for \ — 0 are expected to exhibit deviations 
of at most a few percent these exact values. Roughly, this is 
also believed to be the accuracy of w é¢o” forX=1A, 2A 
and go large enough, say, crudely, ¢ Reasonable though 
larger deviations are expected for our for \=1A, 
2A and goS0.5. The deviations of our values for the changes in 
eo?) # between T =300°K and T =600°K from 
exact ones are believed to be about the same as those of the results 
in the last sentence. A rough criterion for the trustworthiness of 
approximate calculations of the type carried out here for eo 
the case 10 is that | ¢9 —lims.. eo | /eo,.'<<1, an inequality 
suggested by the structure of (3.21) and by the shape of the 
appropriate curves in Fig. 2. The maximum value of the ratio 
on the left-hand side of this inequality is roughly } in our 


work 


1950 
(1952), 


trom 


ur Vaiues ik 


-U.5 
results on é@ 


the « orresponding 


in 


numerica! 
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Some common qualitative features of our numerical! 
work are of interest. For given go, 6, and T, déo/dQ2 and 
eo” are monotonically increasing functions of A for 
small enough go. This inelastic behavior is most pro 
nounced in the neighborhood of go=0 and is noticeable 
for goS1. It is due mainly to the pertinent terms of 
O(k~*) in (3.21). For given go and 7, and for \=2A, 
substantial differences exist between the 
6=0 and 6= —1 


results for 


Some more specitic features of our numerical calcu 
lations may be mentioned. The curves in Fig. 1 exhibit 
the so-called antiferromagnetic peaks of dé /dQ for 
T=300°K. The maxima of all these peaks occur at 
about the same go as found by Erickson" in the case of 
polycrystalline MnF, for A=1.21A and T=295°K, 
that they are quite insensitive with 
respect to our choices of 6 and A, although this in 
sensitivity does not always hold with respect to the 
shape of these peaks. For fixed go and A, the variation 
t Feo /eo,0% |}! between T=300°K and T=600°K, 
shown in Fig. 2, is much larger for 6=—1 than for 
5=0. The oscillatory behavior of the curves for this 
variation is caused by interference effects due to short 
range magnetic order. In his experiments on the 
scattering of neutrons by polycrystalline MnF, and 
MnO for T>T,, Bendt'® analyzed his data, which we 
shall not describe here for the sake of brevity, by 
assuming a Gaussian shape for the energy spectrum 
of the scattered neutrons. This analysis involved the 
use of data corresponding to values of \ somewhat 
larger than those employed in our numerical work. In 
the case of MnF», his values for the rms neutron energy 
transfer for T=300°K, 610°K and go 20.7 are in rough 
agreement with those of [eo }! obtained from Fig. 2 
and (3.25), for essentially the same temperatures used 
by him and for 6=0, —1, and they also agree, in the 
same sense, with parallel results deducible from the 
work in references 5 and 6. Bendt arrived at a value 
for the variation of this rms energy transfer with 7 
between 300°K and 610°K much larger but of th 
same sign than the corresponding variations derived 
for [eo }* from Fig. 2 and (3.25) for 6=0, —1, and 
found no interference effects of the type mentioned in 
this paragraph. Aside from possible experimental 
errors, which are difficult to evaluate, and the contribu- 
tion of magnetovibrational scattering to these experi- 
ments, which is probably unimportant, this disagree- 
ment is hardly surprising from a theoretical point of 
view, principally because the relevant series in (3.21) do 


thus showing 


ot i.e 


not converge well for reasonable values of J and 4 in the 
range of \ employed by Bendt, but also because of the 
arbitrariness of the parameters used in our calculations, 
whose purpose is to provide a broad illustration of the 
theory of the purely magnetic scattering of neutrons 
in this section. 

” Where inelastic effects are particularly small, only the curves 
corresponding to \ — 0 are shown in Fig. 1 and Fig. 2. 
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Fic. 1. Relative integrated differential cross sections 
d6,/d&)/41x for neutrons incident on MnF3, according to the 
coupling model in the text with @= —80°K and for all combina- 
tions of the following values of 4, T, and \: 6=0, —1; T=300°K, 
600°K.: \} -+ 0, and }=1A, 2A. Curves (a) and (b) refer to 6=0 
and 6= —1, respectively. 
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Ratio of the relative energy transfers 

~ }' for the coupling model of MnF; in the text witk 

80°K and for all combinations of the following values of 4, 

, and A: é=0, 1; 7=300°K, 000°K; \— 0, and A=1A, 2A 
Curves (a) and (b) refer to 5=0 and 6= —1, respectively 


rms neutron 


We conclude this section by remarking, in the spirit 
of a statement in the would be of 
to obtain accurate experimental data for 


dé »/dQ and for the first few moments ey” 


Introduction, that it 
interest 
in the case 
of MnF, and of other exe hange-coupled lattices of the 
class of interest here having exchange interactions of 


relatively simple types, for values of Ey and T within 
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the domain of 


app 


work in this section 


IV. MAGNETIC SCATTERING OF NEUTRONS 
IN THE SPIN-WAVE REGION 
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follows": 
H=H,t+dH;; 
V—1 


Hi, -g3n > (H+H,4¢,)S;,; 


0 


moment of a 
Bohr magneton 


magnetic 
magnetic ion in units of the electronic 
8n; and H and Hy, are the respective magnitudes 
of an external magnetic field and of a hypothetical 
anisotropy field, whose directions are collinear with that 
of the z axis. If the matrices in the above quadratic 
forms of Ho are positive semidefinite and if H,4—H>0, 
if all of the o, are positive, or H4—H>0, if some of the 
g, are negative, then the previously stated double re- 
quirement is satisfied by H= Hot+H,. 

To within the approximations of the above spin-wave 
theories, H is invariant with respect to rigid rotations 
of all the spins about the z axis, in virtue of (3.1), (4.1), 
and (4.2). Combining this result with (2.6), where H 
is approximated in the sense of these theories, and with 
(4.1) and properties of the a,*+ and a;, we obtain for 
T<T,, neglecting thermal averages of products of the 
a;* and a, of degree greater than two: 


where gS is the electron 


(LeXS,(0) ]-LexS;(0) }))s 
[1— (e-p)? }((Si)a-(S,)g) +4[1+4+ (e- p)? 


X(S) + (O)S; -O+S;..-(O)S, *(1))9 
([exa]-LexS$,(0) })(Lex2’]-LexS§,(t) }) 


+ (Lex 2"]-fexS,(0)])(fexa]-TexS,(¢ 
2(Lex2]-[ex wp ])(Lex2’]-Lex w}) 
K ((Si)s-(S)s)+4{(Lexa]- Lexa’ }) 
(fex2]|-Lexw))(Lex2’]-Lexp})} 
xis O)S; - (+S; -(O)S 
(e-[S$,(0)KS,( 
~ (1/21) (e- pi Si 17 (OVS; -@) 
—§; 1 (0)S; +1 


In order to proceed, it is essential to separate the 
elastic from the inelastic magnetic scattering contribu- 
tions to G,;. Using (2.9a) and (4.3), one obtains an 
expression for G;; homogeneous and of the first degree in 
((S,)3- (S;)s) and in (S, 1* (O)S;.1- (OS; 1- (0)S;.1* (1). 
We denote the parts of G,; containing only ((S,)g- (S;)s) 
and solely (Sit (OOS; OS; 1 (0)S; 17 (0)) 3 by G 


and G,;,1, respectively, so that 


, 


G;,(€ ,q;a > Gj € Qs @ 4.4 


me) 1 


where m=0(1) corresponds to scattering processes in 
which exactly 0(1) magnons are emitted or absorbed. 
Employing (2.9a) and (4.3) in conjunction with these 

“In principle, it would be straightforward to extend the 


results of this section to anisotropic interactions of a more realistic 
variety than those in (4.2). 


RING 
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definitions of G,; 9 and G,,; ;, and the notation 

(e. p)? }+2a/ 

x ((Lexa]-Lexp})(Lexa’]-Lexp]) 
4(2-2')[ 1—(e-p)* }}; 


dole; a)=([1- 


[1+ (e-p)? }+2af{(Lexa]-[ex2’]) (4.5) 
(lex2]-LexXwp])(Lex2’]-Lex p]) 
$(4-2°(1+ (e-w)*)); 

xol(@;a fexX{fatar’) l); 


¥ile;a 


eXu 
ad’}); 

we obtain 

(S)s)do(e; a)b(e’); 


i dife; aM. (e)+yrl(e;a)Ni(€) |; 


£ 


/ 


dt exp|te’l 


(4.6) 
(+S), (OS; (1) 9; 


Sir (O)S;, 17 (0) 4. 


We now carry out a formal separation of the magnetic 
scattering cross se tions of interest into a set of partial 
cross sections involving simultaneous phonon and 
magnon processes as follows: 


LO +m a) do, m\ a 


T Om 


do, r\@) 


O1; 


’ 


(4.7) 


mr 


dedQ dedQ dedQ 


where d°a, -m(a)/dedQ is obtained from de, ,(a)/dedQ 
in (2.9a) by making the substitution 


> Gis = (4.8) 


therein. Our motivation for introducing dmo in (4.7) is 
the fact that d’o,, -/dedQ2 in (2.9b) involves no inelastic 
magnetic That for the substitution rule 
(4.8) is clear from the definition of G;;,_ above. 

From Eqs. (2.5), (2.9a), (2.9b), (4.4), (4.7), and 
(4.8), it can be verified that 


transitions. 


dala 0 rm(a) 


(4.9) 


dedQ ded® 


In virtue of the physical significance of the indices 
r and m in (4.7) and (4.9), the pairs (r,m) of indices in 
these equations refer to scattering processes involving 
solely lattice transitions in which m=0,1 magnons 
and either 0 phonons, in the case r=0, or any nonzero 
number of phonons, in the case r=1, are emitted or 
absorbed. In terms of our earlier terminology, one sees 
that, to within the spin-wave approximation used 
here, the only processes contributing to the purely 
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and to the magnetovibrational scattering 
0,1), 


magnetic 
are those corresponding to (O,m) and (1,m) (m 
respectively. 

the the 
scattering are well understood,’ we shall not deal with 
this topic, 


Since main features of elastic magnetic 
except incidentally, in the discussions to 
follow, devoted to the inelastic magnetic scattering. 
Concerning the latter, we shall only treat the cases 
when (r,m) is equal to (0,1) and (1,0). In a number of 
experiments of current interest, carried out for T<T,, 
these two cases can be expected to yield the largest 
contribution to the inelastic magnetic scattering. 
We shall first study the case (0,1). 


The functions 


1 N-1 


m( eq Dd exp[ 


1A 
> 
} 


expLiq 
V ‘ 
in this investigation 


(4.8), and (4.10), 


will play a central role 
From (2.9a), (4.6), (4.7) 


d*a;(a) ; 
iP F(q) expL—2Wo(q) ](k’/k 
dedQ 


X {o1(e; a) IM (e,q) +(e; a)N(eq)}. (4.11) 


imply, in virtue of (4.5), that the 


section obtained by summing over 


Equations (4.13 
corresponding cross 
a=+1 is given by 


day, 
‘I I q exp 


dedQ 


€.q)} 4.12 


For complete orbital quenching of the magnetic ions 
and for T<T., 
for the vene ral class of ex¢ hange-« oupled 
lattices alluded to earlier in this section,” by a straight- 
forward extension of previous arguments, that (4.11) 
and, consequently, (4.12) hold in this general case, 
with IM(e,q Ji(eq) replaced by appropriate 
functions of « and q which are independent of wp, 2, and 


one concludes from the spin-wave 
theory 


and 


f. Earlier theoretical studies*- for special exchange 
coupled lattices of the above class have established for 
the case f=0 the fact that d°¢o,/dedQ2 depends on yp in 
the manner prescribed by (4.12). Brockhouse’s experi- 
mental results in his second paper'* on the spin-wave 
scattering of neutrons with f=0 by the (1,1,1) planes 
of Fes, are in agreement with this wp dependence. It 
would be desirable to extend this interesting experi- 
mental work, in the sense of testing thoroughly the 
dependence of the scattering of type (0,1) on pw, 2, and 


SAENZ 


f predicted by (4.11) and (4.12), modified as stated in 
this paragraph, for exchange-coupled lattices conform- 
ing closely to the conditions of applicability of the 
spin-wave analysis” used in deriving this dependence.” 
It should be kept in mind in an experimental investiga- 
tion of this kind that the terms of d’a9;/dedQ involving 
f can vanish identically for certain exchange-coupled 
lattices, for example, for the class of antiferromagnets 
in this section, as can be seen from (4.14b). There are 
theoretical reasons” for believing that such vanishing 
does not occur for Fe;O,. 

and (eq) for 
ferromagnets and antiferromagnets restricted by the 
conditions in Sec. II. Moreover, shall only deal 


with antiferromagnets which, outside of 


We proceed to evaluate IN(¢,q 


we 
having one 
magnetic ion per primitive chemical unit cell, have 
two such ions per primitive magnetic unit cell, employ- 
ing the word antiferromagnet only in this sense from 
now on. For this last class of substances, there exists a 


vector w with real components, such that‘ 


exp| iW X -X 4.13 
and j. For simplicity, we 
when the anisotropy 
restriction should be clearly 


where w is independent of 


restrict ourselves to the case 


energy is negligible. This 


/ 


understood in regard to the following considerations 
referring to processes of type (0,1 

singularities in the limit H,—0, 
M(eq) and Neq) by 
(4.13), and familiar spin-wave 
+H>0 for ferromagnets and H 
magnets. After replacing the summations in reciprocal 
lattice space by integrals, we take the respective limits 


H.+H — 0+ and H,—H— 0-4 


these two types of substances. We find for ferromagnets: 


sx f a (Lin, 


In order to avoid 
we first calculate 
2.6), (4.6), (4.10), 
methods,” with H4 
~H>O for antiferro- 


means ol 


in the final results for 


J (€,q) +1 


Ne 


where the integral over x ranges over the fundamental 
zone of the reciprocal lattice of the lattice of magnetic 
ions; and 2 is an arbitrary vector of this reciprocal 


@ The representation (4.13) is used, for example, in references 
9 and 10. More general representations of antiferromagnetic 
ordering have been derived by H. A. Gersch and W. C. Koehler, 


J. Phys. Chem. Solids 5, 180 (1958 
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lattice. For antiferromagnets, we obtain: 


Meqgv=S> f dx {((n,)+1 ]6(e+«,) 


+(n)d(e— ee) {fe — ge P8(Q— x— 22 
+Lfet+g. P5(q—x—w—2)} ; 
N(e,q)=0; 
[A2—B,}}, 
IST: Jale.—}(1-+6,) cos(e-Xic 


—S§ _ Jo(1—¢;) cos(x-X, 0), 


2-1CA./e+1}), 
2-1CA,/e.—1} exp[iy, J, 
y.=arg{B,}, 


provided that A,>|B,|, a condition equivalent to the 
positive semidefiniteness of the matrices of the above 
quadratic forms in p; and gq; pertaining to Ho; where 
the integral over x extends over a fundamental zone 
of a sublattice with o;= +1; 2x¢ is an arbitrary vector 
of the reciprocal lattice of the entire lattice of magnetic 
ions; and (m,) is defined by (4.14a), with «, given by 
(4.14b). 
From 
magnets: 


(4.11) and (4.14a), one obtains for ferro 


@a9;(a) . - ; - 
——= 41 F(q) expl—2Wo(q) }(k’/k) & [oile;a 
dedQ anid 
—mi(e;a) |U(—ne)M(eq); (4.15a 
where U (¢) =1(0) for ¢>0(<0); and where it is clear 
that »=1(—1) corresponds to one-magnon emission 
(absorpt ion) processes. 
Using (4.11) and (4.14b), one finds for antiferro 
magnets: 


d*a0;(a) 

——=4IF(q) expL—2Wo(q) } 

dedQ 

x (R’ Roi (e; a) (€,q . 4.15b 

It can be seen from Eqs. (4.14a) to (4.15b) that the 
scattering of type (0,1) is most intense in the vicinity 
of the Bragg reflections specified by qo=2x¢ for 
ferromagnets, and qgo=2r¢ and qo=2xr2+-w for anti 
ferromagnets, provided the average magnitude of the 
energy changes of the scattered neutrons is smal! 
compared withE,.® 


“ These conclusions are identical, as expected, with the cor 
responding ones for this type of scattering in the case f=0 in 
reference 9, Secs. 2.2 and 3.4 


O| EUTRONS 


It can be concluded, for example from (4.5), (4.15a), 
and (4.15b), that the inelastic magnetic cross sections 
of type (0,1) corresponding to a summation over 


a= +1 are given by 


dao, : 

-4TF(q) expl—2Wo(q) ](k’/k) 
dedQ 

x > [1+ (e-p)+2nf(e-d) 
« (e-p) |U(—ne) (eq); (4.16a) 
d’a0 
AF (q) expl — 2Wo(q) |(k'/k) 

dedQ 


«(1+ (e-p)* (eq); (4.16b) 
for ferromagnets and antiferromagnets, respectively. 

From (4.16a), one finds for ferromagnets that the 
relative contribution of magnon emission and absorp- 
tion processes to d°¢o,/dedQ in the case of strongly polar- 
ized neutrons can be altered markedly by varying the 
relative orientations of 4, w, and e. This constitutes the 
spin-wave effect alluded to in the Introduction. In sharp 
contrast to this situation, Eq. (4.16b) implies that 
¢,/dedQ is independent of f for antiferromagnets. 

The above spin-wave phenomenon for ferromagnets 
can be exhibited experimentally very clearly in terms 
of the total cross section o,", obtained by integrating 
d°ao,;/dedQ over the energies and the angular distribu- 
tion of the neutrons scattered by processes of type 
(0,1) for a given k and «. In our calculation of oo’ we 
shall limit our attention to the case when the crystal 
is set sufficiently near to a Bragg position. Moreover, 
we shall deai solely with crystals of cubic symmetry 
and with the situation when only magnons of sufficiently 
long wavelengths are of importance in processes of 
type (0,1), so that we can replace e, in (4.14a) by 


he’ 


t, a“ 
2m 


(4.14a’) 


where a is independent of x. Noting that one can 
replace Wo(q) by Wo(qo) in the vicinity of a Bragg 
reflection, and e by @o in the neighborhood of such a 
reflection with «#0, we find in this last case by employ- 
ing (4.16a), where we make these replacements, in 
conjunction with (4.144), (4.14a)’, and elementary 
calculations" 

5 

bus 


71" (9) ° 


(x/2 STF (q 
x [ (h?/2m)aBkk;, | 


+-2nfl(eo-d 


- 2W o(qo)] 

(1+ (eo-p)’ 

(eo-w) | in (exp[Be,(») J—1) 
x (exp[Be_(n) ]—1)"}, 


nk’ 
t- Jsu 
ak;? 


exp/ 
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and oo" , otherwise 


ak; 


a+n) 


k+2re 


where n=+1 has 
in (4.15a) 
tions a>1 and k 


the same physical meaning as 
In the derivation of (4.17), the two condi 
k;?- Since 


a>>1 for typical cases of experimental interest, the 


a were assumed to hold 
second condition is -well satisfied in the 
Bragg reflection 

Define an angle of misset 


vicinity of a 


dé 6—B6n, \ } 18 


where @ is the glancing angle between k and the 
reflec ting cry stal planes spec ified by <, and where 6, 
is the corresponding Bragg angle. If «0, if the first 
condition in the preceding paragraph holds, if |d@) is 
small enough so that the second condition therein is 
satisfied and the above replacements in (4.17) are 
good approximations, and if 2a sin2@,>>1, which holds 
under typical experimental circumstances, one obtains 
(4.17) 
neutrons with arbitrary f incident on ferromagnets: 

Let |dé\ > (2a) 
for ferromagnets is given by a factor independent of w, 2, 
and f the factor | 1+ (eo-p)?+2f(eo-%)(eo-w) |, 
where + ( ) corres ponds fo dd>0( <0). 

The for a) (eo u) 1 
appears to be particularly convenient experimentally, 
not only because of 


from and (4.18) the following simple rule for 


cosec20,.% Then the cross section a 
limes 
which fle 


spec ial Cast 


the obvious fact that the absolute 
value of the polarization-dependent 
factor in this rule 


portion of the 
is maximized, but also because the 
0.1 
either exactly (r=0) or to 


scattering of type (r,0)(r vanishes theoretically, 


a good approximation 
(r=1), under the conditions of applicability of our 
rule given above. This last theoretical prediction follows 
from a result in the last paragraph of this section. It 
would be interesting to carry out such an experiment 
for iron, especially because of the controversial question 
of the applicability of the exchange Hamiltonian (2.1b) 


in this case.” A single crystal should be employed and, 


in the spirit of a previous suggestion in a similar 


connection, it is desirable that this crystal should 


only contain iron isotopes whose coherent nuclear 


“ As follows from (4.17) and (4.18), or from reference 9, p. 56, 
the restriction !d@\ > (2a) cosec2@, excludes a mixture of 
magnon emission and absorption processes. This mixture would 
spoil the simplicity of the above rule. The presence of relatively 
weak dipole-dipole interactions among the magnetic ions makes 
the rule in question invalid for small enough |d@ . See reference 
9, pp. 51-53, for details on the effect of dipole-dipole interactions 
on the purely magnet neutrons with f=0 by 
ferromagnets at 7<7 

See, for example, reference 20, Sec. 11 

Reference 17, p. 318 


scattering of 


SAENZ 


scattering lengtl re small in comparison witl 


corresponding maj scattering lengths, so 
minimize coherent nu 

We shall 
0.1 


formulas, 


lear phonon scattering. 


now treat the magnetic scattering of type 


(r,O)(r Merely for the sake of obtaining simpler 


we shall 


only deal with ferromagnets which 
do not have any nonmagnetic ions (y=1 


and with 
antiferromagnets. No partic ular difficulties will be found 
in treating more complicated cases 
Employing 


(4.8 


(2.9a), , : , 67 


in conjunction \ 


and 


fe rromagnets 
Lantilerromagnets 


which follow from 3.8 4.13 ind st indard spin-wave 


results.” we obtair 


Paula 


dedQ 


Fa 
d-dio\a 


dedQ 
€.q 


for ferromagnets and 
where to is the volu 
and 


4.21) 


If the average magnitud the energy changes of 
(1,0) is 
small compared with Fy, it can be shown from Eqs. 
(4.20a) and (4.20b) that this s 


in the vicinity of the 


the scattered neutrons in processes of type 


ittering is most intense 


Bra reflections specified by 
qQ )=2x< for ferromagnets and 2r<z+W 


for anti 
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ferromagnets.’ For crystal settings which fulfill suf 
ficiently closely one of these two Bragg conditions 
with go#0, we may replace @o(e; a) and xo(e; a) by 
do(€o; a) and xo(€o; a), respectively. Carrying out 
this replacement in (4.20a) and (4.20b) for r=1, 
and using (4.5), it is seen that, for such settings and 
under the condition (eo w) 
to a good approximation, while one easily verifies 
by a parallel argument the weil-known fact that 
@aoo(a)/dedQ vanishes exactly under this condition. 
Under the circumstances, 
regarding the vanishing of the scattering of type (r,0 
can be shown to hold for the general class of magnetic 


: 1, Poy \a@) dedQ vanishe s 


same these conclusions 


lattices alluded to earlier in this section.” Exception 
made of the presence of w in (4.20b), one readily sees 
that the @anola)/dedQ in (4.20a) and 
(4.20b) independent of 2, w, and f are proportional to 
the differential cross sections per unit-energy range 


portions of 


for the coherent, purely nuclear, scattering of neutrons 
corresponding to zero-phonon processes and to inelasti 
phonon processes of all orders, respec tively, in the 
cases r=0 and r= 1. 
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APPENDIX. PROOF OF EQS. (3.13c) AND (3.13d 


We begin by proving (3.13c) under suitable restri¢ 
tions on H. 


According to (3.14), (3.13c) is equivalent to 


trace{ ((Si,H Jer41-So)} =9, 


/=0,1,2,---. 


These results agree in essence, as expected, with the cor 
responding ones for this type of scattering in the case f=0 in 
reference 9, Sec. 4 


RING OF 


Now, 


trace{ ({ S,,H So)} = trace{ ((So,H ],°S,)}, 
(A?) 


n=0,1,2. 


in particular, if HW has properties A and B. This last re- 
sult also holds for crystals sufficiently large in all direc- 
tions without the introduction of periodic boundary 
conditions, for a wide class of Hamiltonians H, which 
includes H=Hpy as a special case, in virtue of the 
assumed short range of the corresponding magnetic 
interactions. This definition we 
shall omit, is characterized, roughly speaking, by the 


class, whose exact 

fact that the H therein involve couplings of a short 

enough range invariant under rigid crystal- 

lographic displacements and inversions of all the §, for 

the case of lattices of infinite extent in all directions 
On the other hand, for any H/, 


trace{ ((S,,H So)} = (—1)" trace{ ({So,7], S,)}, 
(A3) 


and are 


n=(,1,2, 


Equations (A1) follow from (A2) 
and (A3) 

If H has properties A and B, Eqs. (3.13c) can also be 
2.6), (3.2a), and (3.2b), which 


So(/)))g.0 is then even in ¢, and of 


immediately 


obtained with the aid of 
imply that ((S,(0 
(3.12) and (3.14). 
We now prove (3.13d). 
From (3.13c) and (3.14), we find: 
trace{ ((S.,H7 Jors1-So)H}/(2S+1)* x; 
, o= trace{ ((S,,H Jo.-So)} /(2S+1)*x; 
r.s=0,1,2, 
From (A4), (3.13d) is equivalent to 
trace{ ({S,,H 142° So } 
—2 trac ef (CS. Jers: So)H}, 
l=0,1,2,-- 
To prove ( A5 


trace{ ({S,,H 


, we note that, for any H, 
142°So)) 

~trace{ (| S,H Jers 1" SH} 

trace{ ((So,H Jeu1-S)H}, (A6) 
1=0,1,2, 

If H has properties A and B or belongs to the class of 
operators alluded to earlier in this Appendix, one ¢ sn 
show that the two terms on the right-hand side of (4 )) 
are equal and therefore that (A5) holds. 
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The Hall effect for electrons released by light in high-purity crystals of 


AgBr has 


mentally in the temperature range 4° to 120°K. The observed mobilities exceed 20 000 cr 


low temperatures 


be understood by comparison with standard theory. A nearly exponential dependence of mobility 
is observed from 40° to 120°K, as predicted for scattering by optical vibrations of the lattice 


Ihe general features of the dependence of low-field Hall mobilility on ter 


perature Car 
on 1/7 
I he slope of 


the (log uw) versus 1/7 data agrees quite well with the Debye © for the longitudinal optical mode as deduced 


from reststrahlen data. Below 40°K the observed mobilities can be explained in terms of a combir 
effects of optical, acoustical and charged impurity scattering. The last process appears to d 


15°K 


ition of the 


yminate 


High-field effects are observed which can be explained by classical transport theory assur 


conduction band of standard from as well as isotropic scattering 


I. INTRODUCTION 


LTHOUGH the silver halides AgBr and AgC] are 

less polar than alkali halide crystals, they have 

far more ionic character than most compound semi- 
This may 

Szigeti factor s=e*/e, 


conductors. be seen by computing the 
which is used to 
binding.' 
From available data one obtains values of s equal to 
0.78 and 0.73 for AgCl and AgBr, respectively. In the 
case of the more ionic alkali halides s~0.8, whereas in 
! 


less polar crystals, such as ZnS, s is as low as 0.48. 
Our interest in ionic crystals centers on the electronic 


sometimes 


indicate the relative importance of ionic 


properties and, in particular, upon the electron-lattice 
interaction. The mobility of a conduction electron in 
the silver halides at room temperature is low (of the 
order of 40 cm*/volt sec),? largely because electrons in 
ionic crystals are very strongly scattered by optical 
modes of lattice vibration. In addition to this scattering, 
a slowly moving electron is surrounded by a cloud of 
phonons which can move with the electron and which 
results in a slightly lower energy for the electron and a 
greater effective mass.* A measure of the number of 
optical phonons carried along by a slow electron is 
obtained by computing the coupling constant‘ a, given 
in terms of the longitudinal optical mode frequency of 


the lattice w,, and the static and high frequency 


dielectric constants. For the silver halides, @ is of the 


order of 2 to 3, which indicates a moderate polaron 


* Research supported in part by U. S. Air Force Office of 
Scientific Research. Based on thesis submitted by one of the 
authors (D.C.B.) in partial fulfillment of requirements for Ph.D. 
degree, University of Illinois, Urbana, Illinois 

+t Present address: Research Laboratories, 
Company, Rochester, New York. 

t Present address: University of Rochester, Rochester, N. Y. 

See, e.g., M. Born and K 
Crystal Lattices (Oxford University Press, New York, 1954), p. 112. 

2 J. R. Haynes and W. L. Shockley, Phys. Rev. 82, 935 (1951). 

’ The electron plus its associated lattice polarization is called 
a “polaron.” 

*H. Fréhlich, Advances in Physics 

Taylor and Francis, Ltd., London 
Vol. 5, p. 412 (1956) 


Kodak 


Fastman 


edited by N. I 
1954), Vol. 3, p 


Mott 


325; 


Huang, Dynamical Theory of 


effect amenable to treatment, at 
ture, by present mobility theory 

The Hal! mobility of photoelectrons in AgCl* and in 
KCI® increases to high values 
AgCl at 6°K) as the 
present paper 
photoconductivity 


least at low tempera- 


6000 cm?/volt sec for 
The 
and 
has 


lowered. 
Hall 
AgBr. It 
turned out to be particularly interesting to compare 
the results for AgCl and AgBr. The two crystals are 
very similar in most respects, ex 


temperature is 
describes low temperature 


measurements on 


ept that the bromide 
has a somewhat lower optical 
smaller band gap. As will be shown, electron mobilities 
in AgBr rise to values in excess of 20 000 cm?/volt sec 
at 6°K, making it possible to study magnetoresistance 
and other effects of high magnetic fields. 


mode frequency and a 


The experimental methods are briefly described in 
Sec. II. Results given in Sec. IIIA show that although 
holes are mobile in AgBr, transient photocurrents at 
low temperature arise primarily because of the drift of 
electrons. The results of low field Hall measurements are 
presented in IIIB, whereas high field effects are given in 
Sec. IIIC. The temperature dependence of the Hall 
mobility is analyzed according to various scattering 
IVA, which deals with low field 
effects only. A comparison of the results with polaron 
theory is given in IVB 


mechanisms in Se 


observed high 


IVC. 


I inally, the 


field effects are considered theoretically in Sec. 


Il. EXPERIMENTAL METHODS 


Special attention was given to preparation of the 
crystals for these experiments on AgBr. The starting 
material was made by precipitation in dilute solutions 
of very high grade AgNO,” and redistilled high purity 
HBr. After vacuum 


freeze drying and 


capillary 


5’ T. D. Lee, F. Low, and D. Pines, Phys. Rev. 90, 297 (1953 

* F. Low and D. Pines, Phys. Rev. 98, 414 (1955 

7 T. D. Schultz, Phys. Rev. 116, 526 (1959 

5’ K. Kobayashi and F. C. Brown, Phys. Rev. 113, 507 (1959) 

°F. C. Brown and N. Inchauspé, International Conference on 
Color Centers, Oregon State College, September, 1959 (un- 
published). 

1° Special Product, X-491, silver 
Eastman Organic Chemicals, Rochester 


obtainable from 


York 


nitrate 
New 
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ELECTRON MOBILITY AND 
filtering," "? the material was multiply zone refined in 
high vacuum.'* Some crystals were cut directly from the 
zone refined ingot, while others were regrown by the 
sridgman technique, using quartz crucibles and high 
vacuum. Spectrographic analysis'*’*® of some of the 
samples indicated that only a few parts in 10’ heavy 
metal impurities, chiefly iron, were present. 

The spectral dependence of the photoconductivity in 
crystals of AgBr thus prepared was studied in a manner 
previously described for AgCl.’* In measurements of 
this type, the crystal is cooled to low temperature in 
order to freeze out the motion of ionic defects. A collect- 
ing voltage is applied between plane-parallel electrodes, 
and the crystal is illuminated with a pulse of light. The 
charge induced on the electrodes is measured by a 
sensitive electrometer and can be expressed in terms of 
the number of photons abserbed during the light flash, 
the quantum efficiency, and the range (Schubweg) of 
each carrier before it is trapped or collected at the 
electrodes. By using a very small total amount of 
illumination, it is possible to carry out the measurements 
in the absence of appreciable space charge or polariza- 
tion, even though the electrodes are blocking. Reversal 
of the collecting voltage allows one to separate the 
drift or electrons from the drift of holes (under condi- 
tions of strongly absorbed light). It is particularly 
important to determine the relative range of holes and 
electrons in order to interpret the photoconductive 
Hall experiments. 

The Hall mobility for carriers released by light was 
observed down to 4°K, using the method and apparatus 
of reference 8. Here a modification of the Redfield 
technique’? was employed, which overcomes many of 





| v 
Loepb hel 


av = 


Fic. 1. Schematic diagram of the electrode arrangement for the 
Hall measurements. In practice the battery V is replaced by a 
low repetition rate pulse generator so that a negligible amount 
of power is dissipated in the resistance film at low temperaturs 
rhe crystal is illuminated through the film with synchronized 
pulses of light from a spark light source. The detector Q is a low 
noise pre-amplifier and oscilloscope (see reference 8 


J. M. Hedges and J. W. Mitchell, Phil. Mag. 44, 357 

= F.C. Brown, J. Phys. Chem. Solids 4, 206 (1958 

8 Details and results of the zone refining, carried out in coopera 
tion with the group at Eastman Kodak Laboratories, will b« 
presented elsewhere 

4 N. R. Nail, F. Moser, P. E 
Sci. Instr. 28, 275 (1957). 

‘6 We are indebted to Dr. F. Urbach, Research Laboratories, 
Easterman Kodak Company, for conveying the results of the 
spectrographic analysis. 

‘®R. S. Van Heyningen and F. C. Brown, Phys. Rev. 111, 462 
(1958) 

74. G. Redfield, Phys. Rev. 94, 526 (1954); 94, 537 


1953 


Goddard, and F. Urbach, Rev 


1954) 
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PROCESSES IN AgBr 1561 
the difficulties associated with the buildup of space 
charge and the low signal-to-noise characteristic of 
measurements on very high impedance samples. A 
brief description of the method will be given in order to 
present the observations. 

Figure 1 shows a crystal which is situated between 
plane parallel electrodes, one of which is a transparent 
resistance film, through which the crystal can be 
illuminated. The crystal is divided into two parts. 
The upper part (spacer) is either not illuminated or not 
photoconducting.'* A current flows along the length 
of the resistance film and establishes an electric field, 
E,, in the thin photoconducting part of the dielectric, 
predominantly in the x direction. This part of the 
dielectric is illuminated by a brief flash of light which 
releases photoelectrons that are free to drift in the 
applied field. An electrometer, or alternatively high 
gain amplifier, is connected as indicated in the figure, so 
as to measure the charge induced on the electrodes by a 
net flow of charge in the y direction. The measurement 
is a transient one carried out with single pulses at very 
low repetition rates. For the case where the electron 
drift range is short (neglecting saturation effects) and 
electrons only are assumed mobile, the induced charge 


is given by 
NoeVyT : 
O f dr. (1) 
vor D 


ol 


Here mo is the number of carriers released per unit 
volume by the light, v, is the y component of drift 
velocity and 7, is the mean time before trapping, and 
e=—|e| is the charge of the electron. The thickness of 
the crystal is D and the integral extends over the 
illuminated volume of the crystal.'® 

If the position of the ground trap in Fig. 1 is adjusted 
carefully to correspond to the potential at the center of 
the resistance film, there is no met flow of charge in the 
y direction, and the electrometer records zero induced 
charge in the absence of a magnetic field. When a 
magnetic field is applied in the —z direction, as shown, 
there will result a y component of drift velocity and a 
net charge Q will be induced on the electrodes following 
the brief flash of light. The amount of this charge can 
be expressed in terms of the applied electric and 
magnetic fields using Eq. (1) and v,=J,/ne where J, 


In the present case the photoconducting crystal was AgBr 
and the spacer AgCl. These two materials have nearly the same 
dielectric constant, but the absorption edge begins at longer 
wavelengths in AgBr. Light passes in turn through a thick AgBr 
filter (not shown in Fig. 1), the AgBr sample and finally the 
spacer. Absorption occurs throughout the volume of the sample 
but the long wavelength radiation which reaches the Ag(1 is 
not absorbed 

“The use of Eq. (1) and the development of the working 
equations in E and H which follow is justified by a more rigorous 
treatment, taking into account the fact that the electrons are 
not all released simultaneously, but that » may be a function of 
time. See D. C. Burnham, thesis, University of Illinois, 1959 
(unpublished 
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is the 


in the crystal. 


y component of equilibrium current density, J, 


To first order in electric field E, the general form of 
J is (see Sec. IV( 
J=o(H)E+a(H)(EXH)+y7(4)(H-E)H, ) 


where H is the magnetic field and the coefficients a, a, 
and ¥ are even functions of w/c, where yu is the mobility 
and ¢ the velocity of light. (These coefficients depend 
critically on the type of scattering mechanism and on 
the band structure.) Since 


H lies only along the z 
direction, 


~ 


o(H)E,—a(H)E,H 


An electrical balance 


is obtained first for H/ 


a(O)Eyre 
O(O) f dr=0O. 
Vol D 


Here a (Q) is the value of the coefficient for zero magnetic 
field. Next, one measures Q as a function of H. Since H 
is uniform throughout the crystal and £, is left un- 
changed ()(//) is given by 


0, which 
assures that 


(4) 


O(H ft H)E,—ea( H)HE,\—dt 
) D 


v7 


~B Qa(H)H. 
D 


where ' the aver: ve of E, 
volume @ of the crystal 


O(H) is 


values of Q are 


illuminated 
hus, under these conditions, 
a(H)H. The expe rimental 
antisymmetric for H positive and 
and Q is linear in H/ at magnetic field 
field Hall effect \ departure from linearity 
becomes apparent at high fields as the 


reduced and the 


over the 
proportional to 


negative, 
the 


low 
low 
temperature is 
mobility increases 

An alternative procedure, particularly useful for the 
ow field Hall mobility, is to employ the detector as a 
null device by adjusting the ground tap an amount 
AV to give zero indication in the presence of a magnetic 
field. This condition is expre ssed by 


AV Tt 
OH) f o(H)i Ey a(M)HE, dr=0. (6) 
Vol D D 


\ balance is obtained first for H positive and then for 
H negative. An equation similar to (6) is obtained for 
H negative and can be subtracted from Eq. (6). Using 
the fact that the coefficients ¢(H) and a(#) are even 
in H, one obtains an expression for AVr=AV(+) 
—AV(—), as follows 
2Da(H) _ 
AV; HE 
o(H 


BROWN 


ND KNOX 


Therefore, the quan 


o(H 
to the 


vy AV 7 depends upon a(H 
u/c, At 


At low values of wr is proportional 


Hall angle.* 


Ill. EXPERIMENTAL RESULTS 


A. Transient Photoconductivity 


In general, the phot 


conduct 


obtalr 


ty results for 
ed for AgC1 ; 


dependence of the 


AgBr 
were very similar to tho is reported 
in reference 16. The 
transient photoconduct 
materials. 
in optical absorption at 
in AgCl. Little « 
lengths in eacl 


In Fig 2 for both 
it with the 
AgBr and at 386 mu 


ibsorbed at longer wave- 


Response rise 


ng in zero induced charge 


and therefore no photosignal. At short 


ign wavelengths 
ire absorbed. In AgBr, response 
bsorption tail, 
xciton peak, nd into the 


gradual 


all the incident photo! 

with a high yield prevai 
through the first ¢ 
strong 


hrough the 
second 
absorption n over-all 
decrease at short wavelengt n the charge 


per incident photon, ¢ ls in a 


collected 
structure 

the ¢ rystal surface. 
As explained In the case of Ag ’ the surtace 


sensitive way upon preparatio! 


must be 


very carefully annealed tor appreciable 


response at large light absorption 


Saturation curves 
reference 16 ca 


of the shown in Fig. 4 of 
\gBr 


nge before trapping and 


his permits 


n bye obt 
evaluation of the electr 
also quantum efficiency ctron yield per photon 
absorbed At the wavelen 
$40 my at S0O°K) in 


efficiency was of the order ¢ 
to the case ot 


gin ol m 
AgBr 


vhict 


iximum photo- 


response tne 


quantum 
{0.6 again is similar 
AgCl. Although the photoconductivity 
decreases markedly as the temperature lowered to 
6°K, this is apparently a ad ase 1n 
lifetime (before trapping 

The 


sample Was consid rably 


electron 
In \ it ld 
AgBr 


photore sponse 


AgCl] at this temperat 


Fic. 2 
function vavelength for 
were taken by 


polarity 1€ vertical sci art 


Transient photoresponse per ir 
AgCl and AgBr 


the method described ir 


dent photon as a 
The measurements 
reference 16 (forward 
se that a different 


itrary i 


the ser 
electric field 





ELECTRON MOBILIT AND S¢ 
tion edge shifts slightly to shorter wavelengths as thi 
temperature is lowered, in agreement with the data of 
Okamoto.” 

In order to detect charge flow due to holes alone, it 
is necessary to use strongly absorbed light and to 
apply a positive voltage at the transparent electrode, 
thus causing positive carriers to drift into the crystal 
lhe charge VY, as measured by the electrometer, will 
increase linearly with applied voltage for an unsaturated 
contribution by holes. Spurious effects such as those due 
to space charge and to nonequipotentia! surfaces can 
be eliminated. Holes were not observed to drift in AgC| 
at low temperature,'® but they do appear to make a 
small contribution to the photocurrents in AgBr. 

One sample of AgBr crystal Z-15.2 showed partic 
ularly large carrier ranges. This crystal was cut from 
near the center of an ingot zone-refined in vacuum. 
Incident light pulses of 300 my wavelength were used 
The absorption constant for this wavelength is about 
6X 10* cm™ at 80°K and 2 10* cm™ at 10°K.™ Figure 
3 shows the re sponse Q/.Vo in arbitrary units for both 
forward (electron) and reverse (hole) polarity as a 
function of temperature. Notice that the response for 
both polarities decreases sharply at low temperature 
There is evidence that part of this is due to surface 
effects. The unit range of electrons, wo=w/E, where / 
is electric field, was obtained from saturation curves for 
Z-15.2 at 80°K for two different wavelengths, as shown 
in Table I. Theoretical saturation were used 
taking proper account of light absorption depth. The 
wavelengths 465 and 420 mu were chosen to give volum« 


curves 


and surface release of charge, respectively. Roughly the 
Same Wy Was obtained in each case. 

The presence of shallow traps in AgBr was confirmed 
by the observation of electrical glow peaks.'® Crystal 
Z-23.9 was illuminated at 6°K, then warmed at a rate 
of 0.02 to 0.08 deg/sec. Carriers were released upon 
warming, resulting in current peaks at 16.6, 42, and 
136°K. 

The electron range for a sample Z-23.9 cut near one 
end of the zone-refined ingot, is also given in Table I 
along with values for Z-15.2 and for AgCl. Notice that 


photo 
ot 
forward 


Fic. 3. Transient 
response as a function 
temperature tor 
electrons) and reverse 
polarity (holes) in AgBr 
Che yield of electrons per 
absorbed photon is assumed 
to be approximately con 
stant ; therefore, the vertical 
scale is proportional to 
carrier range 


CARRIER RANGE (arbitrary units) 


2 4c 6% 68 
TEMPERATURE (°K) 


*” Y. Okamoto, Nachr. Akad 
Kl. Ila, No. 14, 275 (1956) 


Wiss. Gottingen, Math. physik 
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rasie I. Unit range of electrons at 80°K as deduced from 


saturation curve measurements.* 


Electron 
range 
(cm?/ volt) 


1.03 10™ 
1.55«K10™ 
(9+1)«K10 * 
1.5xK10 * 
1,05 10 


Wavelength 
used 
my ) 


Absorp 
constant 
(em™*) 


465 
420 
420 
240-380 
340 


10° 
180 
180 


AgBr Z-15.2 
AgBr Z-15.2 
AgBr Z-23.9 
AgCl XIX, 
AgCl XXII, 


vac. grow! 


air growl 


900 


* Data for AgCl 


the range in Z-15.2 is remarkably long for an un 
sensitized crystal grown in an inert atmosphere or 
It compares with the long range found for 
of AgC] 


rhe reverse polarity response was quite small in all 


vacuum 
air-grown crystals 
crystals and, in fact, was only observable at collecting 
voltages above 600 volts for a crystal 1.7 mm thick. 
(Forward polarity response due to electron drift could 
be observed for applied potentials as low as 5 volts.) 
The reverse-polarity signal was opposite in sign from 
the small zero field response due to Dember effect”; 
furthermore, it increased with applied voltage. It 
does not seem reasonable to ascribe the reverse polarity 
to dissociation 
other extraneous effects. Therefore, we will tentatively 


signal imbipolar diffusion and or 
assign the reverse-polarity response to mobile holes in 
the temperature range 40 to 80°K. The relative range 
of electrons to holes at 80°K was w, 400 +607" 
Figure 3 shows that the range of holes drops suddenly 
below 40°K, probably because of trapping. In fact, it is 
not clear that the very small reverse polarity signal at 
10°K arises because of the drift of holes at all. The light 
penetration depth at this temperature is about (1/K 
6x10 


electrons 


Ww A 


> em which is comparable with the range of 
at field. Therefore, assume, with 
only slight reservations, that the contribution of holes 
is negligible in Hall experiments below 40°K and, 
because of the small relative range, certainly negligible 
above 40°K 


high we 


B. Hall Measurements 


In actual practice, a balance point corresponding to 

null signal was achieved by adjustment of a poten 
tiometer AR, rather than 
chematically Fig. 1. The potentiometer setting 
either side of center) is shown in Fig. 4 as a function of 
magnetic field for a zone-refined sample at 6°K. The 
symmetri: 


a battery tap, as shown 
in 


S-shaped curve is in agreement with the 
theoretical predictions and indicates a fairly large 


s in Semiconductors (Heywood and 


ay W. Mitchell in Progre 


Company, 1958), Vol. 3, p. 55 

2 The diffusion distance of electrons in AgBr at 80°K is about 
10°* cm at 80°K for w)=10™ cm*/volt 

* Holes have been found to be mobile in AgBr at room tempera 
ture, but their Hall mobility is about 1/35 times the mobility of 
electrons at the same temperature. See R. C. Hanson and I. ¢ 
Brown, J. Appl. Phy. 31, 210 (1960) 
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T*57203°K 


SR (Arditrory Unvts) 


(Thousends of Oorsteds) 


4 66 0 


Fic. 4. Showing the adjustment for balance with positive and 
negative magnetic field. The quantity AR» is proportional to 
AV as explained in the text. 


mobility. Departure from linearity at high magnetic 
fields is the result of a correction factor which is even in 
ull /c. 

The quantity of main interest is the Hall mobility. 
It was determined point by point as a function of 
temperature by observing ARr=AR(+)—AR(—) at 
low magnetic fields. Values of uy in cm?/volt sec were 
computed from 


2unH 1 l 
300G\ DF R 


ARr 


where ¢ is the velocity of light, l the length of the 
resistance film, D the thickness of crystal plus spacer, 
H the magnitude of the magnetic field in oersteds and 
R the resistance of the potentiometer connected across 
the film. The quantity G is a numerical factor somewhat 
less than 1.0, computed in each case from a solution of 
the field problem (G=0.73+40.01 for 
crystal Z-19.0 with a When appropriate, G 
was corrected to take account of light absorption in 
the sample and nonuniform release of charge. In the 
case of crystal Z-19.0, however, this was a negligible 
correction because of the use of a thick AgBr crystal 
and a Corning filter in the light path. (One of the 
following color specifications depending upon the range 
of temperature : 3-69, 3-70, 3-71, 


electrostati 


spacer). 


or 3-72.*) 


* These are sharp cutoff filters which pass the longer wave 
lengths. The zone refined crystals of AgBr showed no response 
at long wavelengths beyond 465 my. For these, a 3-69 filter 
could not be used. Samples such as II-222 grown from high 
purity but not zone-refined, material had a very small but 
measurable response at long wavelengths 
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rhe low-field Hall mobility of four crystals of AgBr 
is shown as a function of temperature in Fig. 5. Notice 
that wy rises steeply lowered 
until approximately are reached 
below 15°K. Crystals Z-15.2 and Z-19.0 were cut from 
he right of the middle (in the 


as the temperature is 


constant mobilities 


near the middle, and to 1 
direction of zone travel), respectively, of a zone-refined 
ingot. Samples II-221 and 222 were cut from a Bridg- 
man crystal grown from filtered, high purity, but 
zone-refined, oriented by 
back-reflection x-ray patterns, so that the large faces 
were (100) planes. No differences in Hall 
or higher-order effects were noted which could be 


not material. J hey were 


ignific ant 


ascribed to orientation 

The scatter in the points (Fig. 5) is indicative of the 
relative the Hall Balance could 
usually be achieved with fair precision as shown by the 
average Fig. 4. The 
mobility at a given temperature was subject to system- 


accuracy of data. 


deviations given in absolute 


atic errors which arose in computation of the electric 
field and sometimes in connection with a correction 


for nonuniform release of charge in the crystal. Con- 


sequently, the absolute values given in Fig. 5 
thought to be accurate to about 10%. 


are 
The temperature 





Observed Hall mobility for different cry 


f AgBr 


marked 


Fic. 5 stals 
Che Z samples were cut from a zone refined ingot—those 
II from a crystal grown by the Bridgman technique from high 
purity material. The correction fact 
uniformity of range as known most accurately ir 
of Z-19.0 


for heid distribution ar 


the cas 
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was known for each point with an uncertainty of 
+1.0°K. 

Crystal Z-19.0 was investigated using a dielectric 
spacer of AgCl as discussed in Sec. II and footnote 18 
In this the absolute values of low-field Hal! 
mobility are believed to be most reliable. Fig. 6 
The dotted curves and solid line shown in this figure 
were drawn to compare with theory and will be discus 
sed in Sec. 


Case 


plot, there is a wide range of temperature over which 
the data fall close to a straight line. 


C. High-Field Effects 


As explained in Sec. I, 
field can be observed in two ways. 


the effects of the magnetic 
In the first of thes 
the induced charge ( is observed as a function of 7 for 
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Fic. 6. Hall mobility as a function of 1/7 for sample Z-19.0. 
The data is given by the points with estimated uncertainty as 
shown. The solid curve is computed from a proper combination of 
optical, acoustical and imputity scattering as described in Sec, 

/A. 


single light pulses of constant intensity and duration; 
Eq. (5) describes the expected behavior. In the second 
method the ground tap is varied to give zero induced 
charge for forward and reverse directions of H7, as 
described by Eq. (7). The first of these methods is much 
more sensitive to the nonlinear effects of high magneti: 
field. Figure 7 shows pulse height data Q, in arbitrary 
units, as a function of magnetic field for crystal Z-19.0 
at 31.5°K. The solid and dotted lines are drawn accord- 

ing to Eq. (5) and the theoretical values of the coefficient 
a(H), as discussed in the next section. The departure of 
these curves from straight lines indicates the importance 
of magnetic field terms of higher order than those 
involved in the low-field Hall coefficient. These non 

linear effects become increasingly important as the 
temperature is lowered. See Figs. 8 and 9, which give 
data in the vicinity of 19° and 6°K, respectively. 


an oo 


IV. Notice that on this logug versus 1/7 
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ric. 7. The pulse-height signal is plotted as a function of 
magnetic field for a fixed balance obtained at H =0. The vertical 
scale depends directly on the coefficient a(H) 


Results taken in the second 
above may be compared with Eg. (7). Less significant 
departures from linearity are both expected and 
observed at all temperatures. At 6°K the higher order 
effects are appreciable, however, as shown by the 
S-shaped curve of Fig. 4 


manner mentioned 


IV. COMPARISON WITH THEORY 
A. Low Field Effects 


+ In this section the temperature dependence of the 
Hall mobility is compared with theory. Various scatter- 
ing*mechanisms are discussed and the most plausible 
combination compared with experiment. 

Figure 5 shows that the mobility of electrons varies 
very rapidly with temperatures from 40 to 125°K. It 
may be seen in Fig. 6 that over this temperature range 
the experimental points fall close to a straight line 
when log uy is plotted at a function of 1/T. The range 
is wide enough to estimate the slope of the exponential 
and therefore the value of the Debye © which enters 
into the theory of scattering by optical vibrations of 
the lattice. Since the relaxation time is independent of 


pe 1.75210" Veait see 


+ + 2000*+.7010° 
A u+2020° 
: oo 8 _ 2 36110" *2000° 
Acovst< stottermge 25110" 
Nevird impurity sotterng 


Units) 


Cyto 2°19.0 
Theory 


Exper ment 
192°: 0.5% , 
eor0s« a 


PULSE HEIGHT (Arbitrory 


oe 7 a % 10 


H (kilo-oersteds) 


Data similar to that shown in Fig. 7 but 


for temperatures near 19°K. 
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PULSE HEIGHT(obitrory units) 


4567869 0: 
H (kilo-oersteds) 


h'1G. 9. Data similar to that shown in Fig. 7 but for a temperature 
near 6°K. Note that the high field effect has become apparent at a 
lower value of 47. The shape of the curve is best explained by 
impurity scattering which is predominant at this temperature as 
discussed in Secs. [VA and C 


energy for optical scattering, the Hall mobility equals 


the drift mobility and is given by u t(eO/?—1).-7 


From the data of Figs. 5 and 6, © 


cons 

195+15°K. The 
value of © computed from® w;=«;(¢€/n’)! 
reststrahlen wavelength of 125y2* is 194°K. On the 
other hand, the reststrahlen data for AgCl indicates a 
280°K 
distinguished in the mobility data for the two materials.* 


and a 


value of © The difference in slope can be 
Optical scattering and the polaron will be discussed 
further in Sec. IVB 

At low temperatures the optical vibrations freeze 
out and one or more impurity scattering mechanisms 
dominate. Three different possibilities are: 
scattering by neutral impurities, by dipoles of atomic 
dimension, and by isolated charges. The first of these, 
neutral 


quite 


scattering, has been discussed for semicon- 
ductors by Erginsoy*®’ on the basis of a hydrogen atom 
model. The scattering is weak; concentrations of 107 
to 10'* cm~* appropriate impurities would have to be 
present. Imperfections which fit the hydrogen atom 
model are probably not so prevalent in AgBr. For 
example, Schottky disorder is negligible in the silver 
halides and the small number of negative ion vacancies 
the concentration of F which can be 


limits centers 


formed. In addition, arguments having to do with the 


IVC which 


tend to reject neutral scattering as a possibility. 


observed high field effects are given in Sec. 


A center which would fit the dipole model for these 


crystals might consist of a divalent substitutional 


impurity and an associated vacancy, i.e., a complex. 
According to Blatt dimension 


about 10 


a dipole of atomi 


would be times as effective a scattering 


center as an isolated charge. Charged defects such as 


unassociated impurity ions would have to be present 


in correspondingly small numbers for scattering by 


complexes to dominate This does not appear entirely 


‘R.A 
673 (1941) 
** R. B. Barnes, Z 
C. Erginsoy, Phys. Rev 

I. J. Blatt 


Lvddane, R. G. Sactis, and E. Teller, Phys. Rev. 59 


Physik 75, 723 (1932 
79, 1013 (1950 


private communication) 
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reasonable. For example, Tucker**® has shown by spin 
resonance experiments that 
substitutional Cut 
even after slow cooling to low temperatures 


an appreciable fraction of 
ions in AgCl remain unassociated 
It would seem as if the most important scattering 
centers at low temperature are charged defects such as 
impurity ions and oppositely charged vacancies (or 
both 
equal numbers throughout the crystal 


alternatively impurity ions of sign) present in 
rhe statement 
that positive and negative defects are present in equal 
numbers, neutrality without the 


presence of free carriers or trapped charge, means that 


which guarantees 
distant impurity ions are effectively screened. This and 
the fact that the scattering centers are widely separated 
in the crystal points toward the use of the theory of 
Conwell and Weisskopf 


time is 


rheir formula for scattering 


valid for impurity around 
V,=2X10"* cm™“ or less and temperatures down to 


10°K." For lower temperatures 


concentrations 


and higher concentra- 
tions, an improvement on the classi: 
be made by the use of the 
this is not thought worthw! 


al calculation can 
partial wave method,® but 
e for the present data. 

As a first attempt, the data of Fig. 6 can be compared 
with theory using a 
(predominant 
impurity scattering (predominant at 


combination of optical scattering 
with 
iow temperatures). 
The amount of each scattering can be adjusted for a 


at high temperatures 


( harged 


good fit of the data at extreme temperatures, but the 
result of the combined scattering is a very poor fit at 
intermediate temperatures (15 to 30°K). An additional 
mechanism such as scattering by acoustical vibrations 
of the lattice is required. Although the 


there 


number of 
is evidence that this 

structure 
amount of 
the 


samples studied is limited, 
intrinsic and not 
dependent. Also, a choice of a 


additional scattering is 
certain 
acoustic scattering will be in agreement with 
higher order effects discussed in Sec. IVC. 

A proper combination of optical, and 
charged impurity scattering has been made using the 
graphical results of Porfir’eva, 
tabulated by Dingle ef al 
of scattering is given by 


acoust 1¢ al 


as well as the integrals 
The combined probability 


(9) 


scattering is 
implicit in our discussion of the various scattering 
probabilities 


A single effective mass and _ isotropic 


*R. F. Tucker, Phys. Rev. 112, 725 (1958 
” E. Conwell and V. F. Weisskopf, Phys. Rev. 77, 388 (1950) 
"The situation corresponds to m=N, so that the Brooks 
Herring formulation gives nearly the numerical results as 
the Conwell-Weisskopf expression. See P. P. Debye and E. M 
Conwell, Phys. Rev. 93, 693 (1954 
#F. J. Blatt, in Solid State Ph 
D>. ‘Turnbull (Academic Press, Inc 
4% NN. Porfir’eva, Soviet Phys State Phys. I, 
*R. B. Dingle, D. Arndt and S. K. Roy, Appl 
Research B6, 144, 245 (1956 


Same 


ics, edited by F. Seitz and 
New York, 1956 
Sohd 794 (1959 
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According to the theory of scattering by optical 


mode vibrations*? 


‘ 


ry=C(e%/T—1), 10 


where C is a constant, independent of temperature, but 
given in various ways by the different polaron theories 
in terms of the (unknown) effective mass of the elec- 
trons. For AgBr exp©/T becomes large compared with 
unity below about 80°K. The value of C in Eq. (10 
(e/m) ro= 37 (eT —1) cm*/volt- 
sec which best fits the experimental data for yy at 
high temperatures where optical scattering dominates. 
A small adjustment is made for best fit at intermediate 
temperatures after the approximate amount of acous- 
tical and impurity scattering is known. The Debye 
temperature © is taken to be 195°K as discussed in the 
first paragraph of this section. 

A complete discussion of scattering by acoustic 


is chosen so that wy 


vibrations in a polar crystal has not been given. 
However, for a cubic crystal such as AgBr it seems 
reasonable as a first attempt to adopt the usual deforma- 
tion potential theory,* according to which r, is of the 
form 


rh'c;, 7 x 


rer (xT)! 


where x=e/xT, «x is Boltzmann’s constant, m is the 
effective mass of the electrons, ¢ their energy, ¢;, is an 
appropriate elastic constant for a longitudinal wave in 
the crystal, and F, is the deformation potential pro- 
portionality constant for the conduction band. The 
quantity in square brackets is not well known and so 
will be determined empirically for a best fit to the 
data at a temperature T= 20°K. For this purpose the 
amount of impurity scattering must be ascertained, 
and this is feasible at extremely low temperatures, 
T=6°K, where even acoustic 
nearly frozen out. 

The Conwell-Weisskopf formula for 7; is® 


lattice scattering is 


V2 meq? (xT) 'x! 


T= $$$. (12) 
"Net In(14+9e%?T?/etN A) 
Here we have replaced electron energy in the slowly 
varying In term by an average e=3«7. Again m, and 
\,, the concentration of charged centers, are uncertain, 
so that we choose the coefficient of x! to best fit the 
data at 6°K.* Using a trial amount of impurity 
scattering and knowing the temperature dependence of 
each mechanism, one can normalize at 20°K by adjust 
ing the amount of acoustic interaction. 

In carrying out the curve fitting procedure, the Hal! 


% J. Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950) 

* To actually determine N; in this way the effective mass 
must be known. The latter is chosen to be equal to the free 
electron mass when picking N; for use in the In term—an approxi 
mation which should introduce only a small error. 


ATTERING PROCESSES IN AgBre 1567 


mobility at low fields is used as follows: 


\T~ 
(13) 


m (r 


where the brackets indicate the usual average over the 
Boltzmann distribution [Eq. (3.71) of reference 32 ]. 
Following Porfir’eva®* wy can be written in terms of a 
function Y(A,/): 


(e/m)roV (A,D), (14) 


Mil 


> measures the amount of acoustical 
scattering relative to optical scattering and J = (r9/r,)x! 


where A To/ Ta) 
the corresponding relative amount of impurity scatter- 
ing. The quantity V(A,/) is given by G(A,/)/F(A,J), 
where 


(——) 
1+Axtit itl’ 


and 


rhe graphical results of reference 33 may be used for 
computing Y(4,/) in the range of temperatures where 
three mechanisms must be included. On the other hand, 
at low temperatures where the optical interaction is 
frozen out, the problem can be reformulated in terms 
of the ratio //A by utilizing the functions Dy;2 and ©, 
of reference 34. The parameter //A depends upon 
temperature and measures the amount of impurity 
scattering relative to acoustic scattering. 

The result of combining the different scattering proc- 
esses as outlined is shown as a solid curve in Fig. 6. For 
this curve the scattering times are given in cgs units by 


1.11 10*(e!%/? —1) 
2.73 1075 / (xT) 4x4, 
9.36 10° (xT) §x4/In(1+0,.1427°). 


\eé;m 


(¢/m)T. (16) 


e/m T 


Values of V,; and £, can be estimated on the basis of 
Eqs. (11), (12), and (16) if we assume m=m,. The 
result for V, is V;=2.46+0.05 10"* cm~*, which is a 
reasonable fraction of the total heavy metal content 
determined spectrographically. Setting c¢i;~=¢1=5.6 
X10" for AgBr,”” m=m,, and using Eq. (11), the 
energy £, comes out to be about 2.0 ev, which also 
seerns reasonable. It may well be that acoustical scatter- 
ing arises because of the polarization associated with 
these vibrations when oppositely charged ions are not 
the mass. This can be distinguished from de- 
formation potential scattering but it has the same 
dependence on energy and temperature as Eq. (11). 


same 


One obtains a value of (e/m*)r,’ very close to (e/m)r, 
given in Eq. (16) by using the formula of Meijer and 


and A 22, 202 


D. Tannhauser 
1954) 


Lawson, J. Chem. Phys 
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lic. 10. Mobility computed from polaron theory as a function 
of the ratio of bare electron effective mass to free electron mass 
Che experimental value from the data of Fig. 6 is shown as a 
horizontal dotted line 


Polder,*"* an effective charge e*/e=0.73 and m*/m=0.3. 
(See Sec. IVB). 

Although the assignment of impurity scattering as 
explained above is tentative, pending further work on 
doped crystals, the agreement with the shape of the 
experimental data is remarkable. Further support for 
the choice of impurity scattering predominant below 
10°K is given in Sec. IVC. The observation that Hall 
mobility levels off to a nearly constant value at low 
temperature has been made in the case of other ionic 
crystals.® It seems to be a result of the combination of 
optical, acoustical and impurity scattering (as explained 
above) and of the way in which the average over energy 
is made for the combined scattering.*” 


B. Optical Scattering and Polaron Theory 


rhe optical mode scattering seems to be sufficiently 
clear in AgBr to warrant a comparison with polaron 
theory. The Debye ©= 195°K as well as considerations 
involving the validity of the Boltzmann equation’ place 
an upper temperature limit on the validity of the 
theory, but there still seems to be a useful region for 
comparison before impurity or acoustical interaction 
sets in at low temperatures. 

For purposes of discussion, a choice can be made 
between the intermediate coupling theory® or the more 
recent approach of Schultz’? based on a model by 
Feynman. In both cases the usual coupling constant a 
is a measure of the strength of interaction of the 

78H. J. Meijer and D. Polder, Physica 19, 255 (1953) 

> This last statement is reasonable for AgBr, however a 
difficulty arises in those cases (alkali halides) where the trapping 
time is very short. More information is needed on the relative 


cross sections for scattering and for trapping at low temperatures 
in these crystals 
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electron with the lattice. The Debye © for AgBr 
corresponds to a vibrational frequency of w;= 2.54 10" 
sec. From this and the dielectric constants (¢9= 13.1, 
n?=4.62) it turns out that a=4.0(m/m,.)', where 
(m/m,.) is the ratio of the effective mass of the bare 
conduction electron to the free electron mass. This 
ratio is unknown and enters as a parameter in the 
mobility expressions; it might be obtained by compar- 
ison with the mobility data, but, as shown below, the 
two theories depend upon the effective mass in different 
ways. 

In one case the mobility is given by Ea. (6.1) of 
reference 8 which contains the resonance velocity 2, 
and coupling renormalization Z,, each a function of a 
Table IV, reference 8). By interpolating this 
tabulated quantity graphically, the mobility wu can be 
plotted in terms of m/m,. A similar procedure can be 
carried out in the case of the mobility formula of Lowand 
Pines.* The results for the two theories are shown as 
solid lines in Fig. 10. The dotted line indicates the 
experimental value of o/(e!/’—1) as discussed in 
Sec. IVA. It is that widely different effective 
masses result in the two cases. According to Schultz, 
m/m, is about 0.62 which results in a coupling constant 


(see 


seen 


a=3.2 and a zeroth-order polaron mass of about 
my= 1.1m,. On the other hand, the Low-Pines expression 
gives m/m,=0.23, a=1.9, and vi 

(1+23a)m=0.31m,. 

The two results are sufficiently different that it 
might be possible to distinguish between them from an 
independent measurement of effective mass perhaps 
by a cyclotron resonance experiment. Such an experi- 
ment would be just possible with existing techniques 
(wr=ynH/c=2.0 for H=10* at 6°K). It would not 


provide a detailed check on polaron theory since it 


a polaron mass m 


would measure only the polaron mass and not the ratio 
m*/m. However, the polaron effect is sufficiently 
different in the two theories that independent informa- 
tion such as provided by cyclotron resonance would 


be most interesting 


C. High-Field Effects for Separate 
Scattering Mechanisms 


II can 
be obtained in closed form on the following simple 


The functions o, a, and ¥ introduced in Sec 


model. It is assumed that conduction occurs primarily 


in a single band of standard form, i.e., that the energy- 


Taste II. Relationship between the conductivity, Hall, and 
magnetoresistance functions [Eq. (20)] and the tabulated func- 
tions A,(x) and €,(x) of Dingle, Arndt, and Roy.* Here z=wr, 
=((9)!/(6+9)!J@H/c 


a(H)/a(O) 
a(H)/a(0) 
H)/y(0) 





ELECTRON MOBILITY AND S(¢ 


momentum relationship for the carriers is 
(hk) =h'k?/2m, 17 


and that 


classical 


that a meaningful relaxation time 7(k) exists, 
the carrier distribution function obeys the 
steady-state Boltzmann equation™ 


€ 1 f—fo 
‘| B+ (xm) |-wf=—" (18) 
h c r(k) 


We use the equilibrium distribution for nondegenerate 
statistics, fo(e)=C exp(—e/x7T), where «x is Boltzmann’: 
constant and C=42°h'no(2emxT)-! is a normalizing 
factor involving the density of carriers 1. 
tion time is assumed to have the form 


The relaxa 


r=7,(e/xT)°=17,x?. (19) 


When now the distribution function and the current 
density J are expanded in powers of F, the linear part of 
J is readily found** to have the form of Eq. (2), 


1 o getle-= 
o(H)=meeu| = — f ———— ax| 
(p+9)!4%o 1407722? 


Muy 1 
«(H)=mese| — f 
c L(2p4-4)! Ho 


and 


with 


————-dx}, (20) 
1+-w?r,2x?? 


Buen’ 1 x Pt e* 
> (H) = noep ——--— J ———--—dr]. 
: (3p+3)! 4% 14+w?r2x*? 


Here w is the circular cyclotron resonance frequency 
eH /mce, u is the zero-field drift mobility 


w= (e/m)rL (p+) !/(¥) 1), 


(21) 
and uy is the Hall mobility 
un = { (9) 1(2p+-9) /L (p+) | Phe. 


un’ is not used again in this paper; it may be obtained 
from Eq. (22) by making the following replacements: 
wu — pH’, u— un, § > 3+ P. 

For w7,x’<1, it is possible to expand the integrands 
in (20) formally in powers of w (i.e., in H*), and the 
results are equivalent to an iterative solution of the 
Boltzmann equation as carried out by Seitz” and by 


Blatt.” For example, when p= —}, 


(22) 


o= noeu(1—w’r,?), 


a= noeu(un/c)(1— 2w*r,?). 


* After excitation by light the conduction electrons are assumed 
to very rapidly approach a steady distribution in velocity. The 
drift term in the Boltzmann equation involving mV,/f is neglected 
in the absence of temperature gradients. The slight effect of 
exponential absorption of light can be incorporated into the 
carrier density mo. 

* See, e.g., reference 32 or A. H. Wilson, The Theory of Metals 

Cambridge University Press, London and New York, 1953 
2nd ed., Chap. VIII. 
“ F. Seitz, Phys. Rev. 79, 372 (1950). 


ATTERING PROCE 


SSES IN AgBre 1569 
[hese expressions correspond to Seitz’s oo+ 8H? and 
a+e'H*, respectively." Kobayashi and Brown*® have 
used Seitz’s notation in their analysis of the Hall 
effect in AgCl. 

The functions (20) are even functions of wr, (and, 
therefore, of wf//c) and the quantities in square 
brackets are unity at w=0. We therefore denote the 
coefficients of these square brackets by @(0), a(0), 
and (0), respectively. The integrals involved have 
been studied and tabulated in reference 34. Table II 
shows the relationship between our functions and their 
functions U,(x) and &,(x) 

The tabulated integrals and expressions (20) have 
been used in conjunction with Eq. (5) to compare the 
simple theory with the high field experiments. For this 
purpose various reasonable scattering mechanisms 
were chosen in plotting the theoretical curves of Figs. 
7, 8, and 9. For example, curves for lattice scattering 
by optical modes (p=0) and by acoustical modes 
(p=—4) are shown in Fig. 7. Different values of 
mobility are used to illustrate the sensitivity of the 
shape of the curves to this quantity. The theoretical 
curves are normalized to agree with experiment at 
low magnetic field. It is significant that by varying u 
to fit the high field effects, one arrives at a value of uy 
which agrees quite well with the low field Hall mobility 
obtained using Eq. (8) and discussed in Sec. IVA. 
Note in Fig. 8 that the curves for uy=2.0X 104 cm?*/ 
volt-sec are only slightly different for p=0 and p= —4} 
if the difference between uy and yu is taken into account 
[i.e., My s« attering but wy=y 
for optical or neutral impurity scattering ]. The fact 
that a unique drift mobility can be used to explain 
both the low field and high field effects lends support to 
the assumptions used in the theory. It is interesting, 
for example, that the classical Boltzmann equation 
agrees with experiment for wr21 (#2 8000 oersteds). 

Although the different scattering mechanisms cannot 
be deduced with certainty from the high field effects 
alone some information can be obtained. If one is 
willing to ascribe the observed mobility at 30°K to 
lattice scattering the choice rests between optical and 
acoustical scattering or a combination of these. Either 
will fit the data of Fig. 7 fairly well for reasonable 
mobilibites. However, the relaxation time for optical 
scattering not depend upon energy (p=0). 
Consequently, the effect described by Eq. (7) which 
depends upon a(H)/a(H) should be linear in H for 
all H. A distinct nonlinearity in AV7 was observed at 
high fields at 30°K, which indicates at least some 
admixture of energy-dependent scattering, such as 
that provided by acoustic lattice vibrations. 

At a lower temperature (Fig. 8, 19°K), the discussion 


(3mr/8)p for acoustic 


does 


“ A simple series in « actually does not exist for the p= —} 
integrals, since their exact form involves error functions and 
exponential integrals (see A. H. Wilson, reference 39, pp. 235-6) 
However, their algebraic part happens to be given correctly 
by (23 
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I'wo solid solutions in the system GdRu 


have been observed, are studied by magnet 


@ above the critical ten 
In Gd , Ce 


(urie point 


iperature T, 
ting 


conduc 


»% Rue, for which the expected @<7,, no 


CeRuz, in which both ferron 
methods 


The solid solutio 


for superconductivity 


lerromag 


although a small moment may be present and not detected by our 1 


Gd content 


when @ begins to exceed the expected 7, by a consider: 


zero; and when 7,>8, @ approaches zero. Similar conclusions apply to the systen 


I, are related in the same ways. Both major and minor hysteresis loops have forn 


and enable one to detect ferromagnetism and superconductivity 


when they exis 


sulting from the interaction between Gd atoms, and the Curie points cak 
field theory, increase with increasing temperature; this is in accordance wit} 


change forces developed by Brout 


YUPERCONDUCTIVITY and ferromagnetism have 
\J been studied in a number of metallic compound 
systems by Matthias, Suhl, and Corenzwit.! The present 
paper reports more detailed studies of solid solutions in 
the system CeRuy-GdRu,z and of some other materials. 
The purpose of the work? has been to find out if super- 
conducting materials can become ferromagnetic and if 
ferromagnetic materials can be superconducting at the 
same time, and more generally to know the influence of 
the one property on the other 


EXPERIMENTAL METHOD 


Measurements have been made of magnetic moment 
as dependent on field strength H, and temperature 7, 
over the range H 0 to 12 000 oe, T 1 3 to 300°R. 
Moments were usually measured by a null method using 
a pendulum magnetometer supporting the specimen in 
a field gradient, with strain gauge sensing elements, as 
previously described.* On some occasions the material 
was surrounded by a search coil, the field reversed (or 


1B. T. Matthias, H. Suhl, and E. Corenzwit, Phys. Rev. Letters 
1, 449 (1958) 

2 For a brief report of 
235 (1960 

*R. M. Bozorth, H. J 
103, 572 (1956); R. M 


1543 (1960 


part of this work see J. Appl. Phys. 31 
Williams, and D. E 


Bozorth and D. D 


Walsh, Phys 


Davis, Phys. Rev 


Rev 
118 


the the sample and coil rotated 180°) and a galvanom- 


eter deflection noted oops were m¢ asured 


using the pendulum etometer in a carefully cali- 


magi 


brated electromagnet, taking into account the non- 


linearity and hysteresis of the magnet and in some cases 


the field produced at the specime! by the current 


through the balancing coil, which annuls the moment 


initial magnetization curves were 


of the specimen. Ths 


measured after cooling from y high tempera 
ture in zero field 
argon 


The materials were prepared by melting in the 
solid 
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PROPERTIES OF SOMI 


CURIE POINTS AND SUPERCONDUCTING 
TRANSITIONS 


Materials of the composition Gdo.og Ceo.se Ruy and 
Gdo.os2 Ceoor Ruz were first examined, for previous 
experiments had indicated that the first of these com- 
positions became superconducting on cooling before it 
was expected to be ferromagnetic (as judged from the 
extrapolation of the @ vs composition curve to 0=0 at 
zero concentration of gadolinium); the second became 
ferromagnetic before it became superconducting. Data 
used for determination of @ are shown for the second 
material in Fig. 1, where o,, is the magnetization per 
mole of MRus. Three methods were used to derive 6 
from the data: (1) the classical Weiss-Forrer method, 
whereby H is plotted vs T at constant ¢,=o 9 and ex 
trapolated to H=0 to give To, and then the line o¢ vs 
T» extrapolated to oy?=0 to give Ty=6; (2) reversal of 
specimen and surrounding search coil in fields of 5 to 
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i2 
T, TEMPERATURE IN DEGREES KELVIN 
Fic. 1. Magnetization of Gdo ox: Ceo..12 Ruz vs temperature for 
various field strengths, showing method for determining Curie 
point, 6.3°K, by double extrapolation. x9 curve also shows Curie 
point. Double values show hysteresis 


50 oe, to give a galvanometer deflection that is propor- 
tional to the initial susceptibility, which is normally a 
maximum at 7=6; and (3) determination of the mo- 
lecular field constant from the magnetization curve by 
a method to be described in a later section. Ail three of 
these methods 6=6.3°+0.2°K for the 8.2% 
material. 

The o, vs T curves of Fig. 1 


gave 


show double values of 
om when T<5°K; these points were measured when 
the values of field strength applied immediately before 
measurement in field H were, respectively, +12 and 
— 12 koe, the differences between the values of c,, being 
due to hysteresis resulting from either ferromagnetism 
or superconductivity. 

Determination of the temperature 7, at which super- 
conductivity disappears was made by cooling the speci- 
men in zero field to a given temperature and then meas 
uring the initial magnetization curve, as shown in Fig. 2. 
The material is superconducting as long as do/dH <0, 
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MAGNETIC FIELD '¥ CERSTEDS 

Fic. 2. Initial magnetization curves for the 8.2% 
treatment for determining critical temperature for 
tivity. Curves at right are true parabolas 


material, and 
superconduc 


since in a superconducting material B= H+ 4lI = con- 
stant and d//dH = (p/M)Xdo,,/dH = —1/ (4x), where p 
is the density and M the molecular weight. To deter- 
mine 7, the (negative) value of o,, at the minimum of 
the curve is plotted vs 7, as shown in Fig. 2(b), and a 
parabola passed through the various points and extra- 
polated to the axis of temperature. 

The values of 7, and @ so determined are plotted in 
Fig. 3, together with points measured by Matthias ef al." 
for 0, 2, and 13% GdRuy using somewhat different 
methods. The 10% alloy gave no sign of superconduc- 
tivity at 1°K. 

Although the detection of superconductivity in the 
presence of ferromagnetism is easy, for in this case the 
initial susceptibility xo is negative, the presence of 
ferromangerism in a superconductor is difficult. In this 
paper we establish a criterion in terms of the hysteresis, 
as now to be discussed. 
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2 “4 6 8 
MOLE PER CENT GdRu, IN CeRug 

Fic. 3. Dependence of critical temperatures, T, and 8, on com 
position and temperature, and regions of existence of paramagne 
tism (P), ferromagnetism (F), and superconductivity (8). Points 

and 4 from reference 1; points and X from our data, con 
firmed by Matthias. The between P,S and F,S is 
uncertain 
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Fic. 4. Magnetic moments of (a) pure annealed and (b) impure 
strained lead, showing frozen-in moment in (b). 


HYSTERESIS LOOPS 


It is well known‘ that the initial susceptibility curve 
and the hysteresis loop of a nonmagnetic supercon- 
ductor depend on the purity of and stress in the mate- 
rial. To illustrate this point, the data of Fig. 4 were 
taken with specimens of (a) 99.99% pure annealed lead 
and (b) a hammered lead solder containing 1.7% Ag 
and 1.0% Sn, each with a dimensional ratio of about 2. 
After the initial (negative) magnetization, application 
of a high field, and its subsequent reduction, the flux in 
the impure lead, in contrast to the pure, is “frozen in,” 
and the ordinate of the midpoint of the upper straight 
side of the loop, at C, is about equal to the maximum 
negative ordinate of the initial curve, A. If magnetic 
hysteresis were superposed on the superconductivity, 
the whole upper half of the loop would be raised and the 
equality of the ordinates would no longer exist. 

In Fig. 5 the hysteresis loop of the material contain- 
ing 4% of GdRuy in CeRus, taken at 4.2°K, shows 


4% Gd Ru, In CoRu, 
4.2°% 


4B=0 


Hi, MAGNETIC FIELD IN KILO-OERSTEOS 


Fic. 5. Hysteresis loop, slope for constant flux (superconduc 
tion), and Brillouin curve for 4% material at 4.2°K 


‘D. Shoenberg, Superconductivity (University Press, Cam 


bridge, England, 1952 
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paramagnetism and superconductivity, the former by 
the approximate equality of the ordinates at A and C 
and by the height of the loop at 12 koe, the latter by 
the negative slope do,,/dH in fields low enough to 
permit the superconduction to reappear after having 
been suppressed by the more intense fields. The broken 
curve B(/) is the Brillouin function (for zero molecular 
field) plotted for the known gadolinium content using 
J= ;, g= 2. The fact that it lies somewhat below the 
observed curve in high fields indicates some molecular 
field, but not enough to make it ferromagnetic at this 
temperature. 
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6. Loop for 4% material at 1.3°K 
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HH, MAGNETIC FIELD IN KILO-CERSTEOS 
Fic. 7. Loop for 8.2% alloy at 4.2 
initial curve sh« 


Loop is normal in form, 
s slight superconductivity 

At the lower t mperature of 1.3°K, the loop of Fig. 6 
higher critical field 
strength, as expected, and also a magnetization much 
nearer to the Brillouin curve, as compared with the 
curve for 4.2°. This implies that the molecular field at 
1.3° is even less than at 4.2°, and the tendency pre- 


shows superconductivity with a 


viously shown toward ferromagnetism is now decreased 
and is apparently nonexistent. However, the data can- 
not rule out the presence of a small ferromagnetic 
moment. 

Data for the material show quite a different 
behavior. The loop for 4.2° (Fig. 7) appears to be that 
of a normal ferromagnetic material except for the small 
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PROPERTIES OF SOME 
initial negative susceptibility. The position of the B(/) 
curve, as well as the maximum in the initial suscepti- 
bility curve (xo in Fig. 1) substantiate its ferromagne- 
tism. The loop for 1.3° (Fig. 8) also shows that the 
material is at the same time ferromagnetic and super- 
conducting at this temperature; ferromagnetic rema- 
nence is shown by the great difference between the 
ordinates for the points A on the initial curve and C at 
the middle of the superconducting portion of the loop. 
The material may be a composite of superconducting 
and ferromagnetic domains, pessibly the very small 
domains proposed by Anderson and Suhl® and called by 
them “cryptoferromagnetism.” 

Hysteresis loops were also measured for two solid 
solutions in the system® GdOs2-LaOse. We now desig- 
nate by @ the Curie point to be expected if the @ vs 
composition curve is a straight line passing through the 
origin and the measured Curie points for high concen- 
trations of GdOs». In the two materials of this system 
that we examined, Gdo o45 Lao.o5s Ose and Gdo o9 Lao 9; 
Os2, we have, respectively, T,>0 and 6=@’>T,. The 
loops for 1.3°, in Figs. 9 and 10, are similar in kind to 
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Fic. 8. Loop for 8.2% alloy at 1.3°, showing ferromagnetism 
and superconductivity 


those for the GdRu,»-CeRu, system in that the positions 
of the B(/) curves and the ordinates for the positions 
A and C both indicate absence of ferromagnetism in 
the first alloy and its presence in the second, and both 
loops show the negative do,/dH characteristic of 
superconductivity. 

In view of the results already described, the diagram 
of Fig. 3 has been labeled to show the regions in which 
the ferromagnetic (F), paramagnetic (P), and super- 
conducting (S) phases are present. The position of the 
boundary between the regions P,S and F,S is uncertain 
and so has been omitted. 


MINOR LOOPS 


In the major loop for Gdo.og Ceo,9 Ruz it was noticed 
that the ascending and descending branches were sub- 
stantially separated at moderate and high fields even 
though there was no evidence of ferromagnetism. Minor 
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*P. W. Anderson and H. Suhl, Phys. Rev. 116, 898 
*V. B. Compton and B. T. Matthias, Acta Cryst 
(1959) 
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MAGNETIC FIELD IN KILO-OERSTEOS 


Fic, 9. Initial magnetization curve and loop for Gdo.o«s Lao.oss 
Os: showing superconductivity and paramagnetism. 


loops in this range were measured (Fig. 11) and the 
slopes of the sides of the loop, taken when an increasing 
field was changed to a decreasing one, and when a de- 
creasing field was changed to an increasing one, were 
found to correspond te superconduction: AB=0 or 
dI/dH = —1/(4xr). Thus all of the separation between 
the ascending and descending parts of the major loop 
can be accounted for by superconduction alone, 

Upon cooling of the Gdoog Ceo.os Rug, the presence 
of ferromagnetism, if it exists, or even a tendency 
toward ferromagnetic behavior, might make itself known 
in some kind of discontunity in the magnetic properties at 
6’ = 3°. Accordingly, the vertical distance between the two 
branches of the loop at H=3 koe were measured for 
various temperatures and are plotted in the insert of 
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Fic. 10. Loops for Gdo @ Lao»: Os: showing superconductivity 
and ferromagnetism 
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lic. 11. Minor loops for Ceo. Gdo og Rug at two temperatures 
showing superconductivity in high fields, and 


height (at 3 koe) with temperature 


variation of loop 


Fig. 11 


straight within the experimental error, and it extrapo- 


rhe line connecting the points was found to be 


lated nearly to the already known temperature 7,; no 
irregularity is observed 

\ portion of a minor loop is also shown in Fig. 9 for 
Gdo.o15 Lao.9s5 O 

It has been propose d’ that the hy steresis in the minor 
loops may be associated with the fields around the 
Bloch walls in ferromagnetic domains. In our experi- 
ments, howeve Be these loops have been obs« rved when 
the material is not even suspected of being fe rromag 
as in the 4°, material at 3.5 and 4.2°K (when 
>#’), and so can contain no Bloch walls. 
It is not surprising to find evidence of superconduc 


tivity in fields so much above that at which the super 


conduction of the material as a whole is destroyed. The 


existence of regions of abnormally high critical field has 


been postulated to ¢ xplain the absence of a Meissner 
effect in alloys.* In Mendelssohn’s proposed “‘sponge”’ 
structure, the meshes of the sponge are presumed to 
have a much higher critical field than the enclosed 
material, and domain studies show the intriciate pat- 


terns’ assumed when the magnetic field is increased in 


strength. Also, careful measurements of resistivity as 


} 


dependent on field strength show that in many cases 


the normal resistance of an alloy is restored by applica- 
tion of a magnetic field only when the field strength is 
many times that necessary to restore the first trace of 
resistance 

It is concluded that the minor oops are a phenome 
non of superconductivity and are not connected with 
ferromagnetism 
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ERBIUM-LANTHANUM ALLOY 


A hysteresis loop of a solid solution” of 4.9% Er in 
La, at 2.2°K, showed the peculiar behavior illustrated 
in Fig. 13(a) with two maxima close together. In order 
to be sure of the reality of the effect three sets of meas- 
urements were carefully made. The loss in moment at 
about H = — 200 oe was precipitous. The explanation is 
apparent when the ordinates are converted to B=H 
+41o,p/M as in Fig. 13(b): the flux is suddenly and 
completely expelled, then an additional negative field at 
first causes no change in flux, but change does take place 
when the field begins to reduce the superconduction. 
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CURIE POINTS AND MOLECULAR FIELD 


In theory it is possible to determine the Curie point 
from the magnetization curve measured at a tempera- 
ture some distance above the Curie point. We start with 
the Brillouin function 


a 
ctnh—, 
2J 


2J 
and take account of the molecular field, Ao, by using 
a= J g8(H+ do)/kT. 
Since spontaneous magnetization disappears" at 
6= (J+1)g8da0/ 3k, 


we find by combining the above relations that 


J+1)g8 sakT 
( i). 
3kla/an) Ip 
lect a given value of a, calculate the cor- 
responding o/ ao, and note the experimental value of H 
for this a/oao, 6 is readily derived. The symbols have 


their usual significance, and for atoms with a Gd** core 
we have J= 4, g=2, oo= NJ g8, so that 


~H,) 


If we now s¢ 


8@=0.202(2.13a7 (a/a@9), 


Hi, 
oersteds. 


now being the observed field strength in kilo 


The above derivation is probably most applicable to 
Gd among al! the magnetic atoms since there is here no 
spin-orbit coupling and the 4f shell responsible for the 
magnetic moment is surrounded by a filled 5s shell. Gd 
in both ionic and metallic form is observed to have the 
theoretical saturation moment determined by J and g 

An example of the method is shown in Fig. 14. The 


upper curve observed, the lower one is calculated for 


k M kerr maegnelism D 


Princeton, New Jersey, 1951 


sozorth 


Van Nostrand ( 
431 


ImMpany 





BOZORTH, 





4%, GdRu2 IN CeRu2 


: 





a 


Om, MAGNETIZATION PER MOLE 
> 
8 











2 4 6 8 
H, MAGNETIC FIELD IN KILO-OERSTEDS 


lic. 15. Magnetization curves of the 4% GdRuyz material, used 
for evaluation of molecular field and Curie point. Below 6° curves 
lue to superconductivity 


show hysteresis due 
0. The horizontal dif- 
600, is the 
contribution of the molecular field. The derived value 
of @ is then (0.202/0.43) (14.0-7.2) = 3.2°K. The various 
values of @ so determined should be constant for all 
at any given temperature, but may very 


a molecular field coefficient A 


ference between the curves, as shown at a,, 


values of o/¢ 
well change with temperature because the exchange 
interaction may vary, as one might expect in considering 
the mechanism of exchange through conduction. elec- 
trons. The magnetization curve calculated from the 
Brillouin function for 6=3.2° is shown by the broken 
line in the figure; the lack of perfect agreement may 
well be due to the small moment attributable to cerium. 

The data used for calculating 6 for Gdo.o, Ceo.og Rue 
are given in Fig. 15. Measurements of magnetic moment 
were made in increasing fields after a high negative field 
had been applied. The existence of hysteresis (due to 
superconductivity) is shown in the curves for 1.3 and 
5°K that have a zero moment when H>0. 

The 6’s derived from the data are plotted for the two 
materials in Fig. 16. The true Curie point is of course 
at the intersection of the curve for the calculated 6 with 
for T7=@, and this intersection for the 8.2%, 
material agrees well with the @ determined directly by 


the line 
other means, 6.2°K. This agreement shows the ade- 
quacy of the molecular field treatment for determining 
the Curie The 4% 
conducting before the intersection, as may be seen in 


pou 1 


spec imen becomes super- 


| ig. 15, but ext rapolation of the line of F ig. 16 is toward 


@=2.5°, nearly the expected Curie point @ obtained by 


DAVIS, 


AND WILLIAMS 

extrapolating the @ vs composition line to the origin. 
We conclude that above the critical temperature T, the 
material behaves as if it would become ferromagnetic 
at about 2.5°, but intervention of superconduction de- 
presses # toward zero as indicated by the form of the 
hysteresis loop at 1.3° (Fig. 6). 

It was intended at first to apply the molecular field 
theory to superconducting materials in fields high 
enough to destroy the superconductivity, but it was 
found that traces of superconduction usually remained 
in the highest fields available, as shown above by the 
character of the minor hysteresis loops. The method 
would be applicable to superconducting materials in 
which all traces of superconductivity are removed by 
the application of sufficiently weak fields. Experiments 
on a material with such a low critical field are to be de- 
scribed in a forthcoming articl 
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Fic. 16. Calculated Curie points, @, of two solid solutions show- 
ing variation of @ with temperature. True Curie point agrees with 
calculated @ for 8.2% material but is depressed at or near 7, for 
4% material 


The change of the derived @ with T is in accordance 
with the theory of Brout™ for dilute alloys in which 
there are long-range exchanges forces. Changes of the 
molecular field constant of iron and nickel with tempera- 
ture have long been known 
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Cross Relaxation Effect of Chromium and Iron in K,;(Co,Cr,Fe) (CN),t 


Jan M. Minkowski! 
Radiation Laboratory, The Johns Hopkins University, Baltimore, Maryland 
(Received April 8, 1960; revised manuscript received April 28, 1960) 


Strong coupling between spins of Cr** and Fe** and large ratio of spin-lattice relaxation times of these 
two ions at 4.2°K are demonstrated by inversion of »,, transition of Cr’*, when vis and vy transitions are 
saturated. At 1.9°K the spin-lattice relaxation times are nearly equal and no inversion takes place. 


T has been known for some time’ that in an elec- 
tron-spin system with S=3/2 (Fig. 1) it should be 
possible to invert populations of the high-frequency v1. 
transition‘ by saturating the lower frequency transitions 
vis and v2. It is essential, however, that the spin-lattice 
relaxation time of the v3 transition be sufficiently 
shorter than the spin-lattice relaxation times of the 
other spin transitions. In Makhov’s' unsuccessful 
attempt to invert the v4 line in ruby, this last condition 
apparently was not satisfied. 

We have inverted the v4 transition of Cr** ion in 
diluted K;Cr(CN)¢« by saturating the »;; and ve, tran- 
sitions and by increasing the rate of transfer of energy 
from 23 transition to the lattice. As in the experiment 
of Feher and Scovil® another ion, in our case Fe**+, was 
added to the cyrstal. The method depends on strong 
cross relaxation®’ between two spin species. When the 
frequency of the iron line® coincides with v23, the transfer 
of excitation from Cr** to Fe** occurs in times of the 
order of 3X 10~* sec. At the temperature of liquid helium 
this is several orders of magnitude faster than spin- 
lattice relaxation times of either ion [7\(Cr),7\(Fe) ]. 
With equal concentrations of the two paramagnetic ions 
and if 

T,(Cr)/T\(Fe)>1 (1) 


the spin temperature of the v2 transition is determined 


13 











"23 


Fic. 1, Schematic diagram of energy levels of an ion with S= 
3/2. To invert populations of »14 line by saturating v1) and v2. 
lines, condition 7;"<<7,** must be satisfied. 
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by 7, (Fe) and is equal to the temperature of the lattice. 
The difference of populations of the levels 2 and 3 of 
Cr** is then, n2—n3= no — ny = (Nh/4RT ) v3, where n°, 
n;° are spin populations at equilibrium and where we 
have assumed hve;/k7T&1. Since the transitions v;,; and 
veg are saturated we also have, ny=n, and n»=n,. The 
last three equations determine the inversion of the 
populations of the levels 1 and 4, m—ny=—(Nh 
4kT)v2;. In terms of the relative imaginary part of the 
susceptibility this result can be expressed as 


, 


x14” (© )/x 14" (O) = Anal © )/ Anya (0) = — v23/¥14, (2) 


where « and 0 indicate the limiting cases of infinite 
and zero saturation powers applied at the frequencies 
13 ANd v9. 

The experiment was performed with the crystal of 
K;(Co,Cr,Fe)(CN).. The ratios of cobalt to the im- 
purities were Co:Cr=200:1 and Co: Fe=200:1. The 
magnetic field of 790 oersteds was directed at 6= 40° in 
the ac plane of the crystal.’ At this orientation v33= vre= 
1.79 kMc/sec, vy4=9.63 kMc/sec and vy3=v4—=5.71 
kMc/sec. Coincidence of the saturated transitions is 
convenient experimentally since one can use a doubly 
resonant cavity. 

Figure 2 shows the dependence of x14" (P13,24)/x14" (0) 


(o) ot »,*9.63 kMc/sec 
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Fic. 2. Relative susceptibility at »;,=9.63 kMc/sec of Cr** as 
a function of saturating power applied at :)— v5.71 kMc/sec 
in K;(Co, Cr, Fe)(CN)¢ 

* Orientation is specified with respect to orthorhombic axes. See 

M. Baker ef al., Proc. Phys. Soc. (London) B69, 1205, (1956). 
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aturating power applied at the frequency 
5.71 kMc/sec. The general theoretical form of 
this dependence is contained in Eq. (5) of reference 7 


confirmed by the curves of Fig. 2."° The 
the 


the 
V24 
and the form i 


points of the lower curve were determined with 


crystal at 4.2°K. Inversion takes place for saturating 
powers larger than 0.80 mw. For very large saturating 
powers the experimental curve appears to approach the 
Kq (2 (0 


a ” 


isymptotic value ol Kia (2%)/x14 


j Vig 0.186 

The data of the upper curve of Fig. 2 were taken with 
at the temperature of 1.9°K. Inversion 
Xia (& 
x14’ (0) ™~-+-0.2. Since the cross relaxation is not tem- 
that the 
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the same crystal 


not observed and the experimental 
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condition 


W Se have 


perature dependent we conclude 


T;4(Cr) T (ke 1 is no longer 


Exact solution o 5) of reference 7 for other than simple 


cases presents an intric: theoretical probiem It has been solved 
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pret our last result a the coupling of Fe** spins 
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sharp magnetic transitions from the superconducting to the norma 


talum specimens with residual 
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vestigation is made of the current dependence of the resistance 


INTRODUCTION 


. ANTALUM metal has in the past presented great 

problem purification which limited measure- 
ments ol 
pecimens. Numerous authors! have investigated various 
properties of many have 
obtained sigt intly different results. Quoted values 


the supe rconducting properties to impure 


tantalum and in instances 
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SUPERCONDUCTING 1 
residual resistivity values than previously reported 
Subsequently a detailed study*® of the purification of 
tantalum led to a method for preparing small size speci 
mens with residual resitivities approaching 10~ 
cm, i.e., in the range expected for zone refined material 

It was therefore felt that a systematic study of the 
resistive and magnetic properties of the superconducting 


p ohm 


transition of such material would be of value since one 


could observe properties more nearly characteristic of 
the metal. 

Recent measurements of Swenson’ on the pressur 
dependence of the critical field and by Olsen and 
Rohrer® of the length change at the superconducting 
transition of specimens of IBM purified tantalum show 
extremely sharp and reproducible transitions. 


EXPERIMENTAL DETAILS 
Sample Preparation 


Ail measurements were made on wires varying in 
diameter from 10 to 40 mils. Tantalum obtained from 
the National Research Corporation was always found 
to have an extremely low residual resistivity after our 
purification treatment. 

The wires were placed in a high vacuum system con 
taining an oil diffusion pump. The system was baked for 
several hours before the degassing of the wires was 
begun. The degassing procedure which 
through 
amounted to heating the wire to a temperature between 


progressed 
several stages of development essentially 
2400°C and 2800°C by passing alternating current 
through it while in a vacuum which ultimately reached 
a value between 210-7 and 2X10~-" mm Hg. The 
specimen was heated for times up to several hours. In 
some cases the wire was cycled in temperature to avoid 
heating the walls of the vacuum system, while in other 
cases continuous heating was made possible by the use 
of a liquid nitrogen cooled vacuum jacket. By varying 
the time, temperature and pressure of this process, 
wires with large ranges of I were produced. 1/T will 
denote the resistance ratio Ro/(R295°K— Ro), where R 
is the resistance, and Ro the residual resistance. The 
quantity 1/T is a measure of purity and is proportional 
to the total scattering cross section for the electrons, 
independent of the specific impurity responsible 

This technique which is fully described elsewhere® will 
remove quite rapidly the fairly mobile gaseous im 
purities and for long treatment times has been shown to 
be effective in removing certain substitutional! impurities 
(probably iron, niobium and silicon 

For larger size specimens it was not possible to obtain 
purity comparable with that achieved for the 10-mil 
wire diameter. This is partially due to the longer cool- 
down time for these samples which permits more back 
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ION IN PURIFIED 1579 
diffusion of gases into the specimen while it cools, thus 
possibly producing a decrease in purity as well as a 
decrease in homogeneity. 

A special effort was made to remove the carbon im- 
purity and at the same time to lessen the effect of back 
streaming from the diffusion pump. After a brief degas 
near 2800°C, oxygen at pressures varying from 10~* to 
5x 10-* mm Hg was continuously bled into the system 
with the wire held near 2200°C. After this oxygen treat- 
ment, which lasted from 15 to 20 minutes, the wire was 
degassed at 2800°C at the ultimate system pressure for 
times varying up to 75 minutes. This procedure pro 
duces specimens having the highest I or, what is equi 
valent, the longest electronic mean free path. Reference 
to the literature revealed that this procedure’ success 
fully removes carbon from tungsten. 

Our most extensive work was done on polycrystalline 
wires with sizes varying from 10 to 40 mils and only in 
several instances were single crystal specimens used. 
The measurements covered I’ values ranging from about 
10 to 10. 


Apparatus and Procedure 


A conventional all glass cryostat was used for the 
measurements. The pressure above the bath was stabi 
lized by means of a bellows type manostat. In order to 
obtain temperatures above 4.2°K the bath was held 
under an overpressure while being violently mixed by 
an electrical heater until equilibrium was reached. The 
bath was electrically stirred during all measurements 
and corrections for the hydrostatic head were made in a 
conventional After 
aimost complete, some results of other investigators" 


manner. our measurements were 
indicated that this type of correction may not always 
yield the true bath temperatures. However, our resis- 
tance sample holder always contained 4 specimens so 
that relative values of H, and T, could be obtained with 
high precision. The values of 7, and 7, for the standard 
sample were always found to be reproducible within our 
limits of accuracy 

The vapor pressure was monitored by a differential! 
oil manometer and read from a precision U-tube manom- 
eter with the reference 
vacuum. A Wild cathetometer 


under a 
to read the 
mercury level to a precision of 0.02. mm. The 7g5¢ scale 


side maintained 


was used 


was used to determine the temperatures. 

A six dial Rubicon microvolt potentiometer was used 
to measure the residual! resistance ratios 

For the resistance transition measurements, fine wire 
pressure contacts were used initially for the less pure 
samples while silver painted voltage contacts were used 
for the final measurements on the very pure material to 
minimize the effects of strain. The sample holder always 
contained at least four samples, one of which remained 
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Fic. 1. Resistance versus temperature in the earth’s field 
for 10-mil tantalum wire 


as a comparison standard from run to run. It was found" 
that a light spotweld of silver painted voltage connec- 
tions while in the helium bath greatly reduced noise, 
and at the same time did not produce any broadening 
of the transition. Connections which were spotwelded 
in air always produced a marked broadening in the 
transitions and such samples were not used in any 
reported measurements. 

A Librascope X-Y recorder driven by a Liston Becker 
chopper amplifier was used to plot the resistance field 
transitions. A well regulated supply furnished the 
current. A buckout circuit was used on the field axis so 
that the width and shape of the transitions could be 
studied in great detail. Data obtained from the plotter 
measurements agreed with those taken potentiometri- 
cally. Both a water cooled and a liquid nitrogen cooled 
Garret” type solenoid were used to provide the total 
magnetic field at the lowest temperatures. The field was 
always uniform over the measured part of the sample 
to better than 0. 3% and at high temperatures when one 
coil was used approached a uniformity of 0.1%. Nuclear 
magnetic resonance was used to calibrate the coils to an 
accuracy of about 0.05% while current readings could 
be made to better than 0.1%. A Helmholtz coil was 
used to buck out the horizontal component of the earth’s 
field while compensation for the vertical component was 
made in the measurements. 

The sample holder used in the magnetization meas- 
urements was of the type used by Shoenberg.” In a 
field less than #7, the sample was dropped from one coil 
to another and the resulting deflection on a ballistic 
galvanometer was observed as a function of the applied 
field. In these measurements a small positive pressure 
jump occurred on dropping the sample. By waiting for 

measurements, the 
effect of this small temperature change on the magnet- 
ization measurement could be neglected. In our setup 
it was not possible to measure simultaneously the flux 
and resistance transitions of these small specimens. 


about 4 min between successive 
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EXPERIMENTAL RESULTS 
Resistance Transitions 


A plot of the resistance versus temperature taken in 
the earth’s field is given in Fig. 1. In the pure samples, 
i.e., those with a I greater than several hundred, the 
transitions are of the order of 1-3 millidegrees in width 
and behave properly with changes in measuring current. 
No detailed measurements were made of the functional 
relationship of 7. on the measuring current used. The 
values of T, obtained from the directly measured resis- 
tance transition agreed within 1 to 2 millidegrees with 
those obtained from extrapolation of the magnetic field 
data. In Figs. 2 and 3 tracings of some representative 
plotter data are shown for the resistance as a function 
of applied field taken at constant temperature. From 
these plots the critical field for the resistance transition 
was obtained. There are several things to be noticed in 
these measurements. In the purest samples from about 
t=0.8T. up to T., the resistance is extremely sharp as 
seen in Fig. 2, the best samples being about 0.3% H, in 
width. The measuring current density, when small, has 
no effect on the shape of the transition, thus allowing 
an unambiguous determination of H,. 

As the temperature is lowered the resistance transi- 
tion begins to broaden as shown in Fig. 3. These curves 


are all taken at the same temperature with the measur- 
ing current increasing from 1 to 10 milliamperes and 


show a marked current dependence in the initial part 
of the transition. An abrupt spike beginning the transi- 
tion could be clearly seen as the measuring current was 
increased. The spike whose height is strongly dependent 
on the measuring current is only slightly affected in 
position by the relatively small changes in magnetic 
field produced by the measuring current changes. It is 
always followed by a very broad region until the full 
normal resistance is restored. Ballistic measurements 
show this spike to occur at the critical field for flux 
penetration while a field much greater than this was 


required to restore the full normal resistance. The 
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Fic. 3. Resistance versus magnetic field at a lower temperature 
for the same sample with measuring current values of 1.1, 5.5, 
and 10.8 ma. 


characteristics of this type of behavior has been investi- 
gated more fully by Seraphim and Connell. 

In the limit of small measuring currents very broad 
transitions occur at the lowest temperatures. Increasing 
the measuring current produces this small spike-like 
return of resistance demonstrating the separation into 
the bulk and filament transitions region reported by 
Preston-Thomas.! 

This broadening of the resistance seems to occur in 
a fairly definite temperature range for any given sample. 
In general, the better the sample the lower a tempera- 
ture is needed before broadening sets in. A plot illus- 
trating separation between the bulk H, (the H, gotten 
from the initial rise in R,) and the H,. needed to restore 
4R, (at smal] measuring currents) is shown in Fig. 4. 
These measurements were all made at constant meas- 
uring current. 

Similar types of transitions have beén observed by 
Doidge'® and Reeber"* in studies of substitutional solid 
solutions of tin and indium. 

Doidge suggests an explanation for his results on well 
annealed monocrystals in terms of a theory proposed 
by Pippard’’ which relates the interphase surface energy 
to the normal electronic mean free path. As the mean 
free path is decreased by scattering the surface energy 
is lowered. Thus as one goes to shorter and shorter 
normal mean free paths there may appear regions of 
negative interphase surface energy which permit a zero 
resistance current path even though the flux penetration 
is essentially complete. Therefore a field higher than the 
bulk critical field for flux penetration is required to 
restore the resistance in this region. Clearly, local 
strains or inhomogeneities may, in general, provide 
such regions in which the interphase surface energy is 


“4 R. A. Connell and D. P. Seraphim, Phys. Rev. 116, 606 (1959) 
‘6 P| R. Doidge, Trans. Phil. Soc. (London) A248, 553 (1956) 
‘© M. Reeber, Phys. Rev. 117, 1476 (1960). 

‘7 A. B. Pippard, Proc. Dambridge Phil. Soc. 47, 617 (1951) 
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decreased below that for the ideal material. Our prepara- 
tion techniques do not rule out such possibilities since 
our samples, which are polycrystalline, do not cool 
uniformly after degassing. This probably results in a 
small gradient of impurity along the length of the sample 
as well as possible gradients near the grain boundaries. 
Thus, at temperatures below 7, the surface energy can 
become negative in small regions, thereby broadening 
the resistance transition, since these regions would 
remain superconducting in fields greater than the bulk 
critical field. To quantitatively account for the detail 
of the shape of the resistance transitions a very compli- 
cated network of regions spread along the sample would 
be required. No attempt has been made to analyze this 
situation in detail. 

At temperatures close to T, in samples of high [ a 
marked resistance hysteresis is observed as shown in 
Fig. 2. This hysteresis, characterized by a discontinuous 
normal to superconducting transition, has been shown 
to be supercooling by magnetization measurements. As 
the temperature is lowered the hysteresis diminishes in 
size. No detailed study of the behavior of the hysteresis 
will be presented in this paper. In general, in studies of 
rather impure samples other types of hysteresis along 
with an increase in dH ,./dT near T, are found. It will be 
shown that the transition temperature is always de- 
pressed in going to less pure samples. 

In our earliest measurements an observation was 
made of the effect of very slowly cooling a specimen 
from its high purification temperature. Under these 
circumstances there seems to be a difference between a 
single and polycrystal specimen. A single and a poly- 
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Fic. 4. Critical field versus temperature showing the separation 
between the bulk critical field and the field necessary to restore 
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ooldown procedure for 2 degassed samples, 


stal. the other a polycrystal 


crystal wire were simultaneously degassed at high tem- 


peratures and subjected to all treatments as equally as 
possible After degas the wires were subjected to the 
treatment shown in Fig. 5. This amounts to a slow cool- 
down over two regions and to an aging process at two 
Although the had 
approximate ly the same values of [° (1.e., 129 and 140, 
different 
resistive transitions as shown in Fig. 6. They were by 


elevated temperatures. samples 


which are rather low) they exhibited quite 
no means very good specimens. In the single crystal the 
lope of the critical field curve near 7, is less than } that 
of the polycrystal. At this low measuring current the 
resistive transition for the single crystal was at least an 


} 


order of magnitude sharper than that of the polycrystal. 
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The dotted lines are put in to show 


extrapolation in finding 
used in obtair ng the 7. values later re ported The type 
(dH 


characteristic of forme rly so called “hard”’ 


shown in Fig. 6, viz., the high 


of behavior 
dT)r + T,isa 
superconductors and is here probably the result of both 
filamentary networks of gaseous impurities along the 


1 


grain boundaries'* as well as smaller inhomogeneities 


within the that, in 
general, there is always some ordinary bulk gas diffusion 


into the 


grains (On slow cooing, we feel 


degassed specimens, and in addition, in the 
polycrystal specime ome rapid diffusion along the 
grain boundaries even at relatively low 
The probable ré 


this 


temperatures. 
in and inhomogeneity from 
selective clustering of gaseous impurities at the 
surface can have a 
lo date 
no extensive study of this effect in both polycrystal and 
All of the 


will report were done on poly- 


grain boundaries and near the 


pronounced effect on the resistive transition 


single crystal specimens has been carried out. 
measurements which we 
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crystals which were cooled rapidly enough to show no 
sign of such broadening. These all had the same low 
value of (dH./dT)r ~ 7, and could therefore 
garded as weil behaved supere onductors. 


be re- 


Magnetization Measurements 


The magnetization measurements were made on small 
diameter wires oriented parallel to the applied field and 
long enough so that demagnetization effects could be 
neglected. 

In Fig. 7 is plotted the magnetization versus applied 
field and it is apparent that for a sample whose resis 
tance ratio is several thousand the transition is 
tremely sharp. For less perfect samples the magnetiza 
tion curves are almost as sharp but there is an appre- 
ciable amount of flux trapping as shown by Fig. 8. In 
Fig. 8 the initial zero field intercept denoted by the 
x line corresponds to the remanent moment at the 
previously measured temperature while the lower inter- 
cept gives the value of the remanent moment at the 
measuring temperature and is obtained when the field 
is removed. In such samples this remanent moment 
increases very rapidly with temperature. Figure 9 
shows the marked difference in flux trapping between 
two samples of different resistance ratios. The measure 
of flux trapping used is the ratio of the remanent para 
magnetic moment in zero field to the maximum diamag 
netic moment which occurs at H,. Here, the [’ values 
are only convenient labels for samples and we do not 


eX- 


present a systematic relation between I and the amount 
of flux trapping observed. The apparatus we used did not 
permit the flux trapping to be measured to better than 
2 or 3%. 

Electrolytic polishing and etching of tantalum, which 
is known to introduce interstitial hydrogen quite 
readily,"* produces marked effects on the magnetization 
curves. The transition is broadened and the sample is 
left with a large remanent after 


moment etching 


% Donald P. Smith, reference 18, Sec. 10.8 


2.0 
T°K (ABSOLUTE) 


Apparently enormous surface strains produced by the 
electrolytically absorbed hydrogen, which initially at 
least, is concentrated near the surface, succeed in pro- 
ducing large flux trapping. That this behavior results 
from effects produced in the surface layer of the sample 
is borne out by several simple surface treatments. In 
Fig. 7 is shown the magnetization curve for a high purity 
sample which has been lightly sandblasted. Figure 10, 
curve A, shows the same sample after the ends have 
been lightly etched. Here there is a broad transition and 
the appearance of some supercooling hysteresis. A light 
sandblasting of the surface of this sample will restore 
the sharp transition, as shown in Fig. 7, but with some 
added hysteresis of a value comparable to that shown 
in curve A. Electrolytic volishing of the sample for 
several minutes yields the magnetization curve B shown 
in Fig. 10. The value of the moment is greatly reduced, 
the transition is smeared out, and the sample now traps 
substantial flux. In curve B the ordinate is the measured 
moment of the sample divided by the moment before 
polishing. Surface sandblasting of this sample after the 
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Fic. 10. Curve A (reduced magnetization versus field for lightly 
etched wire;. Curve B (reduced magnetization versus reduced 
field for electrolytically polished wire). 
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Magnetization curve for high purity sample 
which exhibits supercooling 


polish showed the magnetization curve to be much im- 
proved and to approach its original shape. In waiting 
some time at room temperature between measurements 
we also probably allow the very inhomogeneous hydro- 
gen concentration at the surface to become somewhat 
more homogeneous. This also tends to improve the 
transition. No systematic measurements were made to 
check the dependence of the magnetization curve upon 
the time the sample was left standing at room tempera- 
ture. We tentatively assert that the large effects of 
polishing shown in Fig. 10 are the result of hydrogen,” 
liberated in the region of the surface, and that the 
hydrogen remains inhomogeneously distributed in the 
sample for some period of time. 

Figure 11 shows a magnetization curve for an ex- 
tremely pure sample which shows a discontinuous transi- 
tion from a supercooled state to the stable supercon- 
ducting state. The degree of supercooling is quite 
marked in very pure samples and it should be possible 
in this material to measure the ideal supercooling near 
T. which was studied by Faber” for tin and indium. 
Such studies could be used to provide some measure of 


lasLe I. Summary of critical field data for several tantalum samples having 


Sample No 1 


rB18A 

PB2-28A 
TB2-29A 
TB2-126A 


rx 10" 
95,2 
14.1 
26.4 
1.82 


196 
218 
214 
266 


* The estimated uncertainty in the value of Ho here given should be leas than 1% 


better than 4°) with that 


bh=1+es'*+au* 


ybtained by extraploation. The uncertainty in 


*T. EZ 
*D. L 


Faber, Proc. Roy. Soc. (London) A241, 531 (1957). 


Decker, D. E 


eis about 2 n 
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the surface energy parameter A for pure tantalum. This 
direct observation of supercooling is strong evidence 
for the high perfection of the purified material and has 
never been reported before in tantalum. That super- 
cooling is responsible for the hysteresis in the resistance 
transition was also verified in reference 14. 
Critical field curves and the de penden: eot 7 
pointed out above, for temperature near T,., both the 
resistance and transitions are coincident but at 
lower temperatures the full normal state resistance is 


’. on T. As 
flux 


restored only at fields much greater than the true 
thermodynamic critical field. 

In Fig. 12 the thermodynamically significant critical 
field curve obtained from magnetization measurements 
is shown for a typical high T sample. Ho can be deter- 
mined graphically by extrapolating on a f plot where ¢ 
is the reduced temperature. There is a small deviation 
from a parabolic curve drawn for the appropriate Ho 
and T... 

Little difference is found in the shape of the critical 
field curve for samples with T° values greater than 
several hundred. 

A polynomial, without a linear term in temperature, 
has been fitted to our data using an IBM-704 computer. 
From this we can determine Ho» and T2! 


the coefficient of the normal 
} 
neat 


* and also an 
appropriate value for y, 
state electronic specific The highest power used 
in our curve fitting was cubic and the expressions for the 
reduced critical field h=H./H» for several samples are 
given in Table I along with the corresponding values of 
y, Ho, T., and (dH./dT)r —1T,. The latter is some 
measure of the so-called softness of a superconductor 


and in this sense all the purified samples are well 


behaved, in that they have roughly the same low slope 
near 7... 

It should be noted that for sample TB2-126A, az, az, 
and Hy are all higher than the values given for the other 
3 samples. At 
hysteresis of about 0.5 


low temperatures for this sample a 


© in the magnetization curve 
was found, thus complicating the determination of H.. 
The type of hysteresis we observe in this sample seems 
to be similar to that observed and discussed by Decker." 
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Fic. 12. Critical field versus temperature for high purity sample 


The other samples listed showed no behavior of this 
type down to the lowest temperature measured and 
should better represent the actual threshold field data 
for tantalum. 

The temperature variation of our data for H, is 
plotted in Fig. 13 along with data for the critical field 
of tin and a theoretical curve from the BCS theory. The 
deviation from parabolic is quite close to that of tin, 
which has about the same ratio of 7. to ©, where © is 
the Debye temperature. Its maximum deviation from 
the parabolic curve thus agrees with the empirical rela- 
tion pointed out by Mapother in which this maximum 
deviation varies linearly with the ratio of T./0. The 
values of y we obtain are in poor agreement with those 
given in references 3 and 22, viz., 5.7 and 5.4 10° ergs 
mole deg’, respectively. We expect values which are too 


high and not in very good agreement with the calori- 


metric value for reasons outlined by Lynton ef al. and 
Mapother.* 

The transition temperature has been measured for 
samples with I values varying from about 8000 to 10. 
In purifying the specimens both interstitial and substi- 
tutional impurities are removed, and no determination 
is made of the absolute amount of any one species which 
is present. Quite independently of the nature of the 
impurity present the value of I should be proportional 
to the normal state mean free path. 7, values have been 
obtained both by direct resistance measurements and 


* DPD. E. Mapother (private communication ) 


by extrapolation of the critical field curves for both 
resistive and magnetic transitions. Whenever two or 
more means of determining 7, were used, the values of 
T. obtained agreed within our experimental error. 

A corollation between I and 7, was first pointed out 
by Serin, Lynton and co-workers.” In their experiments 
T. was always found to be initially depressed as one 
added substitutional impurities. This initial decrease in 
the transition temperature was found to be independent 
of the impurity and to be proportional to the change in 
mean free path as deduced from measurements of I. 

Figure 14 shows the same general behavior for tanta- 
lum recalling that in these measurements both inter- 
stitial and substitutional impurities are involved. The 
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Fic. 13. Deviation from parabolic threshold field curve for Ta, 
Sn, and BCS theory. Estimates of uncertainty are included for 
only a few Ta points 
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Serin and co-workers for tin 


lope ol Is quite comparable to that 


obtained by From these 


measurements we conclude that in tantalum 7, is most 


trongly dependent on the electronic mean free path 


and varies In an approximately linear fashion with 1/1 


CONCLUDING SUMMARY AND DISCUSSION 


By degassing tantalum in high vacua at temperatures 


to the melting point, large amounts of interstitial 
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ome substitional impurities can be removed 
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Paramagnetic Resonance and Optical Spectrum of Iron in Beryl* 


M. Dvir 
De partment rh yste 


Rex eived 


The paramagnetic resonance spectrum of Ft 


this spectrum many weak lines were observed an: 


The optical spectrum shows a spectrum characteri 


several groups of sharp lines whose origin is not yet 


I. INTRODUCTION 


» I ‘HE paramagnetic spectrum of trivalent chromium 
in beryl was recently measured. A large initial 
This splitting of 


splitting of 1.786 cm™ was found.' 


about 1.85+0.2 cm confirmed from 


spectra.2 It was of interest to see whether iron might 


was optical 
give a splitting of comparable magnitude. Somewhat to 
our surprise it was found that the initial splitting is 
relatively small. In addition many weak lines were ob 
served. Possible explanations for some of these absorp 
tion lines are given. 


II. PARAMAGNETIC RESONANCE RESULTS 
Crystallography 


The structure of beryl has been investigated in 
detail.** Beryl grows in hexagonal crystals. There are 
2 molecules BesAleSieis per unit cell. Each aluminum 
The nearest 


neighbors of each aluminum ion are six oxygen ion 


ion is surrounded by six SigQys rings 


The point symmetry of the aluminum ion is trigonal! 
The six oxygen ions form a squashed-in octahedron in 
which the distortion is along the 111 axis (the z axis 
The oxygen-aluminum distance is 1.94 A. The separa 
tion between adjacent aluminum ions is 4.585 A and i 
parallel to the z axis. There are other aluminum ions at 
5.64 A and 7.27 A, respectively. All aluminum ions are 
magnetically equivalent. 

rhe beryllium ion is surrounded by a distorted tetra 
hedron of oxygen ions. Two oxygen ions lie nearly along 
one of the crystallographic “a” 


axes. There is a small 


rotation of about 9° from the ‘“‘a” axis so that the lines 
connecting each two ion pairs make at their intersection 


an angle of about 102°. (The paramagnetic resonance 


data indicate that this angle may be about 97°.) The 
tetrahedron has a distortion along the z axis as if the 


cube is elongated parallel to the z axis. The Be-O dis 
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ryl was measured at 20 


tic of trivalent, iron. In 


Low 
Isr iti 


University, Jerusalem 


and 290°K. In addition to 


possible explanations of these lines are discussed 


the infrared region there are 


known 


tance is 1.73 A, and all Be ions are magnetically equiva 
lent along this axis 

rhe silicon ion is surrounded by a nearly perfect 
tetrahedron. Along the z axis, the 100 direction of the 
cube containing the tetrahedron, the silicon ions are 
magnetically equivalent. The Si-O distance is 1.57 A. 


Preliminary Discussion 


rhe spectrum was scanned at room temperature and 
liquid 3-cm_ wavelength. 


Natural aquamarine bery! crystals were used. These are 


hydrogen temperature al 
transparent slightly bluish crystals showing clearly the 
cleavage planes. A spectral analysis indicated the 
presence of the following impurities: Zn~0.01%, 
Mg~0.1%, Fe 20.1% and traces (0.001%) of Cr, Mn, 


1] 


Cu, Ti as well as a number of diamagnetic ions. 


A cursory investigation showed 5 intense lines and 
many additional weaker lines stretching from nearly 
zero field up to 5000 gauss. The intensive lines showed 
an extreme separation along the z axis. At right angles 
to the axis the spectrum was isotropic. In the following 


we shall discuss the intense and weaker lines separately 


1. The Iron Spectrum in Octahedral Symmetry 


The detailed measurements of the line position with 
Hc, His and H. (100) at room and liquid hydrogen 
temperature are given in Tables I and IT. It is clear from 
Hamiltonian can be ex 


the spectrum that the spin 


pressed as a superposition of a cubic and axial contri- 

PaABLE 1. Measured pos strong absorption lines at 290°K 

i Hf 4 H 

Magnet Magneti« 
hel Relativ held 


gauss 


(100) 
Magnetic 
field 
in gauss 


Relative 
in gauss sity i intensity 
2707 20 2973.4 
4042 25 3107.7 
3161.3 125 3182 

3233.7 120 $327.5 
303 240 3374.1 
175 3572.1 
20 3766.5 


2583 

2635.3 
3186.3 
3736.9 
3208.6 


F ree 
radical 


$192.7 3150.9 3342.6 


marker 
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Taste II. Measured position of strong absorption lines at 20°K 


100) 


Magnetic 
field H 


in gauss 


H\\z His H 
Magneti 
field H 
in gauss 


Magnetic 
field H 


in gauss 


Relative 
intensity 


Relative 


intensity 


Relative 
intensity 


2826 

2894.4 
3047.8 
3189.7 


2822 10 
3167 8 
3235 50 
3290.5 80 
3580.6 100 3237.1 
3598.4 6 3368.6 
50 3451 
3604.6 


63 2642 20 
28 2734 50 
104 3238 100 
34 3707 00 


80 3839 20 


Free 
radical 
marker 


3215.3 


bution, i.e., 
K= gBH-S+ B,0.°+ BLO? 

+ (BY)*(02)*+(Be)*(0"8)*, (1) 
where O,” are the spin operators and B,”™ the crystal 
field parameters, or as expressed more conventionally : 


K= gBH-S+ (a/6)[Sh+5,'+S-4 
1S (S+1)(3.°+3S—1) ]4+DL52—4S5(S+1) ] 
+ (1/180) F[35S,4—30S(S+1)S2+25S2 
6S (S+1)+3.57(S+1)?]. (2) 
Here the z axis is along the trigonal distortion, i.e., the 


[111] axis, and the é, 
The levels in zero field are given by direct diagonal- 


n, ¢ are the cubic axes. 


ization 
Wis 1D ia I + 4[ (18D+a—F)*?+ 80a? |}, 
Ws; *D+a—Kk (3) 


The transitions corresponding to AM=+1 can be 
evaluated by expanding the square root sign, assuming 


gBH >a, 
+ +} H 


and are found to be 
HF [ 2D(3 cos*é —1)+ 2pa + tFq | 
326; T 45, + €), 
F[ D(3 cos*@—1) —}pa 
5/24) Fq]+48;— 562+ e, 
? 166, 85-5 T €3. 
35 cos’4@— x0 


where p=1—5¢, ¢=Pm’+m'n?+Pn?, g 


AND W I 


OW 


cos*é+3, and ¢; are terms of the order of (a?/Ho), 6; are 
terms of the order (D*/H 

By taking separations of extreme lines for either 
H\\z or H1z, ie, [M—M-—1][—(M-1)—--M] 
one finds two equations in two unknowns D and (a—F) 
which can be solved 

The values found for H 12, serve as a consistency 
check. The measurements along the [100] direction, 
however, yield two equations in two unknowns, a and F 
separately. Therefore these measurements are sufficient 
to establish the values and relative signs of D, a, and F. 
The g value is best found from the 4 ~—# transition. 
Inspection of the relative intensities shows that along 
H|\\z the extreme lines belong to the +3 —-+4 transi- 
tions whereas the inner pair belongs to the +$—-+3 
lines. The evaluated constants in the spin Hamiltonian 
energy level separations are given in Table III. It is 
seen that the relative signs of D, a, and F are the same. 
From this table it is evident that adjacent lines have the 
same sign of M— M-—1. This enables us to establish 
the absolute sign at low temperature. It is found that 
the pair of lines at high field are of larger intensity. 
Therefore D must be positive, and similarly a and F. 


Discussion 


The most significant aspect is that the initial splitting 
of Fe** in beryl in considerably smaller than that found 
for Fe** in aluminum oxide or for Cr** in beryl. It is 
obvious, therefore, that there is no simple relationship 
between the strength of the axial perturbation and the 
initial splitting of the levels 

It is gratifying to find the sign a—F and the cubic 
field parameter a positive, similarly to that found for 
many octahedral and tetrahedral compounds.*® On the 
other hand, there seems to be a correlation as far as the 


} 


sign of the parameters in the Hamiltonian is concerned. 


negative for Cr** and positive for Fe 


B. Weaker Lines 


A large number of weaker lines is found which spread 
from low to high magnetic fields. The most prominent 
as determined at 20°K with #/|!z are listed in Table IV 
} 


and are shown schematically in Fig. 1 


Pasve III. Calculated parameters of spin Hamiltonian at 20°K and 290°K 


Parameters D 
at in units of 10° cm™' 


Energy levels 
in 10% cm" 
Mi 


2.002+0.002 
2.002+0.002 


20°K 
290°K 


1.998+0.002 
2.001+0.002 


3. Bleaney ar R. S. Trenam, Proc. Roy. Soc 


ad and London) A223, 1 (1954 
*W. Low, Paramagnetic Resonance in Solids 


Academic Press, New York, 1960 





PARAMAGNETIC 


These lines may be caused by a number of reasons. 
We list only the main possibilities : 


(a) Forbidden transitions corresponding to AM 
= +2, 3, 4, 5. These fall in the low magnetic field region. 

(b) Trivalent iron located either at the beryllium or 
silicon sites. 

(c) Spectra caused by neighboring iron pairs. 
nearest pairs would be along the z axis. This would give 
rise presumably to an additional interaction of the form 
JS,-S, and additional pseudodipolar terms. If J is 
large, as it is likely for iron, then S=5, 3, 2, 1, 0 would 
be good quantum numbers and give rise to relative 
complicated and temperature dependent spectra. 

Vote added in proof.—Since the closest distance be- 
tween neighboring ions is about 4.5A it is likely that 
the exchange interaction J is small. We have observed 
(U. Rosenberger and W. Low) many additional lines 
in emerald probably caused by Cr—Cr pairs which 
seem to indicate that J is small there as well. 


These 


TABLE IV. Relative weak lines as measured at 20°K with H/||2 
axis. The magnetic field measurements is accurate to within 10 
gauss. The relative intensity is only a qualitative measurement 


Magnetic 
field 
in gauss 


28 700 125 

50 980 250 

45 1115 250 

30 1350 150 

100 1800 180 
135 1990 125 
120 2130 " 
12 2450 a 

50 2520 10 

2570 : 10 

2580 15 

2750 170 4450 

2840 65 4750 

40 5720 


Magnetic 
field 
in gauss 


Relative 
intensity 


Relative 
intensity 


2940 
3040 
3440 
3560 
3660 
37009 
4120 
4130 
4200 
4260 
4360 


1 
2 
3 
4 
s 
6 
& 


na pnt ed te 
wn Oo oO 


(d) Divalent iron situated at the site of beryllium in 
tetrahedral symmetry. The energy level scheme is some- 
what complicated. However a few transitions between 
a number of singlets lie in the microwave region and 
could possibly be observed. 

(e) Other unknown paramagnetic impurities. The 
optical spectra discussed below seem to indicate that 
other paramagnetic impurities may be present. 


We shall discuss here only the first two possibilities. 
The other conjectures will be left for later investigations. 


(a) Calculations of the transitions to AM = 2, 3, 4, 5 
using the crystal field parameter given in Table III 
show that one can expect low field transitions as listed 
in Table V. This seems to account reasonably well for 
lines at low magnetic fields. These transitions are shown 
in Fig. 2. 

(b) There are two sets each of four lines symmetri- 


cally located with respect to the strong 4 —>—} transi- 


RESONANCE 


SPECTRUM OF Fe IN BESTEL 


ne ~~ Ye EVEL 





li, |) 


1000 ~ 2000 000 








5000 Gauss 


Fic. 1. The main weak lines as observed with H||z at 3 cm wave 
length at 20°K. The 4 —+»—4 strong line (not drawn to scale) is 
shown as reference. The 4 —+—§ line is flanked by two sets of four 
absorption lines symmetrically displaced. These are discussed in 
the text 


tion which seem to behave somewhat differently from 
the others. We should like tentatively to ascribe one set 
of four levels to Fe** at the beryllium site and one set 
of lines to Fe** From the nature of 
the width of the lines as well as the variation of the 
spectrum when the magnetic field is rotated with respect 
to the crystal axis it is indicative that one set of lines, 
that is to say lines Nos. 14, 15, 16, and 17 refer to one 
type of Fe** and another set of lines, Nos. 12, 13, 18, 
and 19 refer to another type of Fe’*. 

We tentatively ascribe the first set of lines of larger 
intensity to iron at the beryllium site, assuming that 
the trivalent charge does not change the direction of the 
distortion of the tetrahedron. The reasons for this as- 
signment are as follows. The Be—O distance is 1.73 A, 
whereas the Si—O distance is only 1.57 A. It is there- 
fore likelier that Fe** with its large ionic radius will, if 
at all, be preferentially substituted at the beryllium site 
rather than at the silicon site. In addition the crystal 
field parameters calculated below show a large axial dis- 
tortion whereas for the second set only a small distor- 


at the silicon site. 


TaBLe V. Low level transitions calculated from the crystal 


field parameters (20°K) in Table IV. 


Approximate 
position H 
in gauss 


1120 
1950 


Possible assignment 
of observed lines 
in gauss 


980 or 1115 
1990 


Transition 


750 
2090 
1400 


700 
2130 
1350 


750 700 
1380 1350 


1130 980 or 1115 
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1 
+400 gauss, 


+620 gauss 


, | J and ato be 


two of the four possible solutions can 


Assuming tl positive as in all 
iron complexe 
be discarded 


to the 


Moreover assuming that @ is proportional 


square of the crystal field potential,’ then 


104 


order ol 


Since F is n better 
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H. Watana 
1954 
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illed measure- 
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red region 
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PARAMAGNETIC RESONANCE 
and a number of weaker lines. After heating the crystal 
in an atmosphere of H, there appeared another line at 
7850 cm-?. 

We have no explanation of the spectrum in the in- 
frared. We have tried to fit the spectrum to Fe®* in 
tetrahedral symmetry. However the multiplicity of the 
the narrowness seem to be indicative for 


lines and 


SPEC UM OT! BERYL 1591 


transitions belonging to some rare earth or uranium 


group Impurity 
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Re 


rhe critical fields of thin superconducting filn 
Schrieffer (BCS) theory of superconductivity follo 


ost 


it is convenient to use the critical field formula 


is replaced by an eflective penetration de pth which can be specihed 


effective penetration depth, unlike the London px 
with the temperature, is found to vary, in the Bf 
mean free path of the normal material 


tin films are in general qualitative agreement with 1 


INTRODUCTION 


ECENT measurements carried out on thin super 
conducting tin films' have shown that the exper 
mentally measured values of the externally applied 
longitudinal field required to destroy superconductivity 
are greater than would be expe ted on the basis of the 
hi 


has, indeed, been anticipated. Lutes,’ in studying the 


London theory of superconductivity behavior 
critical fields of thin relatively impure tin whiskers, 
concluded that the superconducting penetration depths 
were considerably greater than the Lendon value 
Experiments by Schawlow® on several cylindrical tin 
films likewise indicated that the magnetic 
depth in a superconductor will be a function, not only 
of the specimen purity, but of the specimen thickness 
Likewise, Glover Tinkham‘ 
measurements on thin films, 


penetration 


found, in 
microwave that the 
effective penetration depth was increased appreciably 
over its value in bulk material. 


as well. and 


These experimental results are, in fact, suggested by 
the various modern theories of superconductivity 
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been calculated on the basis of the Bardeen-( ooper 
Schrieffer. It is shown that 
the London penetration depth 
f the BCS theory. The 
a given material, varies only 
m thickness and the electronic 


London A here 
through the use 
which, for 
with both the fil 
» show that the measured critical fields of thin 


{ the BCS theory 


which indicate that the supercurrent density is correctly 
expressed as an integral of the vector potential and 
will vary with both the specimen dimensions and the 
normal state electronic mean free path. As a conse 
quence of this nonlocal aspect of superconductivity, 
the effective penetration depth (as it appears in the 
London theory) will be expected to depend on both 
the specimen dimensions and bulk mean free path 
rhese considerations have been discussed by Tinkham* 
who suggested a method of treating the 
penetration depth to be used in the London theory. 


practi al 


The results presente d here are in qualitative agreement 
with the results outlined by Tinkham 


LONDON THEORY 


It is instructive to carry out a number of calculations 
on the basis of the London theory of superconduc tivity 
general methods which are involved 
rather in- 
it will subsequently 
prove expedient to make use of a 
equation where the London penetration depth, AL, is 
an effective penetration depth, A, whose 


to illustrate the 


Moreover, a the nonlocal theories are 


tractable in a mathematical sense, 


modified London 


replaced by 
magnitude is indicated by the nonlocal theory. 
In the London theory’ the spatial variation of 
magnetic field, 1 (x), inside a film of thickness d is 
H I cosha A 
H coshd 2d 
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1592 WILLIAM B 
where //) is the tangential field strength at the two 
surfaces of the film, A, is the London penetration depth, 
and x varies from —d/2 to +d/2. It has been shown 
that the critical magnetic field to be expected of a 
particular film can be calculated in terms of the free 
energy-difference per unit volume between the super- 
conducting and the normal state of the film," i.e. 


’ 


F.-F, H2 H\AM 


’ 


1 Sar 2 
where H/, is the critical field of the bulk material, H» 
is the field at the surface of the film, and M is the 
magnetization of the film. 4M may be written as 


1 +d/2 
~ih 2 


Substituting Eq. (1) into Eq. (3) and integrating 
yields a value of Hy for which the field at the surface 
a field Hy equal to the 
critical field of the film, ./, where 


AM 


H(x)dx Hd} (3) 


of the film becomes critical, i.e., 


H f=H{1—(2d,/d) tanhd/2d, |. (4) 


This is, of course, the result obtained by London in 
a somewhat different manner."' The important point 
to be emphasized here is that the critical field of a thin 
film can be related to the spatial variation of the 
magnetic field within the film. Consequently, the 
calculation of the critical magnetic field of a film can 
be reduced to the calculation of the spatial variation 
of the magnetic field within the film. Once the field 
variation, H(x)/Ho, is known, Eqs. (2) and (3) can be 
used to calculate H.//H,, the ratio of the critical field 
of the film to the critical field of the bulk material. 

It will become apparent in the subsequent discussion 
that the form of the spatial variation of the magnetic 
field which is specified by the various nonlocal theories 
is quite similar to the form given by Eq. (1). In the 
nonlocal theories, on the other hand, the magnitude is 
quite different from that indicated by the local London 
theory. In general, however, the field variation specified 
by the nonlocal theories can be approximated quite 
accurately both in form and in magnitude by the 
London equation if an appropriate effective penetration 
depth, A,, is substituted for the London penetration 
depth, Ax. It will be found convenient in much that 
follows to compare this effective penetration depth of 
the nonlocal theories, A., (where A, will be found to 
vary both with film thickness and with specimen 
purity) with the penetration depth of the London 
theory, Ax. If, moreover, the forms of the spatial 
variations of magnetic field do not differ appreciably 
among the various theories, then, in all cases, the 

” P. M. Marcus, Phys. Rev. 88, 373 (1952) 


" F, London, Superfluids (John Wiley & Sons, Inc 
1950), Vol 1, see Pp 130 


, New York, 
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critical field of the film will be related to the effective 
penetration depth in the manner indicated by Eq. (4) 
where A, is simply replaced by the quantity A,. 


NONLOCAL THEORIES 


J. R. Schrieffer has calculated the variation 
magnetic field within a thin film of thickness d as 
H (x fnew k, sink, 
= 
H d n= k,’+K(k 


(2n+1)x/d, and K(k 


into 


where &, 
transform space of 
density-vector potential relationship, i.e., 


is obtained from the 


wave vector the current 


—4nr i(k) 
A k) 


Schrieffer’s equation is obtained under the assumption 
that the electron scattering at the surface of the speci- 
men is sper ular. For the case where the film thickness 
is allowed to become infinitely large, the summation in 
Eq. (5) may be transformed into an integration and 
the variation of magnetic field may then be used to 
obtain the penetration depth for an infinitely thick 
specimen as 


(6) 











| | 
ae) 3.0 
Ak/k 


Fic. 1. The BCS kernel, K (A 
where Ak=x/f . K(k) has been'r 
as k approaches zero by multiplyir 





function of Ak/k, 
to unity in the limit 


2 J. R. Schrieffer, Phys. Rev. 106, 47 





CRITICAL FIELDS OF 

In the London theory, the supercurrent-vector 
potential relationship leads to K(&)=1/A,?, where A, 
is the London penetration depth. K (&) is thus a simple 
constant independent of &. Substitution of this value 
of K(k) into Eq. (5) yields the Fourier expansion of an 
equation of the form of (1) in the interval from x«=0 
to x=d. 

In the BCS theory, the kernel K(&) is a function 
not only of the temperature, but of the mean free path 
of the normal electrons and the superconducting 
coherence length, to. X(&) can be expressed in a direct 
analytical fashion only under certain simplifying as- 
sumptions. For the case where &/>>1 (corresponding to 
a large mean free path in the normal state, i.e., a pure 
material) the BCS theory gives, at the absolute zero 
of temperature, 


limK (k) = 1/A17(0), 
b+) 


3” 1 1 16 
limK (k) =- — — (1-- In(rkgs)). 
dion 4 A2(O) k mw kk, 


Letting Ak=x/t, the BCS expression for K(&) in the 
limit as k(>>1 can be rewritten as 


limK (k) = 1/Az7(0), 


ko 


+ t & 16 Ak wk 
limK (4) =—-———- —4 1-— — in). 
aie 4 7(0) k m4 k Ak 

Intermediate values of K(k) can be found by graphic 
interpolation between the limits given above. A plot 
of K(k) as a function of Ak/k is shown in Fig. 1. A 
variation of K(k) with 1/k similar to that shown in 
Fig. 1 is also given by Pippard’s*” nonlocal theory of 
superconductivity. 

In the instance where k&<1 (corresponding, for 
example, to an impure material) it is not possible to 
obtain a simple analytical expression for K(&). Miller" 
has calculated K(k) in the limit as T approaches zero 
for the cases where {o>/ and &)</. The Miller formulas 
can be used to obtain the asymptotic value of K(&) in 
the limit as Ak/k goes to infinity since the condition 
ki<1 is always satisfied. For the sake of simplicity we 
have assumed that the shape of the function K(&) is 
that given by Fig. 1, and that it is only the asymptotic 
value which is changed by variations of mean free path 
or specimen purity. The detailed variation of K(k) 
with k, 1, and &» is thus appropriately left as a challenge 
to the theoretician. 

While it is possible to calculate the asymptotic 
values of K(k) using the formulae developed by Miller, 
we have chosen to determine them empirically from 
experimental data for two reasons. First there exist 


4 P. B. Miller, Phys. Rev. 113, 1209 (1959). 
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Fic. 2. Variation of the magnitude of magnetic field through 
the cross section of a 1000 A thick film. The curve calculated from 
the BCS theory is compared to the curve calculated from the 
London equation (1) where an effective penetration depth of 880 A 
is used in the London equation. 


some uncertainties in the exact values to be used for 
(0) and &o. These quantities must, in fact, be inferred 
indirectly from various directly measured quantities 
and the literature is replete with estimated values for 
both quantities. Secondly, the Schrieffer equations are 
derived on the basis of a specular reflection of electrons 
from the surface of the film. Most measurements on 
bulk material yield data which numerically is in better 
agreement with those formula derived on the assump- 
tion that the surface scattering is diffuse. For example, 
Miller’s calculations of the penetration depth in bulk 
materials as a function of the material mean free path 
are in reasonably good agreement with the values 
measured by Pippard in experiments with microwaves.* 
In general, the difference between the results obtained 
by assuming either a specular or diffuse surface scat- 
tering appears as numerical constant and the mecha- 
nism of surface scattering does not generally alter the 
qualitative features of the results. Thus it seems 
reasonable to determine the asymptotic values of K(k) 
by an empirical method which accords with previous 
experiment. 

In particular, the asymptotic value of K(k) was 
chosen so that the value of the effective penetration 
depth for an infinitely thick film [given by Eq. (6) ] 
corresponds to the value of the effective penetration 
depth calculated by Miller for different mean free 
paths in a situation where the surface scattering is 
diffuse. This asymptotic value for K(k) can then be 
used along with the data contained in Fig. 1 to calculate 
the field variation through the film as given by Eq. (5). 
The method, in essence, corresponds to normalizing the 
BCS kernel K(&) to ensure that the effective pene- 
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CRITICAL FIELDS OF rHIN 
within several percent) among a series of four lines all 
laid down in a single evaporation. Moreover transitions 
measured after successive edge cuts (corresponding to 
different widths of a single line) 
identical. 

3. The determined 
measurements were essentially independent ol meas 


were essentially 


transitions as by resistance 
uring current over a current range of several orders of 
magnitude.'® 

The measurements of critical field were 
with conventional cryogenic apparatus. 


carried out 
Phe 
possible source of error in the critical field-temperature 
determinations lies in the determination of the critical 
temperature 7. Near the critical temperature the low 
critical fields become comparable to the stray magneti 
which present and the the 
specimen is such that fields perpendicular to the plane 
of the film are tremendously magnified near the speci- 
men edges. It is virtually impossible to prevent the 
specimen from entering an intermediate state where 
the transitions are greatly influenced by the measuring 
current. In short, it is quite difficult to determine the 
critical temperature to closer than about 5 or 10 milli 


greatest 


fields are geometry of 


degrees. Since the penetration depth varies most rapidly 
with temperature near T,, uncertainties in 7, 
large uncertainties in the temperature variation of the 
penetration depth. For this reason the data has only 
been used to look at the variation of penetration depth 
with temperature at temperatures such that 7/T,.<0.9 

Following the measurements of critical field, the 
thickness of the film, d, was measured by silvering the 
entire sample and using a standard interferometer 
technique to measure the distance between the 
surface and the substrate. The film thickness was also 
calculated by a method which involves measuring the 
temperature variation of the resistance, separating the 
residual from the temperature dependent resistance, 
and assuming the temperature dependent resistivity 
to be equal to the bulk temperature dependent re 
sistivity. (Some credence is lent to this assumption by 
the fact that the temperature dependence of the re 


lead to 


film 


sistivity in these films was essentially identical to that 
of bulk material.) Unfortunately, while there were some 
notable exceptions, the optically measured thickness 
frequently differed from the calculated film thickness 
by as much as 10% and it must be concluded that the 
thickness was, in most instances, not known with great 
accuracy. 


RESULTS 


The experimentally determined critical fields, H./(7 
were used, along with bulk values of H.(7T),'*® to deter 

‘6 This is true except for measurements very close to the critica 
temperature where the field produced by the measuring « 
to the critica] field of the 
transition may i 


becomes comparable 
T. the shape of the 
magnitude of the measuring current 

‘6 J. M. Lock, A. B. Pippard, and D. Shoenberg 
bridge Phil. Soc. 47, 811 (1951 
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Fic. 4. The temperature variation of the penetration depth as 
a function of the rhe solid curves correspond to 
the temperature variations predicted by the Lewis energy gap 
model and the BCS theory, while the dotted line corresponds to 
the variation used in the Gorter-Casimir two fluid model of 
superconductivity 


parameter 


mine the ratio A,(7)/d as it is given by Eq. (4). It is 
then possible to examine the ratio A,(7)/A,(O) by an 
appropriate choice of A,(0)/d; and, by using an experi 
mentally determined value for d, to determine A,(0) 

In order to choose an appropriate value for A,(0)/d, 
of model for the 
variation of A, with temperature and to extrapolate 
measurements ot A,(T 
\,(0) at the zero of temperature. Lewis"? has calculated 


it is desirable to choose some sort 


made at finite temperatures to 


the temperature variation of the penetration depth 
which would result if the superconducting state were 
separated from the state by a temperature 


independent energy gap. While the Lewis model differs 


normal 


appreciably from the BCS model (in which the energy 
gap varies with temperature and disappears at the 
critical temperature) the former model does predict a 
temperature variation of the electronic specific heat 
which is in rough agreement with theory and does 
predict a variation of penetration depth with tempera 
ture which is in good agreement with the measurements 
made by Schawlow and Devlin'* on bulk tin. Since our 
measurements of the variation of the penetration depth 
with temperature are quite similar to those found by 
Schawlow and Devlin we have chosen to use the Lewis 
ratio A,(0)/d. This has been 
done by reducing a series of values of A,(7T)/d to 
A.(0)/d and averaging the 
value 

Figure 4 contains a plot of the quantity A.(T)/A, (0) 
as a function of the parameter y= (1—f)~*. The vari 
ation shown in Fig. 4 was typical of the results obtained 


model to determine the 


results to obtain the final 


on a number of films ranging in thickness from about 
500 to 5000 angstroms. Within the experimental errors, 
it was impossible to distinguish any change in the 


variation of A,(7)/A,(0) with y as a function of the film 


H. W. Lewis, Phy 


° A. L. Sel 


102, 1508 (1956 


Devlin, Phys. Rev. 113, 120 


1989 





1596 WILLIAM B 
thickness. The temperature variation of penetration 
depth is essentially that found by Schawlow and 
Devlin whose data is also shown in Fig. 4. 

According to the constant energy gap model, the 
electronic specific heat would be expected to vary as 
exp(—aT./T) where for tin, a is experimentally” close 
to 1.5. The temperature variation of the penetration 
depth in the tin films reported here actually fits best 
a constant energy gap model in which a is equal to 1.7, 
although the experimental errors preclude our attaching 
any real significance to this fact. The temperature 
variation of the penetration depth is, on the other hand, 
in rather poor agreement with the predictions of the 
BCS theory as is evident from an examination of Fig. 4. 
The BCS variation of the penetration depth which 
appears in Fig. 4 is that predicted for a bulk material in 
which there is a single energy gap approaching 3.5Tk, at 
the absolute zero of temperature. While the BCS theory 
gives a somewhat different variation of the penetration 
depth with temperature for a thin film,” the difference 
is not enough to account for the discrepancy shown in 
Fig. 4. Moreover, the data of Schawlow and Devlin 
obtained by measurements on bulk material is also in 
poor agreement with the BCS theory. Recent measure- 
ments” of the ultrasonic attenuation in bulk super- 
conductors have indicated that the energy gap in tin 
may take on different values in different crystal 
orientations and this suggests that it is probably not 
correct to use a single value for the energy gap as it 
appears in the theory. Just how real crystalline ani- 
sotropies in the energy gap will modify the temperature 
variation of the penetration depth is not yet clear but 
it is reasonable to assume that an effect will be evident. 

J. M. Lock” has pointed out that a variation of the 
superconducting penetration depth with magnetic field 
would be expected to make itself evident in the pene- 
tration depths inferred from critical field measurements 
on thin films. The available evidence,” however, indi- 
cates that in bulk materials the critical field is able to 


change the penetration depth by only a few percent. 


Conceivably the effect could be greater in thin films, 
but at present there is no real evidence for or against 
this hypothesis. At the moment, therefore, the tem- 
perature variation of the penetration depth is not 


"W. S. Corak, B. B. Goodman, C. B. Satterthwaite, and A. 
Wexler, Phys. Rev. 102, 656 (1956); 102, 662 (1956) 

*™R. W. Morse, T. Olsen, and J. D. Gavenda, Phys 
Letters 3, 1, 15 (1959) 

J. M. Lock (private communication ) 

* See, for example, M. Spiewak, Phys. Rev. 113, 1479 (1959) 
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understood and further work on this problem is obvi- 
ously needed. 

The variation of A,(0) 
for a variety of films in Fig. 3 


with film thickness is shown 
Che experimental un- 
certainties indicated in the figure arise almost entirely 
from uncertainties in the measured film thicknesses. It 
is seen that in a qualitative manner, the effective 
penetration depths do increase for the thinner films. 
The effective mean free paths (indicated in parenthesis) 
of the bulk material of which the various films are 
composed have been estimated by using the measured 
low temperature resistivity, Fuchs’ formula,” and 
Chamber’s value* of the ratio of ¢// for tin. Several of 
the films were found to have, inadvertently, somewhat 
higher resistivities and, consequently, somewhat lower 
mean free paths than the majority of the films studies. 
The impurer films exhibited a somewhat higher effective 
penetration depth in accord with theoretical expec- 
tations. While the data shown in Fig. 3 is qualitatively 
in good agreement with the theoretical predictions, the 
quantitative agreement is occasionally poor. This is 
perhaps not too surprising. It is known, for example, 
that JT, and H,. for bulk tin depend to some extent on 
the purity of the material. Likewise it might be sus- 
pected that éo is a function of the specimen purity. In 
calculating the theoretical values of A,.(0) we have 
taken the H(t) curve for pure bulk tin and a constant 
value for & . It is possible, of course, to carry out the 
theoretical development under a variety of assumptions 
regarding the variation of K(k), &o, and H.(¢) with the 
mean free path. There is at the moment, however, 
insufficient evidence to indicate the most profitable 
extension of the present development. It would, of 
course, ultimately be desirable to carry out the thin 
film calculations under the assumptions of a diffuse 
surface scattering mechanism. At the moment, it is 
sufficient to say that the experimental data over- 
whelmingly supports a nonlocal picture and indicates 
that the penetration depths in thin films is considerably 
higher than is predicted by the London picture. 
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« and § Bands in NaF, NaCl, and KCl 


Ryumyo ONAKA AND Ikvo Fvuyrta 
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(Received April 18, 1960) 


By means of a vacuum spectrophotometer, a and 8 bands have been observed in NaF, NaCl, and KCI 
irradiated by soft x rays. At liquid nitrogen temperature, the positions of a band are 9.4, ev in NaF, 7.1, ev 
in NaCl and 6.9; ev in KCl, and the positions of 8 band are 9.7, ev in NaF, 7.3, ev in NaCl, and 7.3, ev in 
KCl. The doublet structure of 8 band in NaCl, expected by Fuchs’ theory has not been detected. This may 
be due to the fairly wide band width of the component bands 


LPHA and £ bands, the absorption bands which 

appear in the tail of the fundamental! absorption 
band in alkali halides when irradiated by x rays, were 
found in KI by Delbecq, Pringsheim, and Yuster.' 
These bands have since been investigated in many 
alkali bromides and iodides.? For alkali chlorides and 
fluorides, however, no work on these two bands seems 
to have been published, probably because the wave- 
lengths of these bands are outside the range of ordinary 
quartz spectrograph. 

The optical absorption in LiF, NaF, NaCl, and KCl 
was studied over the wavelength range from the funda- 
mental absorption edge to F band by means of a vacuum 
spectrophotometer which had the maximum resolution 
of about 3 A and the available wavelength range from 
105 my to 600 my. With the use of a cryostat, transmit- 
tance of the crystal specimens was measured with and 
without the irradiation of soft x rays at and above the 
temperature of liquid nitrogen. 

Crystals used were all obtained from the Harshaw 
Chemical Company. With NaCl and KCl, weak ab- 
sorption of OH was observed at 184 my and 202 my, 
respectively. KCl crystals, even the best of them, 
showed a strong absorption band at 167 my at liquid 
nitrogen temperature. At room temperature, this band 
is overshadowed by the fundamental absorption band 
and becomes undiscernible. 

Both a and 8 bands were observed in NaF, NaCl, 
and KCI. When these crystals were irradiated by x rays 
(30 kv 25 ma; through 0.2 mm Be window) at liquid 
nitrogen temperature, the two barids appeared in all 
crystals, but when irradiated at room temperature the 
a band was undetectable. 

The a band and @ band in NaF, NaCl, and KC! were 
detected by the following evidences. For 8 band: (1) it 
is present in additively colored and in x-ray irradiated 
crystals, (NaCl); and (2) its intensity is proportional 
to the intensity of the F band, (NaF, NaCl, and KC]). 
For a band: (1) it is found a little lower than 8 band in 
energy; (2) it is stable at liquid nitrogen temperature, 
but not at room temperature; and, (3) it appears in @ 


'C. J. Delbecq, P. Pringsheim, and P. Yuster, J. Chem. Phys 
19, 574 (1951) 

? W. Martienssen, Nachr. Akad. Wiss. Gottingen, Math.-physik. 
KI. 1952, 111. 


(F) colored crystals if bleached at liquid nitrogen 
temperature. 

The a band is distinctly separated from 8 band in the 
case of KCl. In NaF and NaCl, it is superposed on 8 
band; its position was found from the change in band 
shapes when colored crystals were bleached at a low 
temperature. An example is shown in Fig. 1. 

The position and other characteristics of a and 8 
bands in NaF, NaCl, and KCl are shown in Table I. 

The shape of 8 band in NaCl was carefully examined, 
but there was no apparent structure. (See Fig. 1.) With 
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Fic. 1. 8 band in NaC] and appearance of a band by bleaching. 
Lower figure shows the optical density of a NaCl specimen. Full 
line—x-ray irradiated at room temperature and measured at 
jiquid nitrogen temperature. Dotted line—bleached with white 
light for 90 minutes at liquid nitrogen temperature. Upper figure 
is the plot of the difference between these two curves » see. the 
decrease of 8 band and the appearance of a band. The broken 
lines suggest the true shapes which were balanced up as the full 
line. 
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Center Law of the Lattice Vibration Spectra* 
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vhether tern 
and identica 
for a large variety of nonconducting « 


solids. Moreover, the center lrequer 


center frequency of the infrared spectr 


the center law of the lattice vibrat 


I. INTRODUCTION 
a vibrational (infrared) spectrum of a substance 


is related to the forces that hold matter together In certain case 
The higher the region of resonance mental spectrum ol 
frequencies in brational spectrum, the greater the frequency, such as 


} lorces re full experimental spectra of lattice 


CONESIVE 
vibrations of various solids (commonly shown either in 


ectance, or in transmittance, or again as the Raman 


hi 


tion v W 
transmittance 


ref] reststrahlen fre: 
but rarely absorption , a8 a Tunction ot Ire of substances, suc] 
jen frequen les are amD 


type, 
quency, differ in range, in number of resonance fre 


intensities, and in line widths the vibrational spectrun 
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Il. CENTER OF GRAVITY OF THE 


VIBRATIONAL SPECTRUM 


number 


tc., the 


naracteriz 
and as a whole, 


of gravity” 





LAW Ol] 


and define it by 


: 
[ vf(v)dy 


(designated as v 


. ; 
f f(v)dy 


reflectance R or absorption 
a small area of the spectrum of 


where v=frequency, f(r) 
coefficient K, f(v)dp 
reflectance or absorpt ion. 

1), we 
need to know experimentally the entire spectrum of 
lattice vibrations of a solid either in reflectance or in 
absorption.’ The absorption spectrum can be derived 


In order to determine vy, correctly by Eq 


either from transmittance spectra at various layer 


thicknesses, or from reflectance spectra at various 


angles of incidence.’ Such data, however, are available 
only for a very few solids. Hence, in this study, we 
generally equate {(v) = R, and, according to availability, 
K. In this case, we denote R 


percent, and define AK by the formula 


also f(v) reflectance in 


J Te 4a K (d/h 


J of wave 
thickness d 
The limiting frequencies of the spectrum are con 


which represents the radiation intensity 


length A after traversing a layer of the 


veniently defined as those frequencies at which f(» 
becomes very small and remains so beyond them 

Obviously, the resonance lines occur at both sides of 
verr, and the latter does not need to coincide with any 
one of the strong lattice resonance vibrations of the 
spectrum. In other words, there may or may not be a 
:, itself in the experimental spectrum, 
whether observed in reflectance, or in absorption, or as 
Raman type. 

As an example, Fig. 1 shows the determination of v,; 
the spectrum of crystalline 
(SiO.).* The easiest way to determine ver, [according to 


resonance line at v 


from reflectance quartz 


For detailed representation of the experimental data of the 

lattice vibrations for a great number of solids, also comprehensive 

bibliography of pertinent literature, see H. H. Landolt-R. Boerr 

stein, Zahlenwerte und Funktionen aus Physik Chemie A stronomte 

Geophysik und Technik (Springer-Verlag, Berlin, 1955), Vol. 4 
5 546-666 


Part 5, p 
‘See, for example, | 


2. W. Wood, Physic ud Optic Ma 
New York, 1952), p. 102 


Company 
Simor J Opt. Soc. Am 

Z. Physik 144, 85 (1956 
® (1) In the case of SiO,, the data of reflectance (A) as a function 
of the frequency are taken from measurements by J. D. Hardy and 
S. Silverman, Phys. Rev. 37, 179 (1931); K. Korth, Z. Physik 84 
684 (1933); and W. Stein, Ann. Phys. 36, 470 (1939). (2) In the 
of NaCl, the data of reflectance (R) as a function of the fr 
ency are taken from measurements by L. Kellner, Z. Physik 56 
215 (1929); M. Czerny, Z. Physik 65, 600 (1930); R. B. Barnes 
and M. Czerny, Z. Physik 72, 447 (1931); C. H. Cartwright and 
M. Czerny, Z. Physik 85, 269 (1933 4. Mitsuishi, H 
Yoshinaga, and S. Fujita 
data of the absorption coefficient K as a function of the frequency 
ansmittance data at variable thick 
esses taken from measurements of the above authors. (3 
ise of Lik, the data of reflectance (R) of the fre 


41, 336 (1951); also N. Neurott 
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1G. 1. Determination of v-, from the lattice vibration spectrum 
of crystalline quartz. This spectrum is shown in reflectance (R) as 
a function of frequency (v=1/)). For the respective references sec 
footnote 6. By cutting the area under the curve of the spectrum 
from cardboard and determining the point of equilibrium on the 


abscissa (as mentioned in the text) we obtain 


885 cm or Acre 11.3 microns 


Eq. (1) ] is to cut the area under the curve of the spec- 
trum from cardboard and to determine the point of 
equilibrium by balancing it on a needle through a hole 
frying at different points along 
succeed at 


close to the abscissa 


the abs« Issa, we 
885 cm or Ac,p=11.3 microns. 


As the case of SiO how 


Vere IS if 


there is no resonance vibra- 
tion at 
determination of vy.y, are 
shown in Fig. 2 for NaCl, in Fig. 3 for LiF, and in Fig. 4 
for MgO. These 
where the spectrum of absorption is fully available, as 
is the spectrum of reflectance.* Both types of spectra are 
2, 3, and 4. In determining vy, in the 
manner mentioned above, and for each type of spectrum 


Other examples for the 


substances belong to the few solids 


shown in Fig 


separately, we obtain 


for NaCl: v., 


\-+p= 53 microns for the absorption type, and 


188 cm™ or 


185 cm™ or 
54 microns for the reflectance type; 
410 cm or 


24.4 microns for the absorption type, and 


for Lik 


415 cm™ or 
24.1 microns for the reflectance type; 


for MgO 525 cm™ or 


19.1 microns for the absorption type, 


515 cm™ or 


19.4 microns for the reflectance type. 


taken from measurements by K. Korth, Nachr Ges 
Wiss. Gottingen Jahresber. Geschaftsjahr Math.-Physik K1. 5, 576 
1932); H. W. Hohls, Ann. Phys. 29, 433 (1937); M. Klier, Z 
Physik 150, 50 (1958); G. Heilmann, Z. Physik 152, 368 (1958); 
the data of the absorption coefficient K as a function of the fre 
quency are taken from R. B. Barnes, Z. Physik 75, 723 (1932 

G. Heilman, Z. Physik 152, 368 (1958). (4) In the case of MgO, 
the data of reflectance and absorption as a function of the fre 
quency are taken from measurements by J. C. Willmott, Proc 

Phys. Soc A63, 389 (1950 


quency are 
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Fic. 2. Determination of vet, from the lattice vibration spectrum 
of NaCl. Two types of this spectrum are shown: the absorption K 
(as an envelope) and the reflectance R, as a function of frequency 
(v=1/d). The data of the absorption coefficient K are evaluated 
by the author from transmittance data at various layer thick 
nesses. For the respective references see footnote 6. By cutting the 
area under the curve of either type of the spectra from cardboard 
and determining the point of equilibrium on the abscissa (as men 
tioned in the text) we obtain 
Vetp™=188cm™! or Act-™53 microns for the absorption spectrum, 
and 
\-tp = 54 microns for the reflectance spectrum. 


Vor™185cm! or 


Although the two types of spectra are very different from each 
other, they show identical values of vx, (considering the experi- 
mental inaccuracies of about +3%). Also shown are the frequen 
cies of maximum reflectance v, and of maximum absorption » 


Although the two types of spectra, reflectance and ab- 
sorption, are very different from each other for each one 
of these solids (as is characteristic for the alkali halides), 
Vetr remains equivalent for both types, considering the 
over-all inaccuracy averaging +3%. According to ex- 
pectation, however, vere is entirely different for the 
Raman type of spectrum (not shown here). 

In regard to the reflectance spectra, the center fre- 
quency in many cases is close to the frequency of maxi- 
mum reflectance (v,) as Figs. 2 and 4 show. This 
agreement, however, by no means applies to SiO, nor to 
LiF, as Figs. 1 and 3 show. On the other hand, in regard 
to the absorption spectra, verr is close to a minimum in 
1 to 4); ie., 
with any resonance line there. 

Investigating the temperature dependence of ver, we 
determine (1) from the absorption spectra of LiF at 
various temperatures® : 


at 293°K veer 
at 593°K vets 
at 893°K 


(2) from the reflectance spectra at 293°K: 
1 K 6 


In the case of LiF, this comparison shows that veer 


all four cases (Figs Vetr does not coincide 


410 cm 
400 cm 


415 cm 


Vetr 


Vetr=415 
cm with no change indicated at 87 
remains constant with varying temperatures, from the 
vicinity of liquid air temperature to somewhat below the 
melting point, considering the over-all inaccuracy of 


N; PLENDL 


207 
about +3 Os 


data determination averaging vorr=410 
cm~*). 

Thus, as far as the available data allow, we establish 
the following unique fact concerning the center fre- 
quency : 

The “center of gravity” of the lattice vibration spec- 
trum remains the whether determined from the 
reflectance or from the absorption type of spectrum. It 
also remains constant for varying temperatures [ within 
a range in reduced temperatures (see below) from 7/6 

=().14 to 1.45 in the case of LiF, which is the only one 
examined so far | 


Same, 


Ill. CENTER OF GRAVITY OF THE VIBRATIONAL 
SPECTRUM AND THE CHARACTERISTIC 
TEMPERATURE 


Another frequency also peculiar for each substance, 
according to Debye, is defined by the characteristic 
temperature @ as 

ve=k 


hé. (2) 


where k= Boltzmann’s constant, and 4= Planck’s con- 
stant. The characteristic temperature can be determined 
from various data such as specific heat, or elasticity, 
compressibility, melting point, and electrical resistance.’ 
But we restrict the term @ to the representation of 
spec ific heat data only. 


‘ 
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Fic. 3. Determination of » 
of Lil 
obtain 


Voter = 410 cm"! 


from the lattice vibration spectrum 
Proceeding in the sar nanner as mentioned in Fig. 2, we 


tr= 24.4 mi for the absorption spectrum, 


and 


Vetr=415cm™ or A-t¢,=24.1 microns for the reflectance spectrum, 


» each other, considering 


, are identical t 
f about +3%. For the respective 


i.e., both quantities of 
the experimental inaccuracies 
references see footnote 6 


? For detailed representation of the specific heat of solids, tables 
of @ values and their discussion, also bibliography of pertinent 
literature, see the comprehensive articles by M. Blackman and G 
Leibfried in Handbuch der Physik (Springer-Verlag, Berlin, 1955), 
Vol. VII/1, pp 325-382 and 104-324, respectively 





CENTER LAW OF LATT 

In reality, the Debye theory is not in perfect agree- 
ment with experiment.’ Hence 6, instead of being a 
constant, is a function of T. Within the practical range 
of temperatures, however, the deviation of 6 from the 
respective constant is but a few percent for many solids, 
although it may extend to a higher percentage for some 
solids. Nevertheless, it is customary to consider @ as a 
constant. In this case 6 refers, in general, to the middle 
portion of the c, curve (see Fig. 5), except for the very 
high @ values (as for the diamond) where the lower 
portion prevails (since 7/@ is very small at room 
temperature). 

The characteristic frequency (vs) was assumed by 
Debye as a maximum and cutoff frequency, in such a 
manner that above v» no vibrations should exist, and 
below ve a continuous frequency distribution repre- 
sented by a parabola [f(v)«v*] should occur. The 
known experimental spectra of lattice vibrations of 
many solids reveal, however, that a considerable number 
of distinct resonance vibrations exist, without any 
preference for vs, and that they are located at both sides 
of ve. Hence the latter does not show up directly in the 
experimental spectrum; and this is the very same 
property which v¢:, exhibits. 

A striking experimental phenomenon is discovered 
when we compare the characteristic frequency v» with 
the frequency vt, for as many solid compounds as we 
have data on hand. It appears that both wavelengths A» 
and Actr are equal throughout the entire range of 
vibrational spectra of solids.* 
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Fic. 4. Determination of ».+, from the lattice vibration spectrum 
of MgO. Proceeding in the same manner as mentioned in Fig. 2, 
we obtain 


vetr™525cm™ or Acty=19.1 microns for the absorption spectrum, 
and 
Veter =515cm™ or Acte= 19.4 microns for the reflectance spectrum, 


i.e., both quantities of vex, are identical to each other; considering 
the experimental inaccuracies of about +3%. For the respective 
references see footnote 6 


* The wavelength scale is chosen instead of frequencies because 
the original data in pertinent literature are mainly presented in 
wavelengths. 
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Fic. 5. Atomic heat capacity of simple solids (according to Debye) 


The equality of center frequency with characteristic 
frequency is shown in Table I for eighteen noncon- 
ducting solids (compounds) for which complete data on 
both the lattice vibrations and the characteristic tem- 
peratures are available.’ The substances of Table I 
belong to six different lattice structures and cover the 
range from \,.,= 120 microns, as for CsBr, to Actr=5.9 
microns, as for the diamond (I). This is almost the 
entire range of the vibrational spectra of solids (meas- 
ured in center frequencies). 

In detail: Table I includes thirteen solids (Numbers 
1, 5, 8 to 12, and 14 to 18) for which sufficient experi- 
mental data are available to determine Ag correctly 
(besides Ag)." In comparing the Aves of these solids with 
Actr, it appears that ten of them show almost the same 
quantity for both Ares and Aw,, whereas the remaining 
three (Numbers 14, 15, and 18) have double values of 
Arvest Which are far apart from each other (in the fre- 
quency scale). In the latter case, Arvess remains am- 
biguous. Hence we conclude that both Arese and Act, are 
very close to each other, provided that Ayes has one 
value only. We now make use of this fact for another 
variety of solids (Numbers 2 to 4, 7, and 13) for which 
Arest IS known (single values of course), but not the 
complete infrared spectrum, in order to determine xi, 
correctly. Thus, in approximating Acr by Arest, We in- 

* Considering the over-all inaccuracy of data determination 
which averages +3% for v.1,, but varies from +2 to +10% for 6 

” der = 5.9 microns applies to the ordinary diamond of type (1) 

"' Most data of the characteristic temperatures are taken from 
the comprehensive articles by G. Leibfried and M. Blackman in 
Handbuch der Physik (see reference 7), pp. 104-382; also from K 
Lonsdale, Acta Cryst. 1, 142-149 (1948). The data of the 
reststrahlen wavelengths are taken mainly from C. Schaefer and 
F. Matossi, Das Ultrarote Spektrum (Springer-Verlag, Berlin, 
1930). The values of A.., are determined mainly from data on 
lattice vibrations compiled in H. H. Landolt-R. Boernstein, 
Zahlenwerte und Funktionen aus Physik Chemie Astronomie 
Geophysik und Technik (see reference 3). See also the compre 
hensive bibliography there, pp. 663-066 

™ Double values of Ayes: indicated by double maxima of re- 
flectance apply to LiF, SiO,, double maxima of absorption to the 


diamond (1). The double maxima of each one of these solids are 
equally strong and may or may not be symmetrical to Pet,. 
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PasBle I. Comparisor 


No ibstance Structure 


cesium ¢ hlori f 


rocksalt 


5 \gbr rocksalt 
4 RbBr rocksalt 
5 KI rocksalt 
6 K Br rocksalt 
7 (gt rocksalt 
5 K¢ rocksalt 
9 Nal rocksalt 
10 Nal rocksalt 
11 ZnS zinc blende 

12 Cal fluorite 


13 Cad 


14 Lil 


rocksalt ) 


rocksalt 


16 Sif zinc blende 
17 SiO juartz . 
18 ( Cl diamond I 


crease the solids in 


Table I 


In this manner, we assemble 


number of comparable 
trom thirteen to eighteen 


of nonconducting solids for which we 
the data required for checking the 


a large variety 
definitely poss 
results. 

a matter of fact, it has 
been known that the quantities of Ag and Ayes; are almost 
equal for a few solid « ompounds, such as NaCl, KCl 
Cak». More 


For more than 30 years, as 


and 


recently, the 6 values of a few additional 
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Fic. 6. identit of the characteristic frequency wit the center 
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and 1/Acty are plott against one another and in logarithmic 
scales. They cover almost the entire range of the vibrational 
spectra (also of the characteristic temperatures) of solids. The 
deviation trom the sector (small as it is) stands for the deviation 
from the identity of th trequencies. The data are mean values, 
and their average i racy 1s indicated by the size of the circles 
the radius of which corresponds to about +3% (this radius being 
a constant in the logarithmic scales). Small vertical lines through 
some of the circles dicate Ss where the center tre 1encies are 
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NTER LAW OF LA 
Consequently, we conceive the center frequency as the 
optical (infrared) value of the characteristic frequency 
As we know, the spectrum of lattice vibrations as a 
whole contributes to the specific heat of a solid. In order 
to represent the entire spectrum in this case unambigu 
ously and effectively by one single frequency, we may 
imagine the spectrum to be concentrated in its center of 
gravity and thus the accordant frequency to be identica 
th the characteristic frequency from specific heat 


IV. CENTER LAW OF THE LATTICE 
VIBRATION SPECTRA 
As we conclude from Fig. 6, the center frequencies oi 
the lattice vibration spectra of nonconducting solids can 
be determined simply by their characteristic tempera 


tures. Introducing this fact into Eq. (2), we obtair 
Vetr k hé. 5 
Phis relation expresses the equality of the characterist 


the lattice 


temperatures with the center of gravity « 
vibration spectra in absorption as we'll as in reflectanc: 


It states: 


The higher the characteristic temperature of a solid, 
the higher also the frequency region of the vibrational 
spectrum. 


Applying Eq. (3), we may now determine the centers 
of the vibrational spectra in absorption and reflectance 
tempera 
ture data, or vice versa. The reciprocal case applies to a 
number of solids whose vibrational spectra we know but 
BN, 


for nonconducting solids from characteristic 


incompletely. Among these substances are, e.g., 
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E VIBRATION SPECTRA 
BeO, Al.Os, , with structures different in some cases 
from those of Table I. Other and more important appli 


cations of the center law, concerning the study of the 


et 


solid state in general, will be treated in successive 
pape rs 
V. CONCLUSION 
The accepted percentage of impurities in the in 


vestigated nonconducting solids (averaging close to 1% 


may cause smal] deviations in some of the experimental 


data. 


However, no changes, beyond the over-all in 
iccuracies of the experimental data, are to be expected, 
either in the center frequency or in the characteristic 
provided the small impurities do not in 


of the materials to 


lrequency, 
fluence the electrical conductivity 
iny substantial degree 

In the past, for various reasons, many experimental 
data in the far infrared have not met the standards that 
would be desirable. Hence comparisons made in our 
study are hampe red in many respects by this fact. It is 
exactly the purpose of this paper to stimulate extensive 
and more accurate work within the experimental aspect 
of this field, in order to provide confirmation or modi 


fication of our result 
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‘The influence of electrical conductivity on the data, in 

nicondt rs and eta 1 tn msidered separately in a 
e! ape 
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Optical Mode Scattering Contribution to Electrical Resistivity in Zirconium Hydride* 


Pau W. BICKEI 


AND Tep G. BERLINCOURT 
ifomics International wnoga Park, California 
keceived March 21. 1960 


Electrical resistivity measurements on fcc ZrH 


a sizeable optical mode scattering contribution. Excel 
ymmbination of Griineisen and Howarth-Sondheime 
node scattering contributions. The corresponding 

are in good accord with Vaiues cerived trom eartier ir 


Stent neutron scattering experiments have 
shown that hydrogen atoms occupy tetrahedra 


attice sites in fcc and fet zirconium hydride (approxi 


* This research was supported by the U. S. Atomic Energ 
Commission 

'R. E. Rundle, C. G. Shull, and E. O. Woolan, Acta Cryst 
5, 22 (1952 

71. Pelah, C. M. Eisenhauer, D. J. Hughes, and H. Palevsk 
Phys. Rev. 108, 1091 (1957 


+A. Andresen, A. W. McReynolds, M. Nelkin, M. Rosenbluth 


and W. Whittemore, Phys. Rev. 168, 1092 (1957 
*W. L. Whittemore and A. W. McReynolds, Phys. Rev. 113 
806 (1959 
Sidhu, L. Heaton, and M. H. Mueller, J. Appl. Ph 


S.s 
1 


30, 1323 (1959 


, and fct ZrH, o« between 1 


2 K and 400°K have revealed 


t fits to the data are obtained using a simple additive 


functions for the respective acoustical and optical 


icoustical and optical mode characteristic temperatures 


mately ZrH, 
atoms behave much like independent simple harmonic 
or “Einstein” A value of 0.133 ev (average 
of two neutron scattering determinations) was obtained 
for the level spacing of these Einstein or optical modes, 
and a value of approximately 0.02 ev was obtained for 
the high-frequency cutoff of the acoustical modes. These 


ere ries corre 


, to ZrH,), and further that these hydrogen 


oscillators 


pond to an Einstein characteristic tem 
perature 9¢=1550°K for the optical branch and a 
characteristic te mperature of approximately 230°K for 
bran h 


the acoustica The purpose of this note is to 


describe electrical resistivity measurements on zirconium 
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Fic. 1. Ideal electrical resistivity as a function of temperature 
for ZrHi.54 and ZrHy, 9s. The solid lines represent fits of Eq. (1 
to the experimental data, and the dashed lines represent the 
Griineisen contributions 


hydride which also exhibit manifestations of both types 
of lattice modes 

If scattering by impurities (including hydrogen vacan 
cies) and by the acoustical and optical modes all make 
independent contributions, the electrical resistivity of 
zirconium hydride should be approximated by a func 
tion of the form 


p prrp prt (a7 A.\G(8 ] 


+hH(6e/T), (1 


where p, is the residual resistivity, p, is the ideal resis- 
tivity, a and 6 are constants involving S¢ attering CTOSS 
sections and electronic fac tors, T is the temperature, 
G(6,/T) is the well-known Griineisen function® for 
acoustical mode scattering, @, is the resistive characteris- 
tic temperature, and H(@¢ T)=((T/6g)sinh?(@g/2T) | 
is the first order approximation of the Howarth-Sond- 
heimer function’ for optical mode scattering. The func- 
tion H(@e T 
0.16; 


becomes appre iable only above about 


In Fig. 1. the ideal resistivities are plotted (experi- 
mental points) as functions of temperature for poly- 


crystalline fee ZrH, 54 and fet ZrH; 96. The solid lines 


represent fits of J (| 1) to the data using the parameter: 
listed in Table I, while the dashed line represents only 
oN. |} Mott and H Jor es, The Theory the Properties 


Vetals and Alloys 
Chap. 7, p. 240 

™D Howarth and E. H 
don) A219, 53 (1953 


Dover Publications, Inc., New 


York, 1936 


Sondheimer, Proc. Rov. Soc. (Lon 


I G BI 


ante I. Parameters used to fit I 
resistivity data on poly 


‘ I 
] 
crystalline zirconium hydride 


) experimental! electrica 


ZrH ZrHy 96 
4@(u ohm-cm 19.17 11.96 
b(u ohm-cn 18.35 15.06 
6,(°K 225 200 
Oe(°K) 1550 1550 
pr( Ohm-cr $1.8 4.02 


the Griineisen term. Reasonable fits are obtained using 


the neutron scattering experiment value for 6¢ and val 


ues for #, which agree to within experimental accuracy 
the neutron tering value for the 
mode high-frequency cutoff 
for ZrH;.5;) between experiment and Eq. (1) are not 
unexpected in view of possible 
terms in Eq. (1 


with acoustical 


Sscal 


The deviations espet ially 


lack of indepe ndence of 
s of G and H, finite rather 
than infinite number of Einstein levels, lack of complete 
independence of the hydroge n oscillators, distortions of 


inexactnes 


the pote ntial due to hydrogs n vacancies, and the pos- 
sibility of occ upancy of some octahedral sites by hydro- 
In spite of these compli- 
cating factors the resistiv ity data appear to ¢ orroborate 


gen at higher temperatures 


the existence of optical and acoustical modes which 
contribute nearly independently to the physical prop- 
erties of zirconium hydride. This contention is further 
supported by preliminary specific heat data obtained 
by W. J 
festations of optical mod 
servable in the 


1 


Tomasch of this Still other mani- 


ontributions should be 


laboratory 


ob- 


thermal conductivity, thermal expan 
sion, and elastic properti 

The present investigation ha in addition 
that for compositions approaching ZrH, the hydride is 


a considerably better electrical conductor than is pure 


revealed 


zirconium, and the hydrogen vacancy contribution to 
the resistivity is of the order of 2.2 4» ohm-cm per atomic 
percent vacancies relative to the entire lattice. The room 
temperature Hall coefficient 
to 40K 10~° cm 
and negative 20 to 
fet phase 

We plan to extend 
temperatures, 


large and positive (35 
coulomb) for the fcc phase and large 


68 10-5 cm*® coulomb) for the 


these measurements to higher 
(in which @¢ should be 


smailer by the factor 1/v2) and to other hydrides which 


to deuterides 


have been shown by neutron scattering experiments to 
possess similar lattice mode distributions 
ACKNOWLEDGMENTS 
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ing the zirconium hydride sample 
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lhe resistivity of several lightly doped (Sb) n-type germanium samples has been calculated and compared 
with values measured at 2.5°K. An order of magnitude agreement has been obtained for a span of five 
orders of magnitude in the resistivities. It has been assumed that the mechanism of conductivity consists 
of jumping of electrons from occupied to empty donors. The number of charge carriers has been determined 


by calculating the number of “‘free’’ donor ions 


he “trapped” donor ions, due to the presence of charged 


compensating acceptors, have been assumed not to participate in the conduction process. The effect of a 
constant magnetic field on impurity conduction has also been investigated and a simple theory of magneto 
resistivity is presented. The calculated magnetoresistive ratio is in order of magnitude agreement with 


the measured value 


I. INTRODUCTION 


to find that 

the log resistivity versus reciprocal temperature 
curve of n-type germanium exhibits a sudden decrease 
of slope at low temperatures. The flat part of the 
resistivity curve is attributed to impurity conduction 
which is different 
depending on the amount of doping. Here we shall only 


UNG and Gliessman' were the first 


believed to follow mechanisms 


be concerned with lightly doped samples, having 
donor concentration .V p< 10'®/cc, and assume that in 
this case the interaction among the donors is very weak. 
The limit set above for light doping is supported by the 
fact that the ionization energy of donors in germanium 
is practically constant? up to Vp=10'*/cc. Further 
support for this limit is furnished by calculations of 
Baltensperger‘ and Erginsoy,’ who have studied the 
conditions of impurity band formation and found that 
the broadening of the ground-state impurity level 
becomes significant only if V p> 10'*/ cc 

According to current views’? impurity conduction in 
lightly doped n-type germanium is not possible unless 
compensating acceptors (N4/cc) are present. As a 
result positive donor ions and negative acceptor ions 
appear and the electric conduction is pictured as 
jumping of electrons from neutral to ionized donors 
If this is the mechanism, then the conductivity of 
weakly compensated n-type germanium should initially 
increase with increasing compensation (K=N4/Np) 
since the number of empty donors, to which electrons 
can jump, increases. This effect has been observed by 
Fritzsche.” 


Il. JUMPING MECHANISM 


The first step in treating this problem was made by 
Conwell® who assumed a regular distribution of im- 
purities and pictured a neutral donor adjacent to an 


'C. S. Hung and J. R. Gliessman, Phys. Rev. 79, 726 (1950) 

*H. Fritzsche, J. Phys. Chem. Solids 6, 69 (1958). This paper 
also contains references to earlier literature 

*P. P. Debye and E. M. Conwell, Phys. Rev. 93, 693 (1954 

*W. Baltensperger, Phil. Mag. 44, 1355 (1953 

*C. Erginsoy, Phys. Rev. 88, 893 (1952). 

* E. M. Conwell, Phys. Rev. 103, 51 (1956). 


ionized donor as a system similar to that of an H,* 
molecule ion embedded in a medium of dielectric 
constant «= 16. To a certain approximation’ the elec- 
tron of the above system can be thought of as “jump- 
ing” back and forth between the two donor ions. 
Relating the jumping to diffusion, Conwell arrives at 
a conductivity® of 


Vue’ (2R,)°AE 
a (1) 
kT h 


In Eq. (1) 2R, is the distance between donors, 
which, neglecting the small amount of compensating 
acceptors, is determined from 


(49/3)RFi=Np. (2) 


Ihe other quantities in Eq. (1) have their customary 
meaning, except Ak, which is the difference in the 
energy the antisymmetric and symmetric 
tates of the donor-donor ion system. We shall discuss 
this quantity later. 

Equation (1 temperature 
dependence, since it is known from experiments? that 
in the low-temperature region the conductivity follows 
an expression of the form 


between 


predicts an incorrect 


o=C(T)e~**", (3) 


where ¢ denotes the activation energy of the conduction 
process. In what follows we shall show that Conwell’s 
theory coupled with theories of Mott* and Price” can 
be brought to the form of Ea. (3). 

According to Eq. (1) the maximum number of 
electrons able to jump is equal to the number of 
acceptor atoms, which, in turn, at low temperatures, is 


H. Eyring, J. Walter, and G. E. Kimball, Quantum Chemistry 
John Wiley & Sons, Inc., New York, 1958), p. 192 

*If the quantities in Eq. (1) are expressed in cgs units, the 
ohm cm™ value is obtained by dividing ¢ by 9x10" 

*N. F. Mott, Can. J. Phys. 34, 1356 (1956) 

“ P. J. Price, IBM J. Research Develop. 2, 123 (1958) 

' For the simplest version of the model, see also the appendis 
by P. J. Price in a paper by S. H. Koenig and G. R. Gunther 
Mohr, J. Phys. Chem. Solids 2, 268 (1957). 
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equal to the number of donor ions. Mott, however, has 

uggested that only a fraction of the donor ions is 
“free” to participate in conduction while the remaining 
Iraction 1 “trapped” in the vicinity ol acceptor tons 
Energetically, the occupancy of trapped donor ions by 
electrons 1 infavorable and therefore, we hall assume 
that they do not take part in the conduction process 
unle they are thermally activated. Mott’s idea was 
quantitatively formulated by Price who has performed 
a statistical calculation and has shown that for weakly 
compensated samples the average number of empty 
donors occupying “‘free’’ sites i 


rA\K 4 


Equation is a limiting ca of am 
expression and valid only if « WIKTK K 
ris that number of donor sites around an acceptor ion 
which may become trap ites for donor ion Since we 
have assumed a regular distribution of impurities 
the germanium crystal and subdivided the crystal 
volume into spheres of radius R,, it is evident that at 
very small degrees of compensation an ‘acceptor 
Y urrounded by 12 ‘ t ‘donor 
phere } assume that any ol t! 12 site 
may become a | \ ite with equal probability and, for 
this reason, we shall use the r= 12 value in the numerica 
calculation. Here we must add that Eq. (4) is 
only for the case when out of the r trap site only one 
| occupied ata time According Lo Price, the quantity 
W in Eq. (4) is the binding energy of a trapped donor 
ion. If in place ot .\ Eq 1) one ltutes 7 tron 
Iq. (4) the resulting expression for the conductivity 
is that of Conwell’s multiplied by a factor of 


KL A—rK)K/r jhe ". Qualitatively, th 


tivity is now of the same form as the expression it 


conduc 


Eq. (3), as required by experiments. Furthermore, it 


is seen that the experimental activation energy € should 


equal W/2. Assuming that the donor ion-acceptor ion 


distance Is approximately equal to the donor-donor 


} 
i 
di tance, one expect HM e [x(2R, This turns out 


about a factor of 4 too small to satisfy e=W 22 An 


accurate prediction of € would in itself be a complicated 
problem, mall ly because of the long-range nature of 
the Coulomb forces and because of the deviation from 
regularity in the impurity distribution. For this reason, 
although speculations have been made,?” in the follow 


ing numerical calculations we choose W exactly equa 


Je and take ¢ from measurements 


Ill. CALCULATION 


The above considerations enable us now 
resistivities and compare them with meas 
Recently, Fritzsche? carried out extensive 


measure 
ments of resistivity on Sb-doped germanium at | 
temperatures. For samples with Vp<10'®/cc tl 
amount of compensating acceptors w 

be between 0.02.V p and 0.06.\ p. In view 


nV 
1¢ 

latact? % 
CAaAICUlALCa 0 


of this uncer- 
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tainty in A, 
an average 
from Eq 

given by .\ 


0.06 


donor concent 
mate 7m ha 
In order 


wave funct 


mation in whi 


anti ymmetri 


energy spectrul 


cnergy Is givel 


where 
electronic ma 
As Kohn 
effective mass 
tuting it in E 
the more exa 


recent optica 


it calculation 
It follow 

ol @ ts 

0.02 or 
changed the 

a given 


thre approx! 


specily the 
ne approxli- 
mmetric and 
lonor system 
been given 
nee many 
cussion ol 
pancake 
ore exact 


noose 


case Lhe 


by 


ionization 


Iree 


ne average 
nat upon substi 
obtained as i 
eV, wherea 


nd Fisher’ at 


liquid He temperatur dto f 9.8 10-% ev. 


To take a roug! 


} 


Wi 


values, we have 
This value, wl 


experimenta 


ich is supposed to | malt! responsible for the 
small discrepan 


é | correction, 
v betw nti mea ired and calculated 
hosen ; ffective mass of m* = 0.185 my 

en substituted i 1. (8), vields the 





LOW FTEMPERATURI IMPURI 
Io the approximation that the overlap integral i 
neglected, a first order perturbation calculation’ based 
on the use of 
y (1 V2) (Woetyr"), 


and H in Eq (9) leads to AE= 21, where 


P va b 
| dt 


In Columns 1 and 2 of Table I we 
code numbers and donor concentrations of some of t! 
samples investigated by Fritzsche? and considered her 
Column 


10 


R, 


e- 


1+2 11 


ao* 


have listed t 


3 contains the measured activation energies 
which can be compared with the values in Column 4, 
calculated from 2W =e*?/(«R,). In Column 5 are the R 
values, calculated with Eq. (2), and in Column 6 the 
AF values, calculated with Eq. (11). The # value 

calculated with Eq. (4), are listed in Column 7. The 
experimental resistivity values at 2.5°K are given i 
Column 8 and the ratio of the experimental values to 
the calculated ones for T= 2.5°K is shown in Column 9 


IV. DISCUSSION 


It is seen from Column 9 of Table I that the agree 
ment of theory with experiment is surprisingly good in 
view of the very simplified model applied. An order of 
magnitude agreement is obtained for a span of five 
orders of magnitude in the resistivities. It is interesting 
that ignoring the randomness in impurity distribution, 
which one feels should be closer to the actual situation, 
the assumption of a regular distribution, or as on 
might say an “impurity sublattice” works so well. It i 
less surprising that use of a spherically symmetric donor 
wave function seems to be sufficient. The reason for 
this is that a superposition of pancake-like wave 
functions, corresponding to the “‘multivalley” structure 
of the conduction band roughly approximates spherical 
symmetry.” 

(nother interesting feature is the approximate con 
stancy of the number of free empty donors, fi, as it is 
seen from Column 7 of Table I. This suggests that th 
variation in resistivity does not come from the variation 
in the number of carriers but from that in the jumping 

Paste I 


Quantities entering into the calculatior 


resistivities of n-type Ge samples 


MF 
10-* 

ev 
635 
S40 
469 
430 
358 
304 


0.000101 2 
0.00830 
0.106 
0.543 

10.5 

95.9 


ersus Np graph 
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Ge 
frequency v= AFE/h.If this prediction of the model is 
correct, then the Hall constant of the samples con 
2.5°K. Unfortu- 
nately, measurements of the Hall constant? could not 
be extended into that temperature region. Noting that 
the activation energy 
purity the 

explained as 


sidered should be nearly equal at T 


decreases with decreasing im 


of fi values be 
(4) it 
" 


n decreasing i It is 


content, constancy can 


follows is seen that fi 
that "i 


decreases with decreasing Np. As a result these opposite 


From Eq 


increases wit also seen 


tendencies compensate one another." Whether it is so 


in a much lower concentration region than that 


we 
have considered is an open question until experiments 
are conducted in that region. Since it is apparent from 
that the temperature 
in the resistivity occurs shifts to 


lritzsche’s 


the change 


measurements? al 
which 


lower value with 


dec reasing 


impurity concentration, 
arried out below 2.5°K. 


the measurements must be ¢ 


V. MAGNETORESISTIVITY 


In this section we wish to investigate the effect of a 
constant magnetic field on the jumping mechanism of 
impurity conduction. It is known from the theory of 
the Zeeman effect'® that for fields and 
large electron orbits the dominating interaction term 
in the Hamiltonian of a valence quadratic 
in the magnetic field H. For the magnetic field along 
the z axis, the donor Hamiltonian can be written 


Hya=H?+n, 


trong magnetic 
electron is 


5 os 
(12) 
where H,/’ is given in Eq. (7) and 
—¢eH/2dm*c. 
a perturbation and want to 


first-order change in 


n=4m*\r sind, A (13) 


We shall « 
find the 
due to the presence of the magnet field. According to 
standard prov edure,'* 


onsider 7 a 


the donor wave function, 


the perturbed wave function is 
given by 


y | VWs 


; 


y=V (14) 


S 


where y’ and —/ the unperturbed wave function 
ind energy, given by Eas. 
and the y f 
states —F 

in Eq. (14 


be low, one obtain 


are 
(6) and (8), respectively, 
are hydrogen-like functions of energy 
Retaining only the first term of the series 
and obvious notation 


changing to the 


fv Ar’ sin’d dt 


e= vie tay 


{ 1 5) 

that ka 4) 
me has to use another expression 
this regard see the appendix by Price mentioned 


“4 We 
and under other cir 
to calculate fi. In 

reference 11 

*L. L. Schiff 

Inc., New 


see relerence 


have to note here agair is a limiting cas 


imstances ¢ 


Vuantum VW eci MeGraw-Hill Book Con 


York, 1949 
15 149 


nic 
236 
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where 
W2e= 4(2rag**)he-4"/ 0") (2—4/a*), 
and 


| oP = AE s,. 


in order to obtain the conductivity in the magnetic 
field, a7, one has to calculate AEy. Corresponding to 
the approximation used in previous sections 


9 
e Fab 

A k H 2 . di ; 
Ls T, 


where the ¢’s are given in Eq. (15). It is seen that the 
conductivity 


(16) 


ne? (2R,)*AEx 
kT h 


OH (17) 


is isotropic in our lowest approximation because the 
donor wave function in Eq. (15) is spherically sym- 
For this reason, in the present theory the 
longitudinal and transverse magnetoresistive ratio are 
equal. This situation is very different from the case of 
conduction in the conduction band, since there the 
magnetoresistive ratio very strongly depends on the 
angle between the current and magnetic field.'? As- 
suming that the number of “free” empty donors (e.g., 
the number of charge carriers %) is not affected by the 
magnetic field, the magnetoresistive ratio is given by 


metric. 


Pu—p OH AEn 


1- (18) 

Pu AE 

Dropping the small term in a* in Eq. (16) one can 

rewrite Eq. (18) as 

Ii+1, 

a ; (19) 
Io 


where J is defined in Eq. (11) and 


e V2 a Wierd e 
I; i dv, I, = 


K ¥ Tr a 


Vis(a 2. b) 
— dv. 
T, 


Now we want to compare theory with experiment. 
The only measurement of the magnetoresistive ratio on 
Sb-doped germanium in the low-T and low-N p region 
this author is aware of is that of Fritzsche and Lark- 
Horowitz.'*"* They measured the magnetoresistive ratio 


on a sample, denoted by Sb-15, at 7=4.2°K in a mag- 
netic field of 3.5 10° Gauss. The Hall coefficient of this 
sample at T=297°K is R 
R=1(Np—N,)e 


10° cm*® coulomb. Using 
and assuming a small compensation, 
see H. Brooks, Advances in 


, edited by L. Marton (Academic 
, Vol. 7, p. 85 


17 For a review ol 
Electronics and Electron Physic 
Press, Inc., New York, 1955 

‘SH. Fritzsche and K. Lark-Horowitz, Physica 20, 834 (1954 

*See also H Phys. Rev. 99, 406 (1955), where a 
sample, denoted by Sb-15-2, has apparently the same character 
istics as Sb-15 of the previous paper. For sample Sb—15-2 the 
held-current direction is neither longitudinal nor transverse 


this problem 


} 


Fritzsche, 


INSZKY 


K=N,4/Np=0.04, one obtains VN p=6.5X10!*/cc. On 
the basis of Eq. (2), at this concentration, the distance 
between donors is 2R,=664 A. Evaiuation of Eq. (19) 
leads to the value of 


6X10 


which is to be compared with the measured value of 


2X10 


Gexp 


Unfortunately, the field-current direction at which 
this value was obtained is not given in the paper by 
Fritzsche and Lark-Horowitz.'* They remark only that 
the magnetoresistive ratio showed some directional 
dependence.” If one assumes that the measured value 
is representative of the order of magnitude of the 
magnetoresistive ratio, regardless of the field-current 
direction, then the calculated value seems to be not 
| results. A more 

further measure- 
the 
change in the slope of the resistivity curve occurs'® at 
about 5°K, not far from 4.2°K, where the 
resistive ratio was mea 

We also wish tor 


might expect by including higher 


inconsistent with the experimenta 
conclusive proof of the theory await 
lowe r since 


ments, especially at temperature 


too magneto 
ured 
few remarks on what one 


order terms in the 


nake 


long as only 


Eq. (14), the 


ratio 


perturbed wave function. Evidently, as 


s-type wave functions are considered in 
longitudinal 
remain equal. To differentiate between them, one must 


and transverse magnetoresistive 
include wave functions with angular dependence in the 
resistivity calculation 

Finally, we wish to touch upon another point. In 
the above treatment we hi ignored the fact that 


t formulation of the effective 


ive 
according to the more exa¢ 
mass theory,” 
superposition of four ‘“‘pancake-like’”’ wave functions 
contributed by the four conduction band minima. Out 
of the four linearly independent 
can be formed only one has nonvanishing amplitude at 
the donor nucleus. For this reason, if the central cell 
correction is applied, the 
nondegenerate 
assumes” that the nondegenerate level corresponds to 


the donor wave function is essentially a 
combinations which 


ground state splits into a 


and a triply degenerate level. One 
the empirical ionization energy and the triply degener- 


ate level to the calculated value™ when only one of the 


minima is considered. The splitting, usually referred to 
as the chemical shift, is very small for Sb in germanium, 
namely 6X10 ev.” At 
kT is much smaller than the ct 

singlet level will be populat At 


very low temperatures, when 
shift, only the 
higher temperatures 
transitions to the triplet level will In the present 


calculation we have considered only the singlet level. 


emical 
occur 


For the resistivity calculation it is a good approxi- 
mation since at 2.5°K the Boltzmann factor of the 
*~E. M. Conwell, Phys. Rev 1955 

2 At the American Physica xiety Meeting in Detroit, H 
Fritzsche [ Bull. Am. Phys. Soc. 5, 159 (1960 5.7K10°* ev 


j gave 
measured in experiments on strained germaniun 





LOW-TEMPERATURE IMPURIT 
transition from the lower to the upper “ground-state” 
level is small. In the case of the magnetoresistivity the 
Boltzmann factor at 4.2°K is not so smal! and, for this 
reason, the calculated magnetoresistive ratio should 
strictly be compared with values measured at lower 
temperatures where the population of the triplet level 
is vanishingly small. 

Vole added in proof.—One can expect that (with ap- 
propriate rephrasement) the above model can be ap- 
plied to p-type germanium too. This view is supported by 
measurements” which show that the conductivity of a 
lightly doped and weakly compensated (K’= N p/N 4) 
p-type germanium crystal increases with a small] in- 
crease in the compensation. This is expected, since the 
number of acceptor ions to which holes can jump in- 
creases. To arrive at numerical results and compare 


es" 113 
1959 


Fritzsche and K. Lark-Horowitz, Phys. Rev 999 
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them with measured data on In-doped® and Ga- 
doped” samples, we have assumed a hydrogenlike 1s 
wave function for a hole. This is an admittedly rough 
choice because it corresponds to only one term of the 
more exact but complicated hole wave function, de- 
rived” from the effective mass theory. The effective 
masses (m,,*=0.214 mo and ma,* =0.203 my) have been 
determined from the ionization energy of In and Ga 
acceptors” at liquid He temperatures. Calculated and 
measured data are shown in Table II, where the number 
of “free” acceptor ions/cc is denoted by /. 
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The specific heat of yttrium iron garnet (YIG) has been measured at 1.45°K as a function of magnetic 
field from zero to 18 kilo-oersteds. It is found to drop about 30% over this field range as the field is increased. 
Adiabatic temperature changes, AT, were observed during magnetic cycles over various field intervals in the 
range from 3 to 18 kilo-oersteds, and at various temperatures between 1 and 4°K. The experimental values 
of ST and the specific heat fit the predictions of spin-wave theory to within experimental error. The data are 
sufficiently extensive to provide a useful test of spin-wave theory as well as checks on the consistency of the 
data itself as between the two types of observations. Values of various parameters which characterize the 
thermal and magnetic properties of YIG are determined from this investigation to have the following values: 
Landau-Lifshitz exchange constant A = 4.3 10~’ erg/cm; Debye temperature 6=510°K. The serious effect 
of magnetic impurities on investigations of this sort is pointed out. 


I. INTRODUCTION 


E have observed the heat capacity as a function 

of magnetic field and the adiabatic magnetiza- 
tion and demagnetization of yttrium iron garnet (YIG) 
at temperatures in the liquid helium range. The heat 
capacity has been observed at only one temperature, 
namely 1.45°K, and is significantly smaller at zero mag- 
netic field than the earlier results obtained by Edmonds 
and Peterson' and by Meyer and Harris.” Our other ob- 
servations are of the temperature changes in a thermally 
isolated sample as entropy is transferred back and forth 
between the magnetic spin system and the crystal lattice 
by means of adiabatic changes of an applied magnetic 
field. These experiments require care in isolating the 


1D. T. Edmonds and R. G. Petersen, Phys. Rev. Letters 2, 499 
(1959); 4, 92 (1960) 

*H. Meyer and A. B. Harris (private communication); and 
Fifth Conference on Magnetism and Magnetic Materials, Detroit, 
Michigan, November, 1959 (J. Appl. Phys. 31, 49S (1960) } 


sample thermally and in measuring sample temperature 
with thermometry which has a heat capacity small 
compared to that of the sample. Because of the tempera- 
ture and field dependence of the population of the 
energy levels of the magnetic lattice, the density of 
states of the magnetic lattice can be deduced from these 
results. When combined with specific heat data they 
provide a new test of the predictions of spin-wave 
theory. 

Adiabatic demagnetization has found wide use in the 
study of paramagnetics at liquid helium temperatures. 
In such materials, the difference in entropy between 
completely disordered states and essentially ordered 
ones can be achieved experimentally. The maximum 
entropy change which can be produced in ferrimagnetics 
like YIG with Curie points above room temperature is 
much smaller, since the amount of magnetic disorder 
and thus the amount of magnetic entropy present at 
liquid helium temperatures is very small compared to 
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that in paramagnetics. As a result, it is not immediately 
obvious that a significant effect can be achieved in such 
materials, but closer inspection shows that it is possible. 
The change in temperature, AT, may be shown from 
thermodynamical reasoning’ to be: 


4: T(OM OT) ydH 
ren | 
Hy Cs 


where M is the magnetization of the material per unit 
volume, H is the magnetic field, and C, is the total 
specific heat at constant pressure. C, is the sum of con- 
tributions from the magnetic lattice, Cy, the crystal 
lattice, C,, and the surroundings, C,. There may also be 
a contribution to C, from paramagnetic impurities in 
an actual sample; we will discuss this possibility later. 
Both C'y and M are functions of H as well as 7. From 
Eq. (1) it follows that a significant effect will be ob- 
served if, (1) the sum of C, and C, is smaller than or 
comparable to Cy, and (2) we make a substantial frac- 
tional change in Cy by changing the applied field #7. 
This latter condition requires that (@M/dT), be signifi- 
cantly different from zero. From Kouvel’s early data 
on magnetite,’ we expect condition (1) to be valid for 
most ferrimagnetics having negligible electronic specific 
heat. Spin-wave theory® suggests that a field of 10-20 
kilo-oersteds is adequate for condition (2) in the range 
1° to 2°K. Our result bear out these predictions. 


Il. EXPERIMENTAL 


\s mentioned earlier, there are experimental prob- 
lems in applying adiabatic demagnetization methods to 
the study of ferrimagnets. These problems relate pri- 
marily to the mounting of the sample, which is subjected 
to various forces, and to the measuring of temperature 
changes in it. These be done without 
altering the heat capacity of the sample significantly, 


things must 


or ck stroying the high degree of thermal isolation re- 
quired, and above all they must be done without in- 
troducing even small amounts of a paramagnetic mate- 
rial. Paramagnetics have heat capacities in this range 


which are quite large, and their presence in significant 


quantities would have given rise to spurious tempera- 
ture changes when the applied field was changed. The 
method adopted was to support the sample, which was 
spherical, 


in silicon powder. Silicon is one of the few 
substances which can be obtained in sufficient purity so 
that there is no danger of spurious effects in these ex 
periments from traces of paramagnetic impurities in it. 
\t the same time it has a relatively low heat capacity 
at low temperatures (high Debye temperature). If the 
particles which make up the powder are made as fine 
as possible, a sample embedded in it in an evacuated 
container is so completely isolated thermally that it 

7H. B. G. Casimir, Magnetism and Very Low Temperatures 
Cambridge University Press, New York, 1940), Chap. IV 

4]. S. Kouvel, Phys. Rev. 102, 1489 (1956 


’'T. Holstein and H. Primakoff, Phys. Rev. 58, 1098 (1940 
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cannot be cooled effectively. It was found that freshly 
prepared parti: ms in diameter made 
the thermal relaxation time between the sample and the 


helium bath about 7 minutes 


es about 50 micr 
it these temperatures, 
and they proved quite satisfactory 
ductivity of silicon powd 
A discus problem and others 


th the u n this way will be 


The thermal con- 


very sé nsitive to its state 


of oxidation 
associated wi 
given elsewhert 


A desc ription of the magnet, « ostat. and method of 


supporting the umber is given elsewhere in 


imple ch 


connection with other experiment Figure 1 shows the 


4 


Ny, 


STAINLESS STEEL 


SILVER SOLDER 


Sa 


J 


Pe oe | ee ee” 


SRS SSSSS'SSS 


=) Ge 
THERMOMETER) 














MAMBER 


Fic. 1. Sample chamber. TI 
cryostat 


rted within the 
The sample is embedded in Si powder. The electrical 
leads are equilibrated with the helium bath by a copper thermal 
link as shown. Each lead has ction of 0.002-in. diam man- 
ganin wire to aid thermal isolatior he platinum and gold wire 
sections in each lead are ng electrical 
contact with the germanium “‘bridg« he silicon powder is 
restrained by means of tI nber is evact 
ated before use 
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sample chamber with the sample in position. The tem 
perature was measured using a germanium therm: 
sensing element,* one end of which was attached to a 
“flat” on the sample with G.E. No. 7031 


approximately 10-* gram). The thermometer was cali 


adhesive 
brated as a function of magnetic field as well as tem 

perature. In addition, a similar piece of germanium was 
affixed to the same flat but separated from the ther 
mometer by a distance of 0.7 cm. The latter formed a 
resistance heater used for adding controlled and meas 

ured amounts of heat to the sample in order to measurt 
its specific heat. The total heat capacity of the ther 
mometer, heater resistance leads and all other material! 
in thermal equilibrium with but not a part of the sample, 
is estimated to be less than 10 ergs/deg at 1.5°K. The 
thermometer current was 5X10-* amp, the re 

sistance was less than 10° ohms, so that the thermometer 


and 


heating was less than 0.2 erg/min. 

The sample used for most of the experiments was a 
polycrystalline sphere of YIG (Y;FesO,2) approximately 
1.6 cm in diameter. A flat approximately 1.0 cm in 
diameter was ground on it, which was used as men 
tioned above for mounting the thermometer and heater 
resistance. The sample weighed 10.31 grams; it was 
sintered to within 1% of the x-ray density of 5.19 g/c 

The adiabatic temperature change data were obtained 
by cycling the sample in the following way. Once the 
sample achieved equilibrium at the initial temperature 
field for a given cycle, the field 
changed and then held fixed at the new value briefly, 
until the temperature reached a state of 
librium” and was observed, whereupon the field was 
returned to the initial value. At each initial tempera- 
ture, a series of cycles was performed, each covering a 
different field range, many of which overlapped. This 


and magneti was 


“quasiequi- 


process was repeated at several temperatures, and the 
results from the cycles at a given temperature wert 
quite consistent. The field was changed at a uniform 
rate in times of approximately 15 seconds. No effect was 
observed from variations in this rate. The field was held 
only a fraction of a minute at the noninitial value of 
the field, as the sample came to “‘quasiequilibrium”’ 
quickly. In each case the temperature change of the 
sample was recorded continuously on a recorder chart 
as the magnetic field was varied. 


III. RESULTS 


of adiabatic temperature 
changes AT are shown in Fig. 2. The data as observed 
have been corrected in two ways in order to obtain the 
points plotted. First, suitable correction (always sma 

was made for heat exchanged between the sample and 


Representative values 


the bath by extrapolation of the temperature-time curve 
back to the time at which equilibrium was first dis- 
turbed. Second, a correction was made for irreversible 
heating effects which occurred during the cycle. It has 
s‘7.E Hull, Rev. Sci. Ik 
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ic. 2. Adiabatic temperature changes, A7, as a function of 
temperature for typical cycles of the magnetic field. The tempera 
ture assigned to each point is the average of the extremes of the 
cycle. The data have been corrected for irreversible heat produc 
tion and for heat leaks but include a small effect due to the heat 
capacity of the thermometer and the heater 


been shown in separate experiments that the bulk of the 
irreversible the ther- 
mometer or the These irreversible effects caused 
the final temperature for all cycles to be higher than the 
initial temperature even after the first correction men 
tioned had been made. This temperature difference will 
be labeled A7’,,,. Such irreversible effects were small but 
perceptible 


heating is not associated with 


if ads 


at the highest fields we have used, and be- 
came very much larger at the lowest fields. In fact, at 
fields below 3000 oersteds, these effects were so large as 
to make it impossible to observe AT with reasonable 
accuracy, and no data are given in that field range. The 
maximum A7j\,, observed in the field range for which 
data are given amounted to 0.05°K and involved a 
cycle from 3000 to 18.000 oersteds at 1.5°K. The cor- 
the da 


rection of ta for these irreversible changes in 


was made 


temperature by assuming that the irreversible 
heat production occurred in equal amounts in both the 
magnetization and demagnetization parts of the cycle. 
It was observed that C,K ATi, (for 3000 to 18 000 
oersted cycles) did vary significantly with 
temperature. 

The deviation of the points from the curves in Fig. 2 
is systematic at each temperature. We attribute this 
the presence of smal! but significant 
amounts of magnetic impurities in our sample as dis- 
cussed later. 


not 


behavior to 


The specific heat of the sample was measured as a 
function of applied field by adding measured amounts 
of heat through the heater resistance and observing the 
temperature change of the sample. The measurement 
has only been made at one temperature, namely 1.45°K; 
the specific heat at this temperature for Hap, 
observed to be 126 ergs/°K cc. It is estimated that 5 
ergs/°K cc of included in this figure for the 
contribution of the surroundings to the heat capacity 


observe d 


0 was 
sample is 


The only important sources of this correction 
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biG. 3. Specific heat of YIG as a function of the internal mag 
netic field at 1.45°K. The experimental values are indicated by the 
points and the circle diameters are estimates of the uncertainty of 
the points relative to each other. The absolute values of specific 
heat may be uncertain by 2 or 3 times this amount. The curve is 
calculated from the constants obtained from spin-wave theory 
together with adiabatic temperature change data and the un 
corrected zero field specific heat, which is 126 ergs/°K cc. The 
values corrected for the contribution of the thermometer and 
heater are 5 ergs/°“K cc lower. The experimental uncertainty indi 
cated in Eq. (23) leads to uncertainty in the calculated results 
indicated by the height of the arrows 


are the thermometer and the heater together with their 
leads. The value of the specific heat given here is con- 
siderably lower than those given in references 1 and 2. 
Meyer and Harris have made extensive preliminary 
data available to us. Their specific heat at 1.45°K lies 
approximately midway between the data in reference 1 
and ours. Examination of their data up to 20°K sug- 
gests to us the presence in their sample of appreciable 
amounts of magnetic impurities. We are forced to con- 
clude that the differences between the different sets of 
data arise from the presence ol different amounts of 
impurities in the samples used, and that while our 
sample may have some such impurities in it, the amount 
is smaller than that in the others for which data have 


been reported. These impurities are thought to be either 


paramagnetic or characterized by a relatively low ex 
change coupling parameter 

\ plot showing the field dependence of the specitix 
heat as observed experimentally is shown in Fig. 3. The 
value decreases with increasing field as expected; the 
hown will be discussed later. This is 


the first experimental observation of this effect known 


theoretical curve 


to the authors 
Adiabatic 


urements were also made on a single crystal sphere’ of 


ation and demagnetization meas 


magnetl 
YIG with its easy direction oriented parallel the 
applied magnetic field. This sphere was about 6 mm in 
diameter, however, and since it was much smaller than 
the sample on which the data reported above were 
taken, the data were less reliable. However, the results 
on the single data 


crystal do confirm generally the 


presented above 


J. W. Nielser 


IV. SPIN-WAVE THEORY 


In the temperature range of these experiments the 


accessible energy levels of the magnetic system will be 


those of spin-wave excitations long in wavelength com- 


pared to the lattice spacing. The relation between he 


frequency, w;, and the wave vector, k of such spin waves 


5S 3 


yH;+ak-k+4aryM sin’), (2) 


where y is the gyromagnetic ratio; 42M is the saturation 
magnetization; H; is the 
field within the sample, 
and the dc magnetic field. The fa 


demagnetized dc magnetic 
and @ is the angle between k 

f ctor a 2 gun AM j 
Landau-Lifshitz exchange constant,” g 
is the Bohr 
At fields as high as those used here the term 
4rryM sin*@ may be ignored to 


] 


1 is the 
is the spectroscopit splitting far tor, and Mi 


where 


magneton 
a good approximation 
and although the most important sample was a poly- 
crystalline sphere, we may take H,=H -$(xM), 
ippropriate to a sphere. Then, 


yH+<ak-k, 


H = Happ—4 


Pr ; 


aM 


“aa , ; ; 
If the spin waves are treated a independent oscil- 


tations, Z, the partition 


lators, capable of unlimited ey 
function, is given by 


Z IT! exp 


When & is treated as a conti! 
expression be omes 


uous variable the above 


InZ=— 4a 


(2r)* 


where {2 is the volume of the 
largest value of k purposes 
may be replaced by infinity. On expanding the logarithm 


and integrating one finds: 


ample and 


for the present 


keT\! Hf 


where: 


and 


”C. Kittel and J. K. Galt, in Solid-State Physi 
F. Seitz and D. Turnbull (Academic Press, New 
Vol. 3, p. 461 


edited by 
York, 1956), 
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We use the formulas: 
1a 

—[keT InZ ln, 

02 dT 


kp O {r (: =) ] 
Q dT oT 
dé \InZ 
tbat ( - ) : 11) 
OH T 


where Sy, Cy, and M are the entropy, specific heat and 
magnetization, each per unit volume and M 9 is the value 
of M at O°K. From Eqs. (9), (10), and (11), and the 
above expression for In Z, one obtains: 


sen ONE (2) 20%) 


ky kyl 
( vw . 
ole 


Sau 


is (A, A Al 
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Two points are worth noting: because Myp—M and Cy 
contain similar amplitude factors and the same power 
of T, namely 7!, (07 /0H)s is of order unity provided 
that A/T is of order unity and also that the temperature 
is small enough so that the lattice specific heat is small ; 
secondly, at temperatures and in materials for which 
the lattice specific heat has become negligible, (07°,/4/7) 
is a function only of H/T and does not depend at all 
upon the specific nature of the magnetic system. For 
this to occur, it is sufficient that in addition to these 
conditions the exchange constant be large enough for 
our assumptions about the spin-wave spectrum to hold 
and that the applied field be high enough for the de- 
magnetizing term, 4%M, sin’#, to be ignored. 


)| 
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V. DISCUSSION 


In an adiabatic change the invariance of the entropy 


implies that the quantity: 


kefksT\'! 
wt) 
8 \nrha 


15/4f4(A/T)+3(A/T) fy(A/T)+ (A/T) f,(A/T)+8/ ke (wha ks) "(C+C°)T! 
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The lattice entropy and specific heat may be written as: 
S,= (C/3)T*, (15) 
and 


C.=CT, (16) 


where the constant C may be obtained from the lattice 
theory of specific heats." 

In comparing the experimental results with the theory 
we shall use an expression for the entropy, which is 
conserved in the adiabatic changes and we shall include 
a term to take account of the entropy of the thermom- 
eter and heater. It is instructive, however, to look 
directly at the formula for the rate of change of tem- 
perature with field in such adiabatic processes. The 
contribution of the thermometer and heater to the 
entropy and specific heat is small and is assumed to be 
of the form, 

S,=(C'/3)T* (17) 


ergs/°K cc of sample, 


C,=C'T* ergs/°K cc of sample. (18) 


Equation (1) may be written in the form 


(- T 
=) 


and this may be 


-T(OM/dT) yn 
Cw +Cy sf age 
rewritten as 


+ (A/T) f,(A/T) 
(20) 


remains unchanged. 
form: 


This may also be expressed in the 


A(T $4,(A9/T)+(A 
A{T"} 


T) (A T) }} 


& /rha\! 
- ( ) c+, (22) 
Ska kp 


where the symbol A refers to the difference between the 
quantity concerned at the initial and final values of 
temperature and field in an adiabatic change. We have 
represented a substantial group of experimental results 
in this manner in Fig. 4. The line represents the best 
choice of the parameters (C+C’). In calculating the 
internal field from the applied field, the value of M at 
0°K must be used; it is 195 cgs units.” One finds: 


8 tha 
~ ( ye +C’)=1.10+0.1. 
(3kp) kp 


(23) 


It is noticeable that the points in Fig. 4 scatter about 
the straight line. It is our opinion that this scatter 


"C. Kittel, Introduction to Solid-State Physics (John Wiley & 
Sons, New York, 1953), ist ed., p. 75 
2M. A. Gilleo and S. Geller, Phys. Rev 


110, 73 (1958). 
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lic. 4. Correlation of the different observed adiabatic tempera 


ture changes with each other by means of spin-wave theory. The 


different observations involve several temperature and magnetic 
field intervals and are represented more simply in Fig. 2. The ex 
perimental points identified by the minimum 

applied magnetic field and the maximum temperature of each in 
terval. The field values are underlined and are in kilo-oersteds 
rhe maximum field in each interval is 18 kilo-oersteds. This plot 
is useful because the slope of the line is related to the lattice heat 


capacity and the Landau-Lifshitz exchange constant as given by 
Eq. (23 


are 


exceeds our experimental errors. A more detailed exami 


nation of the points in Fig. 4 shows that points taken at 
higher temperatures lead to a somewhat higher slope 
than those taken at lower temperatures. These aspects 
of the data seem to us to provide added evidence for 
the presence of paramagnetic or weakly exchange 
coupled impurities which cause deviations from the be- 
havior described Kq (22). Furthermore, it seems 
likely that the irreversible effects observed in the course 
of obtaining these 


hy 


data are also connected with the 
presence of such impurities 
The total specific heat is 
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| 
In two earlier papers we have described our metho 
atomic wave functions. In this paper we consider the 
calculation of the spin-orbit, spin-other-orbit, and 
vith the 1s)?(2 2p)* 
diagonal in the wave functions of the Slater 
We assume the ( 


the relative contributions of the nucleus and various 


spi 
electron distribution 
lagram 
generacy from the diagram oulom 
the splitting is as observed, the observed asymmetry 
diagonal elements of the spin-orbit interaction are inc 
is obtained, and the agreement with experiment 
actions are calculated for the diagonal first 


approxima 


I. INTRODUCTION 


N two earlier papers of this series'? we developed 

methods which, if not very surprising, we may hop« 
were efficacious for the determination of atomic wave 
functions. In these programs the Hamiltonian does not 
include the spin-orbit, spin-other-orbit, and spin-spin 


interactions, these being considered first-order effect 
and it 


bations here. 


is our intention to introduce them as pertur 


i 
\s a first approximation we consider the 
diagram {i of 


| which render 


Slater ra given configuration bound 


electrons as made up of wave function 
the spin-orbit interaction diagonal. Then the inclusion 
of this interaction simply removes the 
degeneracy from the Slater diagram. We compute for 
the spin-orbit energies for P 
In the 
take as the radial portion of our 
field of the nucleus and 
remaining electrons which has been used by us 


horizontal 


our oxygen example 
ground 
computation 
operator the 


r 
state under such an approximation 
we 
Coulomb the 
in 
another connection. We also carry out the spin-other 
orbit and spin-spin interaction calculation for this 
approximation The result for oxygen Is a symmetri 
splitting of the ground state while experiment tells us 
that there is an asymmetry in the splitting of about 
two to one. 

In second approximation we include the off-diagona 
elements of the The result is a 


splitting which corresponds quite closely to experiment 


spin orbit operator 


both in degree of asymmetry and in absolute separatior 
of the levels 
Il. THE TRIPLET WAVE FUNCTIONS FOR OXYGEN 


The Slater diagram 
1s)?(2s)*(2p)4 may be 


to 


appropriate 
referred to.’ 


Oxy Ke n 
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These calculations then ve 


type electrons to Although the order of 


resuit 


is not obtaine | 


luded the fine structure 


spin-spin inter 


tior 
10 


approximation t] 


tne 


1¢ spin-orbit interaction is diagonal in 
of 


pure wave function this 


diagram. By pure we 
simply mean that the linear combinations requisite to 
the description of some of the configurations have been 
obtained. Now this will mean that the triplet functions 
will of of the three 
positions in any given row. Since it is of no importance 


} 
1 ol 


consist one function from each 


which horizont set three functions we choose, let 
us choose tl 
The wave 


and a 1 
Qur w 


1¢ three corresponding to the (8,1) positions 
corresponding to the (1,1), (0,1), 
will be the */.2, #?,, and *Po, respectively 
ill all be determinants of 


will 
the form: 


functions 


ave tunction 


eight-order whose orbitals have 
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obtained, 
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mi 


and wave functions we have already 


and we y represent them as: 


4 Or 1 » WEP) 


The P wave 


two cle 1 


a linear combination of the 
s appearing at the (0,1) position of the 
Slater diagram It be 


function 1 


erminan 


may obtained by well-known 


methods as 
yep 

1 V2 Wir! - 1*0-1-1*) 

There would 


effective m 


nant 


actually be a slight difference in the 
iclear charges appearing in the two determi 


immediate above and those appearing in the 
representing *P, and *? 
o very slight that we will 

Therefore, 

arges appearing in our *P», *?, 


take 


ingle determinant fun 


tion 
is difference i 


no appre lable 


However, tl 


make err ignoring it 
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iT 


the effective nuclear « 


P> wave functions we to be the same. 
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In our second approximation to the spin-orbit 
interaction we shall require wave functions from other 
blocks of the Slater diagram. Their obtention will be 
presumed, however, since it precisely parallels the 
above. In this later consideration, we shall specify, say, 
a *P» function arising from the (1,1) position as *P,*! 
III. THE SPIN-ORBIT INTERACTION 


FIRST APPROXIMATION 


The interaction of the orbital angular momentum of 
the electron with its own spin angular momentum give 
term in the Hamiltonian which has been 
variously derived, but which may be obtained from 
Condon and Shortley‘ a 


rise to a 


Irom these 


Also available 
elements of L-S 


authors matrix 


nismum, | L-S\ n'l'smi'm,’) 


5(nlm,+m,; n'l'm,'+m,’'){6(mm,')mim, 


+ 45(m,', m,+1)[ (l—m+4)(1+m-+4) }'} 4) 


Of prime concern to us is the radial portion of the 
Hamiltonian, 


T he 


of course, the potential under which the electron 


perturbing ind to this we turn our 


attention of obvious interest here is V(r). 


| his Is, 
question exist 


point 


we remark this to be a one-particle 
operator —due to the presence of the remaining atomic 
Surely, the 
Coulomb portion of this potential, and we shall assume 
that this potential is sufficient. We shall detail this in a 
but let 


electron however, one must consider 


moment, us first evaluate the angular contri- 
bution on the matrix element since this may be done in 
a general way 

Each of 


determinant 


eighth-order 
However, since the operator is a one- 


particle operator, the 


our wave functions is an 
matrix element over the determi- 
nant is precisely the sum of the matrix elements over 
the eight individual orbitals. Next, Eq. (4) tells us that 
no change in any electron state goes with the first 


portion of this matrix element while a spin flip 1s 


portion. Under 
nondiagonal elements 
matrix element over the 
two-determinant linear combination comprising the *P; 


accounted ‘for by the second our 


assumption the only 


possible 
arise in connection with the 
matrix element to be nonzero 


wave function. For a 


between these two determinants would require a two 
parti le Operator, and this we do not have. Hence, we 
concern ourselves only with diagonal elements, that is, 
with the first term in Eq. (4 note the m, 
appears as a factor in this term which means sO and pO 


electrons 


Now we 


element 
on the radial potential 
which we shall discuss in a moment, but first let us 


contribute nothing to the matrix 


This has an important effect 
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Cambridge | 
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Press 


Shortley, The Theory of Atomi 
New York, 1935), p. 120 
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ectrons in the 
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ng Z—1. 


potential 
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produced by the remain atom 
plus the nucleus, and this 
on whether the electron 


2s, or a 


will certainly depend 
inder consideration is a 1s, a 
2p electron, at least in the case of 
Therefore, the 
butions means we shall only have to 


oxygen. 
contri- 
consider 2p 


therefore, will suffice. 


disappearance of the 1s and 2s 


clectrons in this case. One V(r 
We take our remaining 
lose 


by a seventh-order de 


, ; 
even electrons as described 


erminant obtained by simply 


removing those orbitals corresponding the electron 


under consideration. Our potentia 


In computing the potential 


we have supposed that 
the familiar expansion of the inverse of the inte rparticle 


separation in terms of Legendre functions terminates 


after the first term. Thi , under all conditions, truce 
as regards the ls and 2 ntributions and very nearly 


so as regards the 2p t tio 1 result of all 


this we obta 


330r 


14.092r 


368&r+8.9304-2 rhe 


264+-13.168+4/r)e 4 3" 6 


his may be considered a 
the 
contribution ; the 


Phe 
the nuclear 
contribution of the 1s 
third and fourth are the 


four terms first of 


these term with no exponential—is 
second is the 
electrons. The contributions 
from the 2s and 2 electrons, respectively. As a result 
we may consider separately contributions of these 


various atomi components to the matrix element 
, 


Equations (5) tell us that the matrix elements of *P, 
and *P, differ only in sign, so, neglecting this for a 
moment, we 


may write 


l ] "2 ridVir 
PS HP ( yf lr 
7 \2(137)27 J r I 


< d / iV 


Equation (7 
Eqs. (1) and 
be 10.30 cm 
of the 2s electrons 
electrons 27.61 cm 

As a result of the sj rbit interaction the 
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5). We find t nuclear contribution to 
that of the electrons 4.47 cm that 
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unperturbed position. The *P: level is dropped 60.52 
cm~'. This is illustrated in Fig. 1. 


IV. THE SPIN-OTHER-ORBIT INTERACTION 


Since we are considering these three interactions as 
first order perturbations, we may deal separately with 
them and then simply add the three energies to obtain 
the total. In line with this we now take up the inter- 
action of the spin angular momentum of one electron 
with the orbital angular momentum of another. Here 
the wave functions are, of course, 
Again, the specific problem in our oxygen example is 
the evaluation of certain radial integrals. The angular 
contributions to the matrix element have been evalu 
ated in general form by Marvin.* 

The spin-other-orbit operator may be written as 


|. ay =[1 2 137)? | (ri— 2) X (pi— 2 pe) Si 
+ (ro—11) X (pe— 2p:)-Se iris ® (8) 


same atomic used 


We have written the operator in atomic units for 
convenience where, of course, c=137. The symbols r, 
p, and § represent the radius vector, the linear mo- 
mentum, and the spin angular momentum, respectively, 
for the appropriate one of the two electrons in inter 
action. Marvin’s obtention of the specific forms for the 
matrix elements is basically a straightforward appli- 
cation of matrix algebra manipulations, albeit a very 
complex and necessarily lengthy one. There would not 
appear to be any reason for our investigation of the 
work. The matrix element expression is lengthy at best. 
Now of the three terms of which it consists, we use 
only one in oxygen. Therefore, the reader is advised to 
refer to Marvin for completeness, and we shall write 
down only what is appropriate to our example: 
ab Base cd) 
«5(m)*+m,", m,e+m,*)(m,°+2m,"%) 
* { — 4m °C" (ac bd) (ab,cd) +[A°(ae+1, bd—1) 
— A°(ac—1, bd+1) |p"(ab,cd) —[A®(ac+1, bd—1) 
— A®(ac—1, bc+1) JA°(ab,cd)}. (9) 


2(—)4™6(m,*,m,°)b(m,°,m,*) 


The A*, C*, and A* are the results of integration 
over angular coordinates and are defined as: 
( “(ac+ J, bd) 


= (2k+1)c*(l¢m,*, l¢me+ f)c* (l’m,? l4m;*), 10a) 


A*(act+ f, bd+g) 


=)*(1¢m,*, 1°m,°+- f )a* (l’m,’, l¢m,4+-¢), (10b) 


1*(ac+ f, bd+g¢) 


=a*(1¢m,*, l¢m,°+ f)a*(l’m;,’, l¢m,4+2), (10c) 


B*(act+ 4, bd) = p* (1¢m,*,1°m,*)c* (1°m,? l¢m, y- (10d) 


We encounter the B* in the spin-spin case, but we 
list it with the others for convenience. The c* are 
tabulated on pages 178-179 of reference 4. The a*, 8", 
and \* are tabulated on pages 106-108 of reference 6. 


© H. H. Marvin, Phys. Rev. 71, 102 (1947) 
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The calculated energies for the three interactions 
Moore 


The &*, p*, A*, and the o* which we shall encounter 
in the next section are functions of the radial integrals. 
Rather than list the general expressions we shall show 
the final radial integrals to which our matrix elements 
reduce. 

In the present case we have a two particle operator 
which means that the matrix element over the determi 
nant will be of the form 


—~— 


> & [lab H ab)— (ab H | ba) |. 


>aa 


We may write down the result of the rather tedious 
calculation in terms of the radial integrals: 


Evoo(*P 2) = 88 (2p,2p ; 2p,2p)+2p"(1s,2p; 2p,15) 
+2p°(2s,2p; 2p,2s), (11a) 


42°(2p,2p; 2p,2p), (11b) 
Ewoo(*Po) 2p°(15,2p; 2p,1s) — 2p°(2s,2p; 2p,2s). (11c) 


It is apparent from Eqs. (11) which electrons 
contribute to the matrix elements over the various 
states. The specific radial integrals are: 
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rhe differential cross section for photoefiect fron 


) an atomic shell is shows 


be almost independent of 


principal quantum number, apart from normalization, for energies well above threshold. The high-energy 


limits of the total cross sections for the three L subshells are calculated exactly with methods previously 


applied to the K shell, and extrapolations are made to cover the entire high-energy region 
indicated to account for the effects of electron screening 


shells is not negligible in heavy elements 


I. INTRODUCTION 


N a recent paper' methods were developed to obtain 

the high-energy limit of the total cross section for 
photoelectric emission from an atomic shell, neglecting 
creening effects of the electron cloud on the nuclear 
charge Z. For the K shell the result, which is expressed 
as a double integral, was obtained both numerically 
Ze This 
information was combined with the results of Gavrila® 
on the energy dependence of the cross section to 
provide an extrapolation formula representing the A 
shell total cross section in the entire high-energy 


and as a power series in the parameter a 


region (photon energies above 1 Mev 

The main objective of the present paper is to obtain 
analogous results for photoeffect from the Z shells, for 
which information on the total cross sections at high 
energies is now becoming available. It is soon discovered, 
however, that there are simple relations among the 
differential cross sections for photoeffect from any 
shell, at all energies well above threshold. Thus the 
differential cross section do for a shell of orbital angular 
momentum / is O(a***).4 Further, do for photoeffect 
from the (v, j,/,m) shell does not depend on the principal 
quantum number n when terms of relative order a? ar 
normalizing factor.’ The mn 
dependence of the normalizing factor is easily found, 


neglected, except for a 


and consequently when the cross sections for the 2s 
and 2p states are known, a prediction can be made for 
the 3s and 3p states, etc. Another application of these 
results is to the high-frequency limit of bremsstrahlung, 
which McVoy and Fano* have shown to be closely 
connected to the photoeffect. This application will 
form the subject of a subsequent paper. 


° Supported in part by the 


United States Air lorce through 
the Air Force Office of Scientific Research, in part the United 
States Atomic Energy Commission through the 
Chicago, Chicago, Illinois 

1R.H. Pratt, Phys. Rev. 117, 1017 
as I 

2? We use unrationalized units and set h=c=m,=1 

3M. Gavrila, Phys. Rev. 113, 514 (1959 

*O(x) shall mean “of order x,” y=O 
order x.”’ 

* This is not trivial since (contrary to a statement often made 
the photoeffect even at high energies does not depend only on the 
value of the bound-state electron wave function at the origin 


®*K. W. McVoy and U. Fano, Phys. Rev. 116, 1168 (1959 


University of 


1960 - hereafter referred to 


shall mear 


\ procedure 1s 
It is found that the contribution from the p sub 


Agreement with experiment is goox 


Section II will be devoted to establishing these 
III the high-energy limits of the total 
cross sections for photoeffect from the three L subshells 
are calculated, first in power series in a through relative 


order a, and then numerically. In Sec. IV the results 


relations. In Se 


are summarized, previous theoretical work is noted, and 
energy extrapolations are discussed. Procedures are 
indicated to take account of electron screening effects, 
which are important for these higher shells. Com- 
parisons are made with experiment, and the agreement 
is found quite satisfactory 

In the following the notation of I is generally used.’ 
Zé ( =0.6 for 
Pb), the total energy « of the bound electron, and 4, 


The main parameters introduced are a 
occurring in the exponential of bound state radial 
. It is convenient to note that ®+é=1 
The parameter A 


functions: ¢ 


cos” '6 also appear 


Il. GENERAL RELATIONS 


Let us consider the differential cross section do for 
photoe flect shell spec ified by the 
quantum number We shall show that, for 
all photon energies of order 1 or greater in comparison 


from an atomic 


(n, jm 
to a’, do does not depend on n (except for a normalizing 

contributions of order a’ are 
(1) We 
contributed to the matrix 
element by each term of the bound-state wave function. 


factor) when relative 
neglected. The proof proceeds in three stages. 


establish what order in a is 


This gives the order in a of the cross section and specifies 
which terms of the wave function contribute to that 
order. (2) We show that these terms do not depend on n 
except for normalization. (3) We extend the argument 
to include the terms of relative order a. For greater 
clarity, each part of the work will be prefaced with the 
corresponding nonrelativistic statements. 


The photoe ffect matrix element is 


e( 2m) tk if as ¥,*a-ec™ Wy, (1) 


with the notation of I; in the nonrelativistic (NR) case 

a is replaced by p. For energies well above threshold 

See also H 

f One- and 7 
York, 1957 
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Salpeter, Quantum Mechanics 
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VY, to lowe t order in a 
Iree 
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Yoe always 
Otherwise, the 


inde pe ndent of a 


the electron wave function e'?''u, 
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contains the normalization factor a’? 


NR radial funct 
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ion is the product of ¢ and a finite 


with (ér 
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to M. For this purpose it is 
sufficient to take y, only to lowest order in a, and so to 
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We wi 
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integral 
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eT 
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Irom derivatives, 
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to M 
contribute in the 
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a’ for p 
ite radial 
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in order a , and t 1 term will 


ame order ection for the 


hence of order a giving a® tor s 


states, 


tate el The first two terms of the bound I 


function 


both contribute in this order. Evidently in 


ictual calculation it is also not sufficient just to take 


the leading order in y, (the plane wave), for the next 


ame order. 


the finite 


term in a can contribute to M in the 


In the relativistic radial functions’ 


polynomial ot ) l 


> ee or The 


replaced by the finite sum 
of order 
the 


of order a. Further, whenever «>0 


oefficients c, are not all 


component’ contains factor 


he series for the “large component” 
rather than one. Ne gle ting terms of 
relative order a® we by & For «<0 
(k=/+1, l+-4), the first few terms of the large and 
small component may be 


g is ol order a 


may replace ¥ 


summarized 


large: ata "Vor (1+cyar+c2a"r 


(4 


mall: ala Vor (1+cjart+coa’rt 


Mur previous discussion then shows that the first two 


terms of the large component and the first term of the 
small component may all be expected to contribute 
the matrix element in order a, For «>0 (k=1 
= 

r 4 we 


have 


large: ala 


small: alae 


PRATT 


Now the first 
the first tv 


exper ted to cont 


arge component and 


omponent may be 


Case } t CTO 

and “Mali 
Phe 

which contribute t i wesl 1O 

the principal 

numerical 


compone 


’ 


next task . bd 
not depend 


on from a 


To 


tions may be 


apart 


lactor rms {nis 
order the ¢ kpone 
replaced by 1—4 result is then 
the 


On 


evident. Thus th idia neti 1—ar, 


2 function etc. 


to this 


( \pansion, 


order 1 


\ 
vhere 


the n depende appear yr} onstant ol propor 


tionality. This result may derstood directly from 


the radial Schrédinger « 


where, / é a the only quantitv which 


depends on the principa imber n. Expanding 


R in powers of aa 


then R 


whi h are inde pel 


FE only through 
argument Is equi 
tinuum solutior 


The 
functions 


one 


Same 
Dire 
for j=/1+4 


The ir 


referen 
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and for } 


. ; 
2!+ 2ar— 2 (ar) 


+1 
), 12 


where, neglecting O(a)*, C(n,/) is again given by (7). This 
property of the wave function may be demonstrated di 
rectly from the coupled differential equations for f and 
g; it holds also for the low-energy continuum functions 
To lowest order, then, the photoeffect matrix elements 
need only be computed as a function of (j,/,m). The 
same is true for the differential cross section, for n ap 
pears in the requirement of energy conservation only in 
((a?), so that to lowest order the entire n dependence of 
the cross section is given by |C(n,l) ,*. 

It is now easy to extend the results to include terms 
of relative order a. Any such terms which arise from 
the portions of Ysa already discussed will have the n 
dependence C(n,/), so that only the higher order terms 
of ~oa need be examined. However, from our previous 
results, the next terms in the expansion of (6), (11), and 
(12) in ar, which do have a different n dependence, will 
only contribute to M in relative order a*. For the NR 
case this completes the proof. For the relativistic radial 


a(2l+1)—2a’r 


functions it must be remembered that we also approxi 
mated r7 by r*. Thus, to the order with which we art 
concerned, it is necessary to multiply by 1— (a?/ 2k) Inr. 
This is independent of m and so does not affect th 
argument. The final conclusion is that, for photon 
energies of order one or greater, the complete n depend 
ence of the differential cross section for the photoeffect 
is given by C(n,l)|*, neglecting only terms of relative 
order a’. 


Ill. CALCULATIONS 


The high-energy limit of photoeffect total 
sections can be obtained with the methods developed 
in I for the K-shell cross section. In this limit the wa've 
function W, of the outgoing electron may be taken as 
the modified plane wave 


cross 


V p= ue'e tt a \n(pr+p-r), 13 


where wu is a free electron spinor. Interchanging order 
of integration, the total cross section is easily written 
as a triple integral, which is a function of the parameters 
a, 6, and e. Changes of variables are then made which 
facilitate evaluation of the integral ‘either (1) by 
expansion in powers of a or (2) by numerical methods on 
an electronic computer. For further details see | 
In this section we will obtain the high-energy limit 

of the L-shell total cross sections as a function of a. The 
three cross sections represent a sum over the eight 
electrons of the L 2s,(2 electrons), 2p; 2 elec- 
trons), and 2;(4 electrons). Initial photon polarization 


shell 
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average d and tinal electron spin is summed. The first 
two terms of a power series in a will be established, and 


for large a the cross section will be computed numeric- 


ally. Results, which will be discussed in the following 


section, will generally be expressed in units of oo, where, 


(14) 


4re’a®/k 


is the high-energy small-a limit of the K-shell total 
cross section. Let us introduce the notation 


a(2s;) a(-+ (15) 


. a(2p,)=a(0), 


and let a(n), where m ranges through (0,+), be factored 
as 


a(n)=aoH(n)I(n). (16) 


Defining 
(+) = (26)? 4 (2y +1) 432€(42€+1) ] 
H(0 (26)?°7-4(1— 6) (2y+1 


(17) 


then, from Eq. (20) of I, 
integrals 


© x x z +r ta 
, . | , 
Tin a 1 (2y+2) Ff pdp dzdz 
. i z'+9’ 


l(rr’)7" ¥ A(n). 


I(n) is given by the triple 


Xexpli Z ‘Ve b(r+r’ (18) 


L ~-€) B+ |, 
46°rr’ DL Ite) + IFO) BAI |, 
-26(r+r)Dl+2e1+04+2(1-—€)B 
+ 2i6C | [418 D(r' cosd—r cos’) |, 


(0)= FB, A,(0) 
iBC(4B+4), 


Bh, 
1.(0) 

where 
B=cos6 cos@’+siné@ sin#’, C 


D=(+42e+1)/(2y+1), E 


cos8— cos’, 
[(1+¢)/(i—e) }), 
and the variables r and @ are related to p and z by 


zs?) cosd= 2/r, 


sinO=p/r, etc. (22) 


The simple connection of the 2s, and 2p, cross sections 
arises from a similar relation between the large com- 
ponents of one bound-state wave function and the small 


components of the other, for pairs of states such that 
c= +k, 

To make a series expansion in a it is convenient to 
introduce the variables x and y by 


z=psinh(x+1A), 2’=psinh(y—1A), cosA=6, (23) 


and return the contours to the real axis. Performing the 
p integration and then explicitly writing the result as a 








<> K,(n), 24 


where k= j+3, 7 is the total angular momentum of the 


bound state, and the functions A,() are given in the 


Appendix To th point the treatment is exact. If now 


the integrand l expanded In powers ol a, keeping the 


two nonvanishing powers, ther 


a , 
dxdy(coshx+coshy 


sinhx sinhy, 26 


} 


vco 


18)a*R 1+-10S8+ 9S 
3R?+l6xvT (14+-S)—47 (xP,4+vP 
8(1+S)(xP.+yP 
t+R—1l6xyRT+8R(xP,4+yP, 


rsinha+ y sinhy 


loxyT (1 
2+12S)(xP.+yP 


+10(x sinhx coshx+y sinhy coshy 


Che terms of relative order a are obtained with the 


ubstitutions for « and y (where they appear linearly, 


not in the hyperbolic function 


where e, 1s the usual step function : +1 according as x>0 


or x<0. Evaluation of the integrals is routine, and one 


It 
[(n) and tl 

the remaini 
small, and 
good agreement 
The same 
section 


fashion 1 


) 


oO 2p 
a 2p 


lurther discu 
For a numeric: 


useful to intr 


where now 


B 


of 
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PaBLe I. Tests of the machine program for values of a whic! 
can be computed analytically. Values of 0 /o9 obtained by the two 
methods are compared 


Sheil Machine Analytic result 
0.0194 at a=0.99 
0.0820 at a=0.99 
0.1073 at a=0.9999 


0.0043 at a=1.732 


0.0193 at 
0.1096 at « 


0.0043 at a v3 


rhe y integrals are quite simple and may be ex- 
pressed in terms of one incomplete beta function, to be 


After 
the remaining x integration is written in real form, the 


obtained from a rapidly converging power series. 


problem is suitable for machine calculation on an 
electronic computer. One complication remains: owing 
to the factor [(1—x)/(14+ x) ]"* the integrand goes 
+ 1 
For this reason the numerical integration is performed 
x <1—A, where A is a small number, 
and the integral over the remaining region is obtained 
inalytically as a power series in A. For further details 
of these prov edures see I. 

made of 


(1) 


the integrand is easily computed and 


through an infinite number of oscillations near ; 


for the region 0< 


the 
For ad 


correctness ol 
1\3 qn + or 


Iwo tests were 
the machine 


a= hy 7(n=0 


programs. 


was found in agreement with the machine values up to 
accuracy of the hand calculation (five 
Evaluations of the various functions, including the 
incomplete beta functions, were also available from 
the machine data and could be 
exact values. (2) For a=1(m=+) or a 
itself evaluated 
compared with the machine result. In practice, 
programs used were not well-defined for these value: 
of the parameters (see footnote 30 of I), but 
sufficiently close to them may be used. The res 


the place 


compared with their 


v3 (n==0) the 


and 
the 


integral can be analytically 


value 


these tests are shown in Table I. The agreement 
satisfactory.’ 

In the numerical computation of the A-shel 
section the attempt was made to keep errors 
0.1%. It was found that the main limitation on accuracy 
came simply from the finite size of the mesh used to 
represent the integrand, for which an upper limit of 300 
As a is taken 


inte grand 


witht 


points was set by prac tical considerations. 
the 


increases, but owing to increasingly severe cancellation 


smaller, absolute magnitude of the 


the value of the integral becomes much smaller; hence 
a larger mesh is required to represent the integrand 
with sufficient accuracy. For the K shell the smallest a 
which could be with the desired 


0.15 


obtained accuracy 
was a 

It was desired to obtain the L-shell cross 
an error limited to less than 1%. Since th 


leeway, only the leading term in the an 


It will be notec that the 2p, cross section is rapidly risir 


a=1. as for example would result from a (14-2 
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High it of L shell total 
For each subshell o/ao is given as a function of a, (1 
, and (2) as found with the electronic 
The A-shell results of I are also given. Values from the 
accurate to 1° / 


rasie Il 
unscreened 


energy in cross section 


as determined from Eq. (30 
computer 


computer are 


I 2 1) 
0.00020 0.00058 
0.00165 
0.00271 
O.00457 
0.00419 
0.00455 
0.00470 
0.00446 


0.698 

0.5138 
0.3942 
O.3145 
0.2599 
0.2224 
0.1963 
0.1698 


0.0007 5 
0.00159 
0.00278 
0.00441 
0.00678 
0.01038 
0.0225 


O.00410 
0.00520 
0.0084 
0.01354 
0.0409 


0.00388 
0.00418 
0.00444 
0.00440 


} 


compensation the values of A were 


however, again arise in 


was used, and as 
taken smaller. Difficulties, 
representing the integrand. The L-shell integrands are 
more oscillatory than those for the A shell, and the 
values of the integrals are smaller. Indeed, for a given 
value of a, larger meshes had to be used to obtain L-shell 
cross sections within 1°, than had been used to obtain 
the A-shell cross section within 0.1%. For the 2s, 
2p, cross sections the smallest values which could be 
0.3 and a=0.4, and 
lor the 2p; case the smallest was a=0.5. Hence, even 


for the A’ shell, 


supplemented by the power series expansions 


and 


computed were, respectively, d 


more so than the numerical result 


must 
30). OF course it is the large a values which are 
high energie 


interest al 


IV. RESULTS 


The results obtained for L-shell cross sections may 


Sec. II, the differential 
shell is closely related to the 


now be summarized. From 
cross section for the 2s; 


K-shell cross se 


tion. Neglecting terms of O(a’), 


da(2s bda(1s A (36) 
angular distributions and_ polarization 
lentical. The total cross section is } 


1¢ ‘ 
A shell and can be 
the 


© that the 
correlations are 
of that for the 
expression ol 


Phe 


2p, and 2p, differential cross sections is that for small 


obtained from the 


reference 1 in entire high-energy 


region only general statement obtained for the 


a they are of order a’, i.e., O(a*) relative to the 2s; and 
K shell 
section II] na 


limit of total 


cToss sections 
provided detailed information on the 
high-energy sections for the LZ shell 


Phe 


Eq are 


cro 

] le - ‘ . . . 
numerical results obtained and the predictions of 
hown in Tables II and III, in which for 


ll cross sections are 


reference tne corresponding A she 


} ] ) 
also listed The 2 she 


very nearly one-eighth of 


e the 2p shells become im 


ibtained for very large a wit! 
ptio the a® factor of ao, a’* 
yut the remaining a? is really 42. The values 


Tables Il and ITT have thi 


comes 


heen modified ir 
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rasie Ill sections 
unscreened ) 
subshell and for the complete shell 
Table II, for large a using the computer values and 
using the analytic values as the basis for an extrapolatior 


High-energy limit of L-shell total cross 
The ratios of cross sections o,/ox« are given for eac h 
The data are taken from 


for small a 


“Py OL/OR 


0.126 
0.130 
0.136 
0.146 
0.161 
0.186 
0.220 
0.337 


0.000 
0.002 
0.004 
0.010 
0.020 
0.038 
0.068 
0.182 


0.001 
0.003 
0.007 
0.011 
0.015 
0.019 
0.022 
0.025 


0.125 
0.125 
0.125 
0.125 
0.126 
0.129 
0.130 
0.130 


portant only for large a. Of course the NR prediction 
has the p shells vanishing faster with increasing energy 
and so not contributing for any a in this limit 

work on L-shell cross sections at 
that of Hall 
treating the high-energy limit of the 2s, shell 
shion as Hall" had previously treated the 
Hall’: 
t error is in neglecting the 
(49a/15 but 


two cTo ections, 


The only previou 
relativistic energies appears to be and 
Rarita, 
in the same fa 
AK shell cros 
n I The 
relative order a [ the 
not affect the 


common to bot! 


ection method has been discussed 


bigge terms of 
term this does 


ratio ol the since it j 


Hall 


deviation of the ratio 


that the 


and Rarita concluded 
from } arises from the normali 
of Eq. (30 


ratio to 0.20 


I or he avy 


However, thi 


zation, 1.e., from the factor 6 


elements 1 increases the 


estimate neglects the 5 dependence of A in the “Coulomb 


: when both factors are considered the 
mall. Concerning the p shells, Hall and 
Rarita state that a timate indicates that they 


are inappreciabl 


factor” e 
deviation is 


rough e 


Gavrila’ has now used his higher Born approxi 


] 


mation procedure to obtain differential and total 
[she His result for the 2s; differentia! 
neglects terms of relative order a?, 


Ith of the A-shell 


ll cross section he 
Phe 


o. Gavrila obtained the p-shel 


cToss 
ections tor the 
and 
had 
discussion of Sec. I] 


cross section 


is identically 
obtained in the same way 


hy tl is 


indicates w 


cross section lowest order in a; the high-energy 


imits tor | sections may be writte1 


{24 


which agree with I q. (30) to lowest order in a 

As in I, the high-energy limits we have obtained may 
be combined with Gavrila’s energy dependence to yield 
an extrapolation formula for general energy and charge. 
and (65) of I, defining 


Thus, in analogy with Eas. (64 


R(a) by 
15)xa+R(a 


Rarita, Phys. Rev 
Modern Phys. 8, 358 


} 
she 


46, 143 


1936 


2H. Hall and W 
*H. Hall, Revs 
4M. Gavrila (t 


where 


on the 


where M 

Angular di 

be obt Lined ! ul r Va (a way nr i ind 
ene rie s, 


o that for energie predicts that 
the ratio ) ; is T tically er y independent, 
we ractically irg ndependent. Similar 


expression could b VT nm ie I However. 


for these Gavri } { { nined the energy 
dependenc« or tt ert rder ad ponding to 
\(8), and the A-st vork indicat tn is is needed 
before the | 10-Mevy 
can be discu experiment we 


make 


Gavrila’s 


energy region 


will 


of effect 
S measures the 
the shell under « 


for the A shell 


see from Se 


and 
proce dure for 


the photoeffect ; 


LaKesS plac e al 


distances for which a not larg t su distances the 


effect of screening umount of the 


order of (8/137 


Tasie LV. High 
0 corrected 
also given, (1 
n the text, (3 
argued that t! 


ese 


0.0001 0.000 
0) ODORS 


O.0014 


0.0480 
0.0433 0.0004 
0.0364 0.0009 
0.0021 0.0021 


0.615 
0.483 
0.379 
0.305 
0.255 
0.218 
0.192 


0.0310 
0.0275 
0.0249 


0.0225 


0.0039 00000 


0.0069 0.0044 
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to the cross section of relative order (.S/137)a* or less 
which is small even for heavy elements. Thus in the 
regions which contribute to the photoeffect the change 
in wave function shape produced by screening are 
mall. However, the change in the normalization of 
these wave functions will be important ; for exampl 

the a’! factor of Eq. (2) it would probably be ap 
propriate to Ze. We conclude that 


distributions and polarization correlations 


use a angular 
may be 
large ly independent of s« reening, but that screening 
effects will decrease the absolute magnitude of L-she 
cross sections. A more precise estimate may be made 
taking the change of normalization of the bound-stat« 
wave function at the origin from the work of Brysk and 
Rose The change in normalization of an outgoing 
) Values 
of the A- and L-shell cross sections corrected in this 
vay are listed in Table IV; the ratio of K- to L-shell 
CTOSS both without 
orrection, and also using the effective-charge method 
consistently. 

The results of Sec. II allow us to estimate M- and .\ 
shell total cross sections by combining information from 
lables I] and III and Eq. (7) 
a very good estimate of the 2s cross section in this way 
from the 1s cross section. Note that Eq. (7) 


vive 


electron of relativistic energy is assumed small 


sections is given with and this 


-we could have obtained 


does not 
the actual ratio of wave functions at the origin, 
since it omits terms O(a?) in the normalization. Screen 
ing can be taken into account by using a Zere in the 
factor a***', with S as tabulated by Grodstein."® (Thi 
would have worked fairly well for the LZ shells.) Again 
it will be assumed that ratios are independent of energy 

Experimental results are available for three ratios 


of total cross sections 
OK 91, O1/Om"', I II). i) 


where M’ refers 
than A and L 


Hultberg,'* and to Grigor’ev and Zolotavin"; 


to cross sections from all shells other 
rhis work is due to Latyshev," ‘to 
these 
papers also review other experiments 

he greatest amount of information is available on 
ox/o1, for which there is general agreement that in 
heavy elements and over a broad energy range the 
ratio is close to 5 


For lighter elements the ratio i 


closer to 8. This is precisely what Table IV predict: 
Hall 


but 


Of course and Rarita would have made a similar 


prediction, according to the present work the 


the Z shell for large Z is not 
Table \ 


1 


Agreement is best 


increasing importance of 


? 


due to the 2s, subshell but to the p shells 


compares theory and experiment 


is 
1958). 
7G. D. Latyshev, Revs. Modern Phys. 19, 132 
18S. Hultberg, Arkiv Fysik 15, 307 (1959) 

% E. P. Grigor’ev and A. V. Zolotavin, J. Exptl. Theoret. Pt 
U.S.S.R.) 36, 393 (1959) [translation : Soviet Phys. JETP 9, 272 
1959)) 


Brysk and M. E. Rose, Revs. Modern Phys. 30, 1169 


1947 
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Taste V. Comparison of experimental and theoretical values 
for the ratio ox/oz. The theoretical results are given (1) without 
screening, (2) corrected for screening as in the text, (3) using the 
effective-charge method. Experimental values for very low 
energies are not shown, also those for which indicated experi 
mental errors are more than 10% 


rheoretical] 
values 
(2) (3) 
91 


6.6 
6.2 


Experi 
mental 
Element Experimenter value (1) 
Sb Grigor’ev and Zolotavin 9340.3 
Pt Grigor’ev and Zolotavin 5.8+0.5 
Pb Grigor’ev and Zolotavin 5.1+0.3 
Bi Grigor’ev and Zolotavin 
Th Grigor’ev and Zolotavin 
U Hultberg 


6040.2 5. 6.1 
5.2+0.6 5.5 
§ 3402 5.3 


when screening 1s accounted for by correcting the 


we have indicated. It thus appears 
that the behavior of the ratio ox/o, can be understood 


normalization, as 


in terms of an increasing importance of p states for 
large Z and screening effects which are most noticeable 
for small Z. 

Hultberg found o,/o4-=2.6+0.15 for U in the 
1-Mev region, while Grigor’ev and Zolotavin find values 
of the order of 3.5 at low energies. It had previously 
been customary to take this ratio as 4. If the cross 
sections for higher shells are determined as indicated, 
the predicted ratio without screening is 1.8, Rather than 
use a Zers, One Can obtain the screening correction to 
normalization from Cohen’s? 


1 


recent self-consistent field 
calculation for this atom, and the predicted ratio with 
screening is found to be 3.3. This includes only s and p 
states, neglects terms of relative order a?, and uses the 
same energy dependence for p states as for s states. If 
it is assumed that the d states, which contribute to M’ 
but not to L, are of the same magnitude relative to p 
tates as the p states are to s states, then the unscreened 
ratio becomes 1.4 and the screened ratio about 2.7 

Grigor’ev and Zolotavin find that for Bi at 0.26 Mev 
int) is only 5 and beginning 
to level off, while according to NR theory it should be 
6.3 at 0.26 Mev and should become infinite as the 
energy increases. From Table IV we predict that the 
limiting value of the ratio should be 9, in reasonable 
accord with the trend of the data, and practically 
independent of screening 


the ratio (¢ ITO! go 


In closing it is appropriate to discuss the relevance of 
our results for the several processes which are closely 
related to the photoeffect. It was shown in I that in the 
high-energy limit the total cross section for the photo 
effect, the one-photon annihilation of fast positrons, and 
identical, 


their inverses are apart from the statistics 


of initial and final states, for an electron of a given 
shell. Another closely related process is the high- 
frequency limit of bremsstrahlung, which Fano and 
»™S. Cohen, Phys 


California Radiation 
published ) 


Rev 


Laboratory 


118, 489 (1969); also University of 
Report UCRL-8633 (un 
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McVoy°* have shown to have a matrix element identical 
to that for the inverse photoeffect to lowest order in a, 
apart from normalizing factors. The results of Sec. II 
depend only on properties of the bound state (or low 
energy) electron wave function, and so are immediately 
applicable to all these processes Thus we know to the 
ame extent (neglecting order a that the differential 
cross section for one photon annihilation with a 2s 
electron is one-eighth of that for a 1s electron. and we 
can also draw all other analogous conclusions. The 
bremsstrahlung limit is more complex, as the low- 
energy outgoing electron wave function is given by a 
sum of terms, the first of which is related to photo 
effect from the tates, the next two to photoeffect 
from the p; and p; states, et 
ola ubseque nt paper 


This will form the subject 
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Using the abbreviations of Eqs. (21) and (26), and 


ilso introducing 
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rhe photodisintegration of the deuteron is calculated 


52.3 Mev and 77.3 Mev corresponding to nucleon-1 
150 Mev 


icleon scattering in the 


for the two y-ray the laboratory of 


f 100 Mev and 


energies in 


laboratory <« 


For the ground state the Hulthén wave function with 4°; D-state probability is used. The final 
state is described by the Signell-Marshak phase shifts 


The coupling of the scattered waves is taken into 


account, as well as the retardation effects and all dipole and quadrupole transitions are included. For un 


polarized y rays the total cross section ar 
experiments is made 


1. INTRODUCTION 


HE investigation of deuteron photodisintegration 

can, in principle, give information about the 
deuteron, the continuum states of the n-p system and 
the radiative 
energy range (y-ray energy less than 100 Mev) we can 
assume that the interaction mechanism is given on the 
basis of the gauge invariance of the 
Hamiltonian for the two-nucleon system. Neglecting 
the retardation of the y-ray momentum we can apply 
the Siegert theorem for the electric transitions. Then 
we obtain the usual static electric dipole or quadrupol 
interaction. On 
authors have calculated the angular distribution in the 
disintegration by medium energy photons and have 
reached more or less satisfactory agreement with the 
experimental data. To explain these data it is necessary 
to take into account the transitions from the D state of 
the deuteron and to describe the final state by phase 
shifts which correspond to a repulsive long range tensor 
potential in the triplet odd states." In particular de 
Swart and Marshak? got large values, compared to 
experiment, for the isotropic term of the angular dis- 
tribution when using for the ground state the Garten- 
haus wave function which contains a large percentage of 


D state (6.7%). The same result has been obtained in 


interaction. In the low- and medium 


nonrelativisti« 


the basis of this interaction several 
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Commission 
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d the angular distribution are calculated 


\ comparison with the 


references 5, 7, 9, and 11. On the other hand, if a 
Hulthén wave function with 4% D state is used for the 
deuteron, the parameters of the angular distribution are 
(~ 20-30%) from the results for 
ground states with much higher D-state probability.?*" 
Therefore, as as accurate experimental values 
for these parameters are available, one can hope to 
D-state probability of the deuteron 
very closely. In the former calculations** which are 
based on the 4% D-state admixture, only the electric 


considerably different 
soon 


determine the 


and magnetic dipole transitions have been taken fully 
into account and the coupling has been neglected in the 
Che contributions of the electric and mag- 
netic quadrupole transitions have been considered only 
in so far as they affect the forward asymmetry in the 
differential cross section. Furthermore, the static inter 


final states 


action has been used 

In order to determine the D-state probability from 
photodisintegration experiments, it is desirable to know 
the influence of all of the ne glected terms on the cross 
section. In this paper we present the results of calcula- 
tions of the angular distribution parameters for two 
y-ray energies in the medium-energy range in which the 
coupling of the final state, all of the dipole and quad 
rupole transitions, and the y-ray retardation have been 
taken into account. Retardation effects have first been 
considered by Brennan and Sachs” and later by 
Nicholson and Brown‘ and by Hsieh.’ The phase shifts 
and coupling parameters have been taken from the 
work of Signell and Marshak.” Since the behavior of the 
radial wave scattering state are 


functions of the fina 


not very well defined inside the range of the nuclear 
forces, we have investigated the influence of different 
sumptior ibout their behavior for the transitions 


which give the main contributions 


In Sec. 2 we list the contributing transitions, give the 
modification of the amplitudes by the retardation and 
discuss some approximations which have been applied 


to the quadrupole transitions. Section 3 contains the 


2 T. G. Brennan and R. G. Sachs, Phys. Rev. 88, 824 (1952 
P. S. Signell and R. FE. Marshak, Phys. Rev. 109, 1229 (1958) 
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separately. In Se 


experimental results. 


+ we discuss the comparison with 


2. ELECTRIC AND MAGNETIC MULTIPOLE 
TRANSITIONS 


A. Electric Transitions 
The electri dipole transitions 
Si +7D; — *Po, *P, *P2+7F 


are the most important transitions for the photodis- 
integration at medium energies and lead to an angular 


distribution (in the c.m. system) 


da dQ Ey 


Qeyt be, sind (1 


The electric quadrupole transitions, 


iS 4 D » Ay 4 3p, 8D, 3.4 u, . 


are most important through their interference with the 
electric dipole transitions which forward 
asymmetry in the angular distribution. However, they 
also contribute to the isotropic term and to the term 
proportional sin*#@. Their whole contribution is given by: 


causes a 


(da/dQ) » Apert bes sin?O+ cee cos8+d go cosé sin?6 
+e. sin?@ cos*@. (2) 


Neglecting the retardation, the formulas for ag; and dz; 


are given in reference 10 where the coupling of the *P, 


and */, waves is included. If the retardation is taken 
into account, the amplitudes Ly; for the *Po,;,.+4/ 
states must be modified in the following way: 


p* d 
Ly J avyo( kr Si(or So(gr) 
0 dr 


AMER AN 


The Ly); are ampuit ides ol the outgoing waves with 
quantum number AJ (A 1 +1) and total angular 
momentum VM is the nucleon mass, 24g the momen- 


tum of the photon, & the relative wave number of the 
outgoing nucleons and 1/a@ the radius of the deuteron. 


The normalization of the radial wave functions u(r) and 


w(r) of the ground state are chosen as usual. The two 
retardation functions are as following 
hg 3d 
S, (gr) 1 rqi(qr), 
2M 2q dr }) 
Solar 3h /2M< y 


/ 


where j, is the spherical Bessel function. In these expres- 


sions for the Ly; the contribution of the interaction 


currents’ which are present because of the exchange 


character of the nuclear forces is neglected. Applying 


the Siegert theorem the exchange currents only con- 


tribute to those terms in (3) which contain the function 
Furthermore, because 
the currents contain a factor r°V(r) where V(r) is the 
n p-exe hange pote ntial, we that their effect is 
negligible in the considered energy range.'* 


S2(gr) having an extra factor 


suppose 


If all contributions which are of the order g? compared 
with the contribution of the usual dipole transitions are 


to be considered, the spinflip electric dipole transition, 


S.4'°D,— 'P,, 


must be considered also. The contribution to the cross 
section of this transition is 


‘ } 1 S\ 
da dQ) g leit bg, sin’é Vitn f ~A 2B}. ») 


Because of its minor importance we have neglected 
the retardation and the coupling for the £2-transitions. 
In this approximation the /2-amplitudes have been 
given in an earlier paper, in which the parameters cg 
and dg: have been calculated. With the reported 
amplitudes of reference 6 we | 


parameters dg, dgo, 


ive determined the 
and e; 


B. Magnetic Transitions 


The magnetic dipole spin-flip transitions 
3S, +3%p » 19, 1D.. 
™ The r jo(gr) part of the function S; (gr) has been considered by 


Nicholson and Br 
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TABLE I ‘api and Dey in ab. 
Retardation Coupling Fina! state wave function 
I neglected neglected square well potential with hard core 
Il neglected neglected square well potential without hard core 
Ill neglected neglected approximation (7) 
IV taken into acc. neglected square well potential with hard core 
Vv neglected taken into acc square well potential with hard core 
VI neglected taken into acc approximation (7) 
Vil taken into acc taken into acc approximation (7) 
Vill taken into acc. taken into acc square well potential with hard core 
a Ae UII IV V VI VII Vl 
E, (Mev) a b a b a b a b a b a b a b a b 
52.3 3.52 116 3.50 118 407 111 338 115 411 14 491 109 475 108 405 114 
77.3 2.62 4.81 2.87 491 3.35 4.42 2.45 4.71 3.20 4.79 424 4.28 405 4.15 3.11 4.68 
which lead to the cross section phase shifts and the central part consists of a hard core 
: = with radius r,=1/10a=0.4316K10-" cm. This ap- 
(da/dQ) 4; ='ayit'by, sin’é 6 


have been considered in reference 3. It was found that 
this transition also gives a considerable contribution to 
the parameter 6 for the higher energies. We have re- 
calculated the parameter ay, and ‘by;, using for the 
‘So amplitude the values published in reference 9, 
instead of the values calculated for square well poten- 
tials as the final state interaction in reference 3 which 
we suppose to be less accurate in the case of higher 
energies. The magnetic dipole singlet transition can 
interfere with the electric dipole singlet transition. This 
interference contributes to the parameter c only. The 
magnetic dipole triplet transition 


5 +3D, AS, 45D), *D, 


was found to give a negligible contribution in the con- 
sidered energy range. 
The magnetic quadrupole singlet transitions 


‘Sit+'*D, > 'P,, 'F2 
interfere with the magnetic dipole transitions, and this 
contribution has been calculated in reference 6. This 
interference contributes to the parameters c and d. The 
effect on parameters b, to be 
negligible. 

The magnetic quadrupole triplet transitions 


*Si+*°D, — *P,, *P2+*F; 


a, and ¢ was found 


contribute to the parameters a, 6, and e. Furthermore, 
an interference is possible between these transitions 
and the electric dipole transitions which lead to the same 
final states. This interference only contributes however, 
the parameters a and b (?ag;.42, *bei.a2). The 
parameter *bp, is given by the relation: "bg; 12 

— 3de1,u2, so this interference does not change the 


to 


Ww? 


total cross section. 

Ignoring coupling, the radial wave functions »,*(&r 
of the final P states have been calculated from squar« 
well potentials with a radius R= 1.55 10- cm. Their 
depths have been determined by the Signell-Marshak 


proximation of the triplet odd state potential was dis- 
cussed earlier.? To see the influence of the central hard 
core we have also calculated the »,*(&r) for square well 
potentials with the same radius but without any hard 
core. 

De Swart and Marshak have proposed the following 
approximation for the radial wave functions in the 
P state’: 
for 


C086); j1(kr) — sind, (kr) r2R 


v1j*(kr) =r , 
for r<R 


(7) 

COS6,; 71 (Rr) 
where 7; and m, are, respectively, the spherical Bessel 
and Neumann functions. These authors got nearly the 
same results for the amplitudes /,,; with this approxima- 
tion as in the exact treatment under the condition that 
the radius R be chosen to be R= 1.41 10~" cm’. 

We have chosen this approximation with the radius 
R=1.55XK10-" cm have found that this small 
change of R affects the amplitudes very little. Therefore 
we can consider the results with this approximation as 
characteristic of the model of Signell and Marshak. 
Because these potentials have long tails we consider 
them to be more realistic than the square well potentials. 
In particular, all coupling effects are calculated applying 
this approximation. 

For the ground-state wave functions Hulthén wave 


and 


TABLE IT. ‘api, @ee, byes, and egs in pb. 


ke, (Mev 


“dy dy bye ere 
52.3 0.08 0.03 0.07 0.67 
77.3 0.12 0.03 0.07 0.39 
TABLE Ill “aw, bay , and “Cpiwi in pub 
E, 1% bars ‘Cm ws 
52.3 0.03 0.61 0.19 
77.3 0.08 0.41 0.29 
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reference 6. a and 6 are given for two cases: (1) th 


final-state radial wave functions are calculated from 


square well potentials with hard core; (2) they ar 
For the 
contributions of the electric dipole transitions these tw: 


VIII) and (VII 


calculated using the approximation by Eq 7 


cases correspond to ré¢ spectively ol 


4. DISCUSSION 


birst we compare the total cross section a;, 


o.=4n[ a+ 4b+ (2) 15)e 


values of Table \ ’ 
ured total cross sections for various energies 
1). The results for / 
tre included 
igreement is 


alculated from the with the mea 
Fig 
22.2 Mev of references 3 and 6 
Inside the large experimental errors t] 
satisfactory. From the various parameter 
of the angular distribution only the ratio a 6 is known 


experimentally. The comparison with the data of other 


{i © ALEKSANOROV et ol. 
Ey * 54 MEV 








ular distribution tor k,=52.3 Mev 


authors is made in Fig. 2. In contrast to our earlier 


calculations with a deuteron wave containing a 4% 
D-state admixture the agreement can be considered to 


*L. Allen, Jr., Phys 
17 FE. A. Whalin, B. D 

101, 377 (1956 
'*U. A. Aleksandrov, N. B. Delone, L. I 
Sokol, and L. N. Shtarkov, J. Exptl. Theoret. Phys. U.S.S.R. 33 
614 (1958 Soviet Phys.—JETP 6(33), 472 (1958 
# A. L. Whetstone and J. Halpern, Phys. Rev. 109, 2072 (1958 
Ihe values for the published by Allen have 


10% according to a private communicatior 


Rev. 98, 705 (1955 
Schriever, and A. O. Hanson, Phys. Re 


Slovokhotov, G. A 
translatior 


total cross section 
een Increased 
\. O. Hanson 


1K. Behringer and H. Waffler (private commur 


PHOTODISINTI! 


GRA 





20 40 60 80 100 120 140 160 180 


8) 


| 
| 
A 

19] 


77.3 Mev 
be satisfactory. The inclusion of the /£1-M2 interference 
final states 1 chietly responsible lor 
Both effect 


b by nearly the same 


and coupling in the 
thi improv ment increase a and decrease 
amount. Of course, to determine 
the D-state probability definitely much better experi 
mental data are needed. But we like to point out that 

ich a low D-state probability as 
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distribution. Thi 
the triplet even stat 
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means that 
should be 


il calculations.” 
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and relativistic 
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Fic. 1. The energy dependence of the probability of formation of the principal products of the intranuclear cascade produced by 
protons incident on U™*. These numbers were obtained from the calculations of Metropolis et al. (reference 8) 
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Taste I. Calculated cross sections (mb) for uranium nuclei resulting from neutron evaporation following the intranuclear cascade. 


U™* + 340-Mev ; no fission 


Evaporation Uranium mass number 
scheme 2: 237 234 233 232 231 2x 22 228 


414 
45.6 
43.0 


40.0 
35.8 
41.6 


40.8 
32.9 
424 


Jackson : c 3 38.1 
Heckrotte : ; 5.8 32.3 


10 Mev/n aa 8.: : 41.2 


Tore * 


* See reference 3 


from the fact that the mass numbers of the nuclides 
experimentally determined extend only about ten mass 
units below the heaviest of the products of the nucleonic 
cascade. Since, as a rough guide, the average excitation 
energy carried away by a neutron in the evaporation 
process’ is given by 


(AF) w= B,+2T~10 Mev, 


it is clear that the lightest observed nuclides must 
arise from products that 
excitation energies of approximately 100 Mev or less. 
The treatments of both Jackson and Heckrotte indicate 
that proton evaporation from heavy nuclei can be 
safely neglected at this energy. Heckrotte’s data on 
the average number of neutrons emitted as a function 
of the excitation energy, and his data on the distribution 
in the number of neutrons emitted at excitations of 50 
and 100 Mev, have been used to construct curves 
giving P,,(£*), the probability of emission of m neutrons, 
as a function of the excitation energy, E*. These 
curves are presented in Fig. 3. These distributions have 
been calculated for a constant binding energy and so 
do not show the secondary effects of alternation of 
neutron binding energies or of the increase in neutron 
binding energies with decrease in mass number. 

For comparison, Fig. 3 also presents, by dotted 
lines, Jackson’s predictions for the function P,(£*), 
based on a value of 4.0 for the ratio of average neutron 
binding energy to nuclear temperature, B/T, and in 
which B=6.35 Mev. The latter is the average neutron 
binding energy for the mass region from U™* to U™*. 
Binding energies taken from the tables of 
Cameron.” These curves are seen to be nonidentical, 
although similar. The effect of these differences will be 
discussed subsequently. 

An even simpler assumption concerning the evapor- 
ation process is that, on the average, the number of 
evaporated neutrons is one-tenth the available excita- 
tion, evaporating neutron 


nucleonic cascade have 


were 


since an will decrease 


available excitation energy by about 10 Mev. That 
this is approximately true may be verified from Fig. 3. 


Neutron-evaporation calculations have also been 
performed by 


4A. G. W. Cameron, Atomic Energy of Canada Limited 
Report CRP-690, 1957 (unpublished). 

“TI. Dostrovsky, P. Rabinowitz, and R 
111, 1659 (1958). 


Bivins, Phys. Rev 


Dostrovsky ef al., employing the 


<4 0.060 0.038 


Monte Carlo method. However, these calculations were 
not as detailed in the region of excitation up to 100 
Mev as were those of either Jackson or Heckrotte and 
were not used. 

The distribution of resultant de-excited uranium 
nuclei has been calculated from the Monte Carlo cascade 
results under the assumption that fission does not 
occur, for (a) the Heckrotte probabilities, (b) the 
Jackson probabilities, and (c) the assumption of a 10- 
Mev de-excitation increment per neutron evaporated, 
Results are shown in Table 1. For future discussion, 
observed cross sections are also tabulated from the 
results of Lindner and Osborne. 

It becomes quite obvious that, except near the 
region of the target nucleus, the yields obtained by all 
three calculations are similar. Differences of the order 
of twency or thirty percent do not appreciably alter 
the outcome of the present work. Although the third 
treatment would appear quite satisfactory for these 
calculations, the Heckrotte probability curves were 
the ones usually used. However, in at least one instance 
in which comparison of other parameters was desired, 
it was convenient to use this simplified concept of 
10-Mev de-excitation per neutron evaporated. In all 
cases, however, allusion will be made to the particular 
neutron-evaporation scheme that was employed. 

In considering neutron evaporation from excited 
protactinium and thorium nuclides, the distributions 
P,(E*) were modified for the slightly lower average 
binding energies for these elements in the region 
studied. Binding energies were taken from the tables 
of Cameron." 
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Fic. 3. Dependence of multiplicity in neutron 
evaporation upon excitation energy in U™* 
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236 23 


29 


FISSION AS A COMPETITIVE PROCESS 
FOLLOWING THE CASCADE 


In Table I the mall va for the observed cross 
sections of the light UV isotopes relative to the calculated 
values show the effect of fission as a competing reaction 
in the de-excitation proce of the heavy elements.':” 
Four alternative assumptions concerning the energy 
depend nce of the fission compe tition have been made, 
and the results of calculations, in which G=Tf,/(,+Ty) 
is applied to each neutron-evaporation probability, 


have been compared with the expe rimental results.? 


These assumptions are 


1. That I,/T’, is a function only of nuclear type, and 
does not vary with energy in the region E*> ~100 
Mev. Such an as sumption has alre ady been reported 
by two investigators'* as representing the best fit to 
the data 

2. That fission competes only in the last Stages of 
neutron evaporation, Le., I',/f!,=0 for, say, E*>20 
Mev, but T'y/T,,#0 for £*<20 Mev. This approximates 
the conclusion of Shamov’ from the same data.’ 

3. That fission occurs to the exclusion of neutron 
emission above some specific energy, taken arbitrarily 
here to be 40 Mev, ie., I'y/[!,=0 at E>40 but 
I',/T, 1s finite at E<40 Mev. 

4. That the ratio I'/I’, is some smoothly varying 
function of the energy in the region of excitation 
considered (/:*< 100 Mev). For this purpose, the recent 
treatment of Dostrovsky, Fraenkel, and Rabinowitz" 
ha been adopted Thi will be considered in detail 
later in the paper 


rhe values for T'y/I, used in assumptions 2 and 3, 
when they are neither zero nor infinite, are those used 
In assumption 1 

For the first three assumptions, the procedure was 
tested in detail only for isotopes of uranium produced 
by 340-Mev protons incident on U™*. The reasons for 
this selection are several-fold a) At low excitation 
energies, the supporting parameters, I',/I’,, are con- 
siderably better known for uranium nuclides than for 
the other elements tested. (b) The test should be more 


Dostrovs! Z. Fraenkel, an abinowitz, Proceedings 
nd United Nations Internati mference on Peaceful 
Energy, Geneva, 1955 is, Geneva, 
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column specifies the energy dependence of I',/T’, used 
(assumptions 1 to 3, above). The following columns 
give the calculated yields, in mb, of the various isotopes 
of uranium, down to mass 228. All of these calculations 
except the last used the simplified (10 Mev/nucleon) 
evaporation calculation. The last used the Heckrotte 
evaporation-calculation technique. Finally, the last 
line lists the experimental data available. 

Inspection of Table II shows that the calculated 
U7? cross section is considerably lower than that 
observed. This discrepancy cannot be attributed to 
fission, since even the cross section without fission is 
too low, by almost a factor of two. This failure of the 
cascade calculations of Metropolis ef al.* to reproduce 

p,pn) cross sections has been noted before.*'® 

Table II also shows that, although curves A and B 
of Fig. 2 lead to fairly similar spallation yields in thi 
mass region (above A= 227), curve B appears to give 
better agreement with experiment, and was used in 
further calculations. Comparison of the results of 
assumptions 1, 2, and 3 shows that constancy of I,/T, 
with energy (assumption 1) gives significantly better 
agreement than the extreme 
described by assumptions 2 and 3. 


energy de pende nces 

Inspection of the details of the calculation, moreover, 
indicates that excited U*’ and U™*® nuclei 
from the cascade are the most important contributors 
to the formation of U™, U™, and U™*. Thus, the 
calculation is sensitive to the choice of I’,/I’, values 
for these two nuclei in the excitation range 60-90 Mev. 
Finally, there appears to be little difference between 
the two treatments for the evaporation phase (B1 and 
B1H). Only at high mass numbers is there a significant 
difference between the “simplified” and the Heckrotte 
treatments for neutron evaporation. 


resulting 


1. I,/I,, from Dostrovsky et al.'* 


Alihough a constancy of ',/T, with energy variation 
appears consistent with experiment, it cannot be ruled 
out that the data might be equally well represented by 
some energy-dependence other than the “step” type 
of behavior tested in assumptions 2 and 3. Recently, 
Dostrovsky et al.'® have calculated, by Monte Carlo 
methods, the competition between fission and neutron 
emission in of mass 200-230, for excitation 
energies 50-600 Mev, and have obtained good agree 
ment with observed fission cross sections. It 


1° 
nuciel 


therefore 
seemed worthwhile to test the expression they used for 
r,/T,. Fission was introduced into their calculation 


through the equation (constants herein evaluated) 


3.05 1 i 
A(E—E;) -1) 
1°(F : 10 


A 
|, ((E 
lV 10 
Markowitz, F. S 
Rev. 112, 1295 (1958 


rT exp 


i. a 


Rowland, and 


ISSION 


AND NEUTRON EMISSION 1637 
in which expressions for I'y and I’, were derived from 
Bohr and Wheeler"? and from Weisskopf,"®° respectively. 
1 is the mass number, £& the excitation energy, £, the 
neutron binding energy (taken from the mass tables of 
Cameron," and E, the fission threshold (taken from 
Frankel and Me tropolis'®). 

Use of this formula complicated the calculation 
reported here considerably, since the probability of 
surviving fission is a function not only of the mass and 
charge of the nucleus but also of the excitation energy. 
For this reason calculations were carried out only for 
the production of U™ and U™*, based on the Heckrotte 
evaporation probabilities. Calculated cross sections of 
29 mb and 4.4 mb were obtained for U™ and U™*, 
respectively. These values are to be compared with 
experimental values of 3 and 0.03 mb, respectively. 

It is evident that the equation used by Dostrovsky 
does not produce enough fission during the evaporation 
phase to give final spallation yields in agreement with 
experiment. Examination of this equation, moreover, 
shows that for the mass region of interest here, the 
fission hence the results of the 
calculations, is not unlike that of assumption 2. 

It must be concluded, therefore, that if I',/[, is 
some smoothly 


competition, and 


varying function of the excitation 
energy, that variation does not seem to be satisfied by 
the Dostrovsky equation for uranium nuclei at excita- 
tions of less than 100 Mev. Conversely, it is strongly 
indicated that I’,/I’, is independent of energy over this 


range of excitation 


2. Determination of Fission Competition in 
other Fissionable Elements 


As was pointed out earlier, one of the reasons that 
uranium initial comparison with 
experiment was that the I',/I’, values at low excitation 


was chosen for 
energies for many of its isotopes had previously been 
determined.'? Similar information for other elements, 
although available, is far less complete. This information 
has recently been summarized by Vandenbosch and 
Huizenga.‘ Their 
of Fig. 4 

In view of the relative paucity of such data for Np, 
Pa, and Th isotopes, it seemed worthwhile to arrive 
at an analytical expression for I',/I’, for the isotopes 
of these elements which would best explain the differ- 


ences between the 


data are indicated by the points 


observed cross sections and those 


calculated without fission competition. No systemati 


effort was made to test the energy dependence of these 
quantities. 

The data points of Huizenga and Vandenbosch in 
Fig. 5 indicate that log(I’,/I'y) is an approximately 
linear function of A for uranium and that this linear 
dependence might well hold, with the same slope, for 
other elements 


N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939) 
‘*S. Frankel and N. Metropolis, Phys. Rev. 72, 914 (1947) 
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In the present investigation, an attempt was made 


to determine t! inear relationship for Np, Pa, and 


rh, produced from U and Th bombarded with 340-Mev 
The ilgebrai 


protons form assumed for each element 


Was 


In(?,/T 1,Z7)=a(Z)+0.335A, (2) 


where the slope, 0.335, was obtained from the uranium 


data \ given experimental spallation cross section, 


together with a calculated yield in which fission 


competition Wa omitted, defined a set of In(T,/T,) 
values for the mass region between the heaviest cascade 
product and the evaporation product for that element 


This calculation was carried out numerically, using 
the evaporation procedure of Heckrotte for those cases 
in which fission had appreciably lowered the spallation 
yield. The lable III. This 


table lists for each bombarded target (column 1), the 
pallation product ) 


results are summarized in 
columns 2 and 3) and the observed 


column 4). Column 5 shows the cross 


cross section 


ection expected without fission competition. Column 
6 gives the T,/Ty value obtained by this procedure at 
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extreme choices for the excitation distribution in 
Fig. 2(1) 
In Fig. 7, the values calculated for actinium and 


radium isotopes were assumed to be those which would 
be found in Pa and Th isotopes if fission did not occur. 
From the results of Fig. 5 and Vandenbosch and 
Huizenga’s‘ reported value of 10‘ for T',/T'y for Ra®’, 
it may be inferred that neglect of fissionability in Ac 
and Ra is a fair approximation. 


DISCUSSION OF RESULTS 


In their gross features, the calculated cross sections 
from 340-Mev protons incident on thorium and 
uranium agree sufficiently well in magnitude and in 
slope with the experimental values that one may 
conclude that (a) the nucleonic cascade model holds 
reasonably well for the uranium-thorium region; (b) 
several methods of calculating neutron evaporation 
give results consistent with experiment; and (c) the 
ratio of the fission width to the neutron width of a 
nucleus appears to be independent of the excitation 
energy—at least up to an excitation of about 100 Mev. 

On the other hand, there seem to be discrepancies 
between theory and observation that lie outside the 
limits of experimental error, and it remains to consider 
the possible sources of these discrepancies. Calculated 
results low by a factor of two in the case of the (p,pn) 
cross sections are noted. Markowitz, Rowland, and 
Friedlander'® recently measured the (p,pn) 
excitation functions for a wide variety of elements and 
have compared these with the predictions of the 
Monte Carlo nucleonic cascade,’ followed by simple 
evaporation. They find discrepancies of a factor of 
two to three at 0.4 Bev. A similar effect was noted by 
Yule and Turkevich® for Cu®(p,pn)Cu™. No entirely 
satisfactory explanation has as yet been reported for 
the disagreement. Therefore, the present disagreement 
noted for the yields of U¥? and Th* will not be con- 
sidered further in this work. 

The mass-yield curve for uranium nuclides in Fig. 6 
is not very informative for the higher mass numbers 


have 


because no yields were experimentally observable ir 
this region (except for U%’). On the other hand, the 
corresponding region for thorium spallation [ Fig. 7(b) 
is well covered by experimental data. The Heckrott: 
evaporation treatment leads to calculated cross sections 


that are systematically low, relative to the experimental! 
values. The use of the Jackson evaporation treatment 
gives somewhat better agreement for this case. How 
ever, the Jackson treatment gives poorer agreement for 
Pa nuclide yields in thorium spallation, so that there 
seems to be no clear-cut 


choice between the two 
evaporation calculations. 
In view of the reasonable agreement between 


calculations and experiment for the (p,pxn) reactions 
in thorium, it is difficult to understand the very large 


‘ Quoted by Metropolis et al. (reference 8). 
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discrepancy between the calculated and the observed 


pn) cross section in uranium targets that results in 
the case of Np Use of the Jackson calculations 


improved the agreement by only a fraction of the 
discrepancy, about 30% for this case. In view of the 
large reported difference in the observed cross sections 
for Pa® from Th and Np™* from U (3.2 vs 0.46 mb, 
respectively) it seems just possible that the experi- 
mental value for Np™* might be in error. 

S-yl ld curve for prota tinium in 
uranium spallation is systematically lower than the 
experimental values. It is only slightly changed if the 
Jackson substituted for those of 
Heckrotte. The corresponding (p,2pxn) reactions (Ac) 
measured in thorium behave similarly. Possible 
explanations for the larger observed cross sections 


The calculated ma 


calculations are 


for these reactions will be discussed presently. 

_ The (p,3pxn) yields (Th from U or Ra from Th) are 
shown by the shaded areas in Figs. 6(d) and 7(d). 
These spreads represent the extremes in interpretation 
of the cascade data shown in Fig. 2(l) occasioned by 
statistics for events. It is obvious, 
however, that neither interpretation approaches agree- 


the poor these 
ment with the very much larger observed cross sections. 
The discrepancy cannot be due to an excessive evalua- 
tion of the effect of fission. since the observed yields 
for thorium nuclides formed in uranium spallation are 
even larger than the yields calculated under the 
assumption that fission did not occur (region bounded 
by dashed lines). The effect that a somewhat lower 
proton “cutoff”? energy® (in the initial Monte Carlo 
cascade calculation) would have on the cascade-product 
distributions was then considered. It was concluded 
that this effect contribute sufficiently 
enhanced yields of thorium nuclides to give agreement 
with experiment. 


could not 


The effect on the thorium yields of proton evaporation 
from excited protactinium nuclei was next considered. 
Values of I,/T, were calculated from Heckrotte." 
Although the effect was appreciable for the lowest 
observed thorium mass numbers—e.g., about 40% for 
Th” still far too small to account 
for the observed disagreement between calculated and 
observed values. 


the corrections are 


Another possible source of the discrepancy between 
observed and calculated (p,3pxn) yields lies in the 
original Monte Carlo calculations, which considered 
only protons and neutrons to be involved in intranuclear 
collisions. However, there is good evidence that tritons 
and helium isotopes are also involved in the cascade 
process. Bailey” has studied the energy, angular 
distributions, and formation cross sections for secondary 
particles emitted in the bombardment of C, Al, Ni, Ag, 
and Au with protons and alpha particles of approxi- 
mately 200 Mev. He has shown that while the low- 


»L. E. Bailey, Ph.D. thesis, University of California Radiation 
Laboratory Report UCRL-3334, March 1, 1956 (unpublished). 
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rasie [V. Calculated yields (mb) for U and Pa nuclides 
at 236 and 100 Mev 
236-Mev protons 100-Mev protons 
I Geaie(U) Gote(U) ceate(Pa) cote(Pa) aeaice(U) Gote(U) 
238 6.8 8.6 . 
237 32.9 72 90 21.0 ~90 
236 358 10.3 17.5 
235 27.3 9.3 13.8 17.1 
234 «18.5 rr 14.9 
233 «10.2 5.7 9.6 
232 1.9 10 5.6 
231 2.0 . 2.8 2.5 
230 0.6 0.37 1.9 16 0.64 0.41 
229 0.14 0.073 1.3 0.018" 0.046 
228 0.026 0.034 O08 0.002" 0.012 
0.5 0.7 
ba N tin lu x tribution tr N ke co ound 1uUCcICUS 


energy secondary alpha particles have properties 


consistent with an evaporation model, the high-energy 
had 
their cross section is 


alpha particles behave as though they been 


produced in the original cascade; 
trongly angle-dependent, the intensities are larger 
than 


predicted by an evaporation model, and the 


calculation ol the center-of-mass vt locities gives 
unreasonably high values. Since the produc tion, in the 
cascade, of thorium from uranium (or radium from 
ly about two percent of all the 
about 35-40 
mb—, only a small contribution from such neglected 
effects as | p,apxn) Th* 


conce ivably be the source of the dis repancy. 
It should be pointed out that the difference bet 


thorium) represents only 
cascade interactions [Fig. 1(d) }—or 


in the original cascade could 


ween 


the observed and calculated results discussed above 


are almost certainly due to neglected secondary effects. 
For this reason, these processes should not contribute 
ignificantly to the formation of uranium, neptunium, 
protactinium nuclides; 


and only products formed in 


low abundance should be affected. 


CROSS SECTIONS AT OTHER ENERGIES 


The results of Lindner and Osborne’ include data 


from uranium bombarded by protons of energies down 


to 100 Mev. Calculations similar to those carried out 


for 340-Mev protons were also performed for protons 
of 100 and 236 Mev. For these calculations, the 
Heckrotte evaporation treatment was used; the E* max 
values from 100-Mev protons would have been too 


small to evaporate sufficient neutrons to arrive at the 
and [ had the assumption 
each neutron carried off an average of 


nuclides | 
that 


observed 

been made 
10 Mev of excitation energy. The values of T’,,/T'y were 
taken from the straight lines of Fig. 5. 
IV for lt 


protons incident on | 


The results are 
and Pa nuclides from 236-Mev 
, and for U nuclides from 100-Mev 


shown in Table 


protons on | 
lable LV indicat 


es that, for 236-Mev protons incident 


on uranium, the calculated results for the yields of 


uranium and protactinium nuclei agree moderately 


R AND 


\ rTURKEVICH 
well with experiment values [except for the p, pn) 
case discussed above At 100 Mev the calculated yield 


for U™ is likewis« 


deteriorates signincant 


However, the agreement 


icce pt able 
y at lower masses, the calculated 
[ lower than the 


value of U™* being factor of six 


observed value 


This failure of the calculation to predict the yields 
of the lightest uranium nuclei at 100 Mev deserves 
comment. Since e experiments of Lindner and 


Osborne were performed with natural uranium, re 


actions of the type | p,pin)U** might contribute 


However, although at sufficient energies the 
formation of the lightest isotope 
from U 
lation indicates that at 100 Mev this is still 


contribution. 


must be primarily 


on energetic ground quantitative calcu- 


a negligible 


Proton evaporation from the significant fraction of 
the cases at 100 Mev in which compound nucleus 
formation occur Fig. 1(a may make a sizable 


contribution near threshold. ¢ ulations showed that 


for the formation of U™* this mechanism contributes 


0.012 mb to the calculated cross section, but contributes 
only 1X10~* mb to the formation of U**, Examination 
of the calculation, however, indicates that a good 
estimation cannot ¢ y be made for the formation 


of | from | bombarded with 100-Mev protons; 
close to the energetic threshold, the calculation is 
much too sensitive to the details of the neutron- 
evaporation model. For example, at 106 Mev the 


mb. 


about 9X10 


present 


calculated cross section would be 


This sensitivity to bombarding energy is not 


at higher energies or for heavier products. 

We conclude, therefore, that the r 
paper predicts satisfactorily the yields of | 
Us 
energy varying from just above 100 Mev to 340 Mev. 
I that 
evaporation is in- 


used in this 
UU». 


. . : 
when uranium bombarded with protons ol 


and 


This general agreement supports the conclusion 


fission competition with neut! 


dependent of energy for excited uranium nuclei 


primarily U***, U*"™, | ip to about 85 Mev. 
The reproductiot! of the energy dependence of the 
formation cross sect of these nuclei in this energy 
range is, however, rily a check on the cascade 
calculations of Metropolis ef al.* in providing the 
proper number of residu nuclei in appropriate 
excitation states, rather nal in independent check 


on the fission competition ¢ 


iring the evaporation stage. 


1 Osborne,’ measurable 


From the data 


yields in U*** spallation are indicated for such nuclides 


as Pa®’, Th’, Tl ,A ,A id Ra** at energies 
as low as 100 Mev. These nnot be reconciled with 
the present cascade-evaporation mode which predict 
essentially zero yields Io! ich nuclides at 100 Mev. 
Indeed, it 1 juestionable whether the observed 


m uranium are consistent with the 


actinium yi 


cascade ( 340-NMev incident energy. 


Observed radium yields certainly are not. 





COMPETITION BETWEEN |! 

It thus appears that the production of the low-yield 
elements having charges two or more lower than the 
target element, especially at low energies, cannot at 
present be satisfactorily explained by the model used. 
If we confine the two-stage model of 
nuclear reactions, we must conclude that the trouble 


ourselves to 


most likely is in our ideas of what happens in the 


cascade stage—evaporation theory seems hardly likely 


to provide enough charged-particle emission to lead to 
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these elements. The first nonequilibrium stage must 
lead to a larger charged-particle ejection than predicted 
by the calculations of Metropolis ef al. 
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Using radiation from the F"(p,ay 
C3(y,n) was found to be 94.1+10 microbarns 


reaction at 874-kev proton energy, 
The neutrons emitted from a target enriched in C" 


the cross section for the reaction 


were 


detected by an arrangement of BF; counters embedded in wax to give a 4% geometry 


HE reaction C"(y,n) has previously been investi- 

gated using betatron bremsstrahlung radiation by 
Cook et al.' The cross-section curve shows a plateau 
at 8 to 10 Mev and a peak at around 15 Mev. 

C*® is in many respects similar to Be’. Both can be 
considered as consisting of an alpha-particle core with 
an extra “orbital neutron,” and it has been suggested 
that the peak in cross section found immediately above 
threshold in Be®(y,n) might also occur in C'(y,2). The 
difficulty of performing bremsstrahlung experiments at 
these low energies would have precluded observing this 
in the experiments noted above. Accordingly, an at- 
tempt was made to measure the cross section using the 
approximately radiation from the 
F'9(pyay) reaction. 

The proton target consisted of a layer of calcium 
fluoride deposited by evaporating the water from a 
slurry of this material placed on a copper backing. The 
target was water cooled, and the proton beam from the 
3-Mv Van de Graaff generator centered by observing 
the hot spot. A stainless steel target tube 14 


monochromati 


+ inches in 
diameter was used and the beam was stopped down to 
less than 3-inch diameter. 

Carbon, in elementary powder form enriched in C", 
was contained in two thin-walled nickel cylinders, 2 cm 
in diameter and 6 cm long. These cylinders had been 
heated for a long period, until they were of constant 
mass, to drive off occluded water vapor. The carbon 


* Oak Ridge Institute of Nuclear Studies Summer Research 
Participant 1959 

1B. C. Cook, A. S. Penfold, and V. L. Telegdi, Phys. Rev. 104 
554 (1956) 

2B. C. Cook, Phys. Rev. 106, 300 (1957). 


+E. Guth, (private communication). 


samples were analyzed by the ORNL chemists and 
shown to consist of 56.5% C". Two cylinders identical 
cylinders had equivalent 
quanties by weight of ordinary graphite (effec tively C%) 
enclosed, to act as blanks, and two more were filled 
with heavy water. The detector has been described by 
Johnson, Galonsky, and Ulrich.‘ It was a 49 detector 
consisting of eight BF; counters, 1 inch in diameter 
by 6 inches long, embedded in paraffin on a 4.4-inch 
diameter circle around the beam axis, and operated in 


in shape and size to the C" 


parallel by a conventional stabilized power supply and 
linear amplifier. The paraffin moderator was a cadmium- 
covered cube 17 inches on a side, with a 2-inch layer of 
paraffin outside. The optimum conditions for gamma- 
ray discrimination* were used. 

A four-inch cylinder of sodium iodide (71) attached 
to the usual photomultiplier counting setup was placed 
approximately three meters from the target in order to 
monitor the gamma radiation and eliminate uncertain- 
ties in the yivld per proton arising from variations in 
target thickness 

In performing the experiment, three runs were re- 
quired in order to obtain a single set of results: In the 
first run, the C™ cylinders were placed in a standard 
position as close to the target as possible. The proton 
beam was switched on, and counts recorded by the BF; 
counter and Nal counter in a given time, generally 
fifteen minutes. In the second run, the C” was replaced 
by the similar C” cylinders, and in the third run by 
the DO cylinders. In all, eighteen sets of results were 
obtained. 


‘ct. H Johnson \ 
109, 1243 (1958) 


Galonsky 


ind J. P. Ulrich, Phys. Rev 





?. 


determined as a ratio to 
BF; count D.O 
of BF; 


ame amount of irradia- 


the with 


for a given amount irradiation, Mm» 
imple for the 
BF; counts with C 
of irradiation, .\ 
V: 


cro 


ample 
counts with ¢ 


tion, m3 sample for the same amount 
1 the sample, 


D(y,n 


number of ( atoms 1 
number of D atoms in the sample, and op 
it thi Then 


section gamma energy. 


applied 


Howeve r, 
to this re 


1. The BF, counter not uniform in its sensi- 
tivity to neutrons of all energies, and account must be 
taken of the energy difference of the neutrons emitted 
from D and from ¢ Che D neutrons are of energy 1.99 
Mev, whereas the C" neutrons are of 1.154 Mev, assuming 
no transitions exi The detector ef- 
it iency as a function of ene rgy has been obtained by 
Johnson, Galonsky, and Ulrich‘ up to 0.7 Mev. A further 
15 


se source. The cali- 


etup | 


st to excited states. 


calibration point approximately Mev was ob 
vork using a Pu-a 


fitted using the curves of Wallace 


tained for thi 
bration poir { were 
and Le Caine 
themselves may be quite high, (+10% for very low 


energies ind at 4.5 Mev 
from ( 


Although the absolute error in the points 


nevertheless the error in com- 


paring the neutron: and D is only about 7%. 


This a 


tributions 


imilar neutron angular dis- 
If one source should be 
would be 


umes reasonably 


tor the two sources 


ani Otro] . the error conside rably 


highly 
larger 

2. The absorpt of gamma rays in the C™ and D.O 
A calculation based on the work of 


that the average intensity of radiation 


cylinders differed 
Heitler® indicated 
causing disintegrations in C' was 
DO for the ame 


because of this 


1.03 times that for 


proton target gamma-ray output, 

absorption in the sample 

Several errors require mention 

P. R. Walla \ Caine, Elementary Approximations in 

/ fuston, N.R.C. 1480 
Radiation 


W. Heitler, ( 
Press. New Yor 


Oxford University 


E 


DGE 

i) The ire not truly monochromatic.’ 
For the 874 kev resonance in I pay hich 
65% of the radiati f 6.13-Mev energy, 24% of 


and 11% of 7.1-Mev, a weighted aver- 


gamma Tray 


was used. 


6.9-Mev energy 
age of 6.4-Mev 

ii) An error arises in accepting a mean 
Diy.n p cTos f 
mated value*® 


value for the 
gamma rays. Our esti 
timation of the 
» sources 
tne sample, 
which was 
estimated 
at 4% 

(iv) Error 

D and C® sample 


statistics, (c) the cal 


iacing 
counting 
f gamma 

the 


ray absorption by the two (n,2n 


reactions in the deuter last proved neg- 


ligibly smal 


Phe 


certainty in the cr 


comb 


errors 


ount 


I iking act 


tion curve 
a pronounced peak 
fluorine 


This result, taken gether wit t SS Set 
of Cook el al.. W 
in cross section radiation. 
However, the radiation does have 


approximatel Guth ef al have 


calculated or | f an orbital neutror 
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The alpha decay of Np? +} 
of 4.864, 4.925, 5.015, and 5. 
and 3. 


S50 


iS } Lo) ) 
Y5 Mev } relatiy i 
Hindrance factors calculated on tl 
1 he elec tron ci 


ge 


yf 


and respectively ene 


based on a closed « 


of Pa? 


state 


I. INTRODUCTION 


EPTUNIUM-235 decays predominantly to | 
by electron capture.’ However, a smal! fraction 
the decay is to Pa™! by alpha emission.2~* James 
2 who first observed the alpha decay of Np 
reported the energy the alpha particles to 
06+0.02 Mev. Later Hoff, Olsen, and Mann 
Lhe alpha particle 
rays of 26 and 85 kev and with L x rays. These gamma 


r 
I 


t | 
Ll al 


found 


f 
Ol 


to be in coincidence with gamma 


Lys were shown to arise from a metastable state wit 

a half-life of 37 millimicroseconds. In a recent paper 
the present authors stated that the alpha spectrum of 
Np’ 


* is complex and that they were not able to resolve 
the various alpha groups. Subsequent improvements in 
experimental techniques have enabled us to resolve 
t} 


the major alpha groups and to obtain an accurate valu 


for the alpha decay energy. 


II. EXPERIMENTAL TECHNIQUES AND RESULTS 
Sample Preparation 


Iwo samples containing Np” were produced by 
deuteron bombardment of U™* targets at the Argonne 
60-inch cyclotron. A target containing 93.3 atom 
5 a used to prepare the first sample. A 
large amount of Np”? was contained in this sample as a 
(1) tracer added for a previous experiment, 
(2) direct formation through the U”*(d,3n)Np”™’ re 
action, and (3) the 8~ decay of U*’ produced by th 
= d,p2n)U* 7 and U™*(d,t)U™? reactions. The 
sample was obtained from a target of highly enriched 

>99.9 atom percent U™*) uranium. 

Neptunium was separated from the uranium targets 


percent wa 


: . 
result ol 


SOC 


series ol 
hy 


hssion produc ts, 
co precipitations 


and spallation products by a 


with lanthanum fluoride and 


droxide, followed by anion exchange using Dowex A-1 


* Based on work performed und he auspi f the I 
\. Jan A. E. Flor 


a. J 
llement 


The Transurani 
j r New York 


in, H. H. Hopkins, Jr., and A. Ghior 
Research Papers (McGraw-Hill I 
1949), Paper No. 22.8, National Nu 
Project Record, Vol. 14B, Div. IV 
and D. Orth, Phys. Rev. 85, 369 
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Olsen, and L. G. Mann, Phys. Rev. 102 
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LKEME If 
Illin 


groups have been ident vith 


th energies 
11.8, 83.6, 
3§.6.1,3 3 


163+ 16 kev 


of the 


Lik 
indances respective groups are 0.8 
a ha r Np™ are 
ol Np bhas been etermined to 


vat the 5.095-Me pha transiti s 


lf-life f 
rgzy 


to the ground 


resin in a hydrochloric acid medium. The final purifi 


cation was by solvent extraction using mono-octy] 


phosphate in toluene, thenoyl-trifluoroacetone in ben 
zene, and diethyl ether as the extracting agents. 

At the end of the chemical purification, sample 1 
contained a small amount of | added as tracer for 
another experiment. Sample 2, as determined by alpha 
The 
purified neptunium was volatilized as the oxide onto 

0.001-inch foul 


proce 


pulse analysis; contained only radiations of Np*® 


aluminum During the volatilization 
sample £ Wa contaminated with 
of Po’ (approximately 18 disintegrations per 
minute out of a total of 515 dis/min). No attempt was 


4 small 


SS 


a 
amount 


made to repurify the neptunium in this sample; instead, 
the Po*” alpha peak wa: 
standard 


used as an internal energy 


Alpha Spectra 


The alpha chamber and electronics have been de 
The cl 
flow counter at atmospheric pressure with a commercial 
gas mixture of 10% methane and 90% argon. 

The 2x geometry alpha spectrum of sample 2 is 
given in Fig. 1. It is apparent that the Np”® spectrum 
is complex, with evidence of at least two alpha groups 
1.96 and 5.05 Mev. To improve the 
collimated with 0.002- 

rhe resulting spectra are 
2(b) for samples 1 and 2, 
the alpha energies obtained 
in six runs: four with sample 1 and two with sample 2. 
The peak positions of the Np 
the 


cribed previously amber was operated as a 


at approximatcly 
re solution, both 
Lektromesh 
shown 


sample were 


inch screen 
and 
respectively. Table I list: 


in Figs. 2(a 


spectrum were estab- 

For sample 1, the 
{ ao distribution was fitted by a normal distribution 
curve which was then used to resolve the individual 
alpha groups in Np” 
cedure with 
normal distribution curve 
In four of the 
ured 


lished in following manner 


the pectrum 


) 


The same pro 
except that the 
fitted to the Po*”® dis- 
runs the alpha peak positions 
the voltage scale of a pre- 
the 


was fo lowed sample 


was 
tribution 


were mea ol 


cision mercury ay lse generator in 


manner 


Magnusson, Rev Instr. 26 
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4.96 Mev f 
i 


CHANNEL 





S per 


COUNT 





1 1 


L r 





100 oO 120 


CHANNEL NUMBER 


The 


pulse generator was calibrated in terms of the alpha 


described by Harvey et al.’ voltage scale of the 


energies of the three standards, Np”? ags, U* ao, and 
Po*”, Corrections were applied for grid shielding in- 
kev the 
collimator (~2 kev) zero-correction of 
+90 kev. This 


axis of an extrapolation of the 


efficiency (~5 ionization losses within 


and for a 
zero-correction is the intercept on the 
height 


versus energy calibration curve. In the other two runs 


energy pulse 


a linear interpolation was made between the U* and 
Np”? peaks to obtain the Np’ 

rhe four alpha groups listed in Table I were assigned 
to Np 
and ten months after the original on sample 1 and six 


after the original on sample 2 the 


‘ alpha energies. 
5 on the basis of their decay. Runs made four 


months showed 


rasie I. Energy and relative abundance of Np** alpha 


parti les: levels of Pa™! populat d 


Run N ‘ a ‘ 


495%! 
498 i 
5X7" 
5944 
590xR¢ 
O07 * 
Average 


> abundance 


5 01 5 
5.017 
SOs 
5.018 


4.927 
4.927 
$.926 
4.923 
4.925 
4.925 
4.925 
11.8 
0.170 
0.173 


4 ROH4 
5.016 4.864 
5.014 
5.015 
83.6 
0.080 
0.081 


4.864 
0.8 


‘ 


Pa™ level energi 


130 140 


various group 
half-life.‘ 


From Fis - ipparent that e resolution of 


the four 


counts between the peak ay be 


icaves residual 
attributed to 

either or bot! 
1) The alpl 


than the 


more complex 
four grou] 

2) Summing of alpha and « version electron pulses 
may produce a high-e1 rgy hit the peak of an 
alpha group which is in coin nce 


with converted 


gamma transitions Lektromesh collimation 
greatly reduces thi 
entirely. With 2 


10% 


liminate it 
sum peaks may be 


doe not ¢ 


as high as the 


Broadening of the ; hickness or by 
d casaes all 2 


ciated with the electror ipt I ranci! of 


the intense backgrou rays asso- 
Np*® (the 
a branching is only not be a factor 
Np would be 
affected equally It should be noted tl I peaks are 
broader than expect i: a width at half- 
height is 36 kev wher 7 to 29 kev are 
usually obtained for vol 


because both the 


collimated samples 


The absolute accuracy I the ilpha energies is esti- 


mated to be +5 kev 


Coincidence Measurements 

In a repetitic f the coincidence 
Hoff eC \ al . | 

alphi 


iodide « ryst 


experiments of 
noider uri t F 
nciadence Wwitn 


all is was measured w 1 oO! iwhth inch sodium 


copper ab- 
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b) Sample 2, singles, solid points are 3-channel 


lic. 2. Alpha spectra of Np™* with Lektromesh collimation. (a) Sample 1, singles 
averages. (c) Sample 2, coincidences with (70-97 )-kev gamma rays, 3-channel sums plotted on mid-channel. 


spectrum, Fig. 3, has gamma peaks at 26.5 and 84.1 
kev plus what appears to be a K x ray peak. Three 
channel sums, plotted at the midchannel, are shown in 


sorber to attenuate most of the Z x rays from the 
intense electron capture branch. Alphas were detected 
with a zinc sulfide scintillation counter. The coincidence 
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Fic. 3. Np** gamma spectrum in coincidence with all alpha particles, sample 2. 
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the figure. With 


microsecond i the ( 


1 resolving time 27 equal to 84 milli- 


hance rate, obtained by adding 200 
channel, 
true rate 


0.15+0.02, 


millimicroseconds delay in the gamma 
le tha percent of the 
and not ibtract Intensities of 


0.088+0.008, and 0.0064 


amounted to 
was 

©.002 photon per alpha were 
found for the 26-kev, 84-kev, and AK x 
The intensities of the 26 


radiations, 
&4-kev 
tion of 
level 
olving time of the 
The 
counting 

of the 
counted. These 


respectively and 


gamma rays have been corrected for the fra 


the decays ( of the 37-millimicrosecond 


which did not occur within the re 
circuit; the A x ray 


in lude 


were assumed to be prompt 


probable errors statistical error 


efficiency errors, and errors in the estimate 


fraction of the metastable state decay 
intensities are appreciably higher than those reported 
by Hoff et al., who found approximately 0.054 photon 
per alpha for both the 84- and 26-kev gamma rays. 

A measurement of the alpha spectrum in coincidence 
84-kev gamma ray was order to 
position of the 84-kev in the 
in the energy band from 


with the made in 
establish the 
level scheme. Gamma pulses 
70 to 97 kev were selected wi 
ed to the one-eighth inc 
pul Cs 


were i ‘ ( the 256-channel 


gamma ray 


h a single channel analyzer 
h sodium iodide scintil- 


from the 


connect 


counter. Coincident alpha 


hamber 


lation 
ionization « 
absorl eT 
{tenuate Z x rays. A 
22% of the 


4.6 


analyzer A 5/7-n was placed 
over the gamma 
relatively high chan : vas present 
true rate j long resolving time 


becaus yy 
mit rosecond in 


» large number of A x rays from 


the electron ¢ ipture b incl which were counted by the 
pectrum, after 
subtraction of the chance spectrum, i own in Fig. 


1 group is missing 


gamma sper trom 


2(c). Only the hi ¢ 
which demonstrat: that the 84-kev 
level populated by the most 


abundant alpha group of 5.015 Mev but does not follow 


transition origi- 


nates at or below the 
| 


the highest energ aipné uy The implest inter- 


bile, 


pretation 1 energy alpha group ob 
ls to the ground state and that the 84-kev tran 


served lead 
sition is between t vel populated he 5.015-Mev 


Ill. DISCUSSION 


abundance 


11 


by alpha des 


occur, it mi 
rom this le 
and therefor 
alpha vyamma 
ship betwee! 
metastable level 
decay* ot ° and t tu pture decay” ol 
U™: ti gy ere! betwe the observed 84.17 
table level 

S vnich correspond y to the energy 
of the 53 ( ( wton is own that 
the 58.5-kev | by Coulomb ex- 
citation of Pa”, th tast | | must be placed 
at 84.2 kev 

rhe ground 
of + which ha een interpreted by ns et al. 
as the /= } member of an odd parity AK =} rotational 
band. Their assignmer f $+ to the kev 
of Pa* and to t 
with the exi 


level 


drance fact 

Since tl nd-state aly energy is poorly 
by the alpha s] accurat 
may be deduced from the energy of the alpha populati 
the 84.2-kev leve nad the irately n isured gamma 


energy This method giv in energy of 5.099 Mev as 





oe DECAT 


compared with the measured energy of 5.095 Mev 
With a ground-state alpha energy of 5.099 Mev, the 
disintegration energy, Va, equals 5.187 Mev 

The disintegration energy of the electron capture 
branch of Np** was calculated from the closed energy 
cycle shown in Table II. The result, 163416 kev, is in 


Ot p 1649 
the value of 123 kev 
calculated from the K/L capture ratio.‘ 

to thank W. Ramler, A. Schulke, 
and other members of the Argonne 60-inch cyclotron 
group for their assistance in producing the Np 


approximate agreement with 
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Interaction of 6- to 14-Mev Deuterons with Helium Three and Tritium* 


L. STEWART, J 


Los Alamos Scientific Laboratory, 


The 


ross sections 


angular distributions of the « 


measured at five incident deuteron energies between 6 and 14 Mev 


states in He* n 


A search for excited 
negative results 


expansions 


INTRODUCTION 


HE present paper concludes that portion of a pro 

gram, on the interactions between the hydrogen 
and helium isotopes, which has been concerned with 
the emission probabilities for charged products from 
reactions induced by 6- to 14-Mev deuterons on He® 
and T. 

The elastic scatt ring experime nts!“ have alre ady been 
described, as have also the results’ on the identification 
>He®+n+n 
differes 
a number of incident energie 
He*(d,p)He* (O=18.4 Mev) and 
17.6 Mev). A search has also been made 

in He‘, at ~22 Mev, and for evidence 
of the formation of H‘ by investigating the range d 
butions of the protons emitted from the breakup of the 


and systematics of the reaction d+'T 
The present measurements evaluate the 
tial cross sections, at 
for the reactions 
l'(d,n)Het (QO 
for excited state 
istri 


intermediate Li 
Both the He’ 
been previously studied at ~10 Mev 


and He® nuclei, respectively 

d,p)He* and T(d,n)He* reactions have 
In addition, 
the T(d,n) reaction has been extensively surveyed at 


lower energies Prior to the present work, however, 


* Research per 
Energy Commissior 
t One of the autl Aisnes | 
the medium-energ ear physics divisior 
Nucleaires de Saclay during the 
1 J. E. Brolley, Jr., T. M 
Rev. 117, 1307 (1960 
Allred, A. H. Armstrong, A. M. Hudson 


Robinson, L. Rosen, and E. J. Stovall, 


preparatio 
Putnam, L. Roser 


2 
E. Brolley, | S Rosen 
109, 1277 
J. C. Allred 
J. E. Brolley, Jr., | I 
$2, 502 (1951 
4. Galonsky and Johnson, Phys. Rev. 104, 421 
S. J. Bame and J. E Iry, , Phys. Rev. 107, 1616 


Hall, L 


84. 695 
mies 


April 25, 


for the T(d,n)He* and He'(d,/ 


ear 22 Mev and for evidence of the 


rHid 


1960 


He‘ 
been fitted with Legendre 


reactions have been 
The data have 


nation of H* gave 


I'(d,n)He* reaction have been 
performed by detecting the monoenergetic group of 


all experiments on the 


high-energy neutrons in a counter telescope. 
Theore ti il work on the subject reac tions is limited 
to a “stripping” analysis of the 10-Mev data.® 


EXPERIMENTAL DETAILS 


is the Los Alamos variable- 
\ portion of the deflected beam is 


a focus at 


The source of deuteron 


energy 


cyciotron 


brought to the center of a scattering chamber. 
srass diaphragms limit the maximum beam divergence 
to 0.5", the greatest part of which is due to multiple 


small-angle scattering in the beam entrance window 
and target gas. The target gas is confined to the center 
of the scattering chamber Ly a hollow cylinder whose 
axis of symmetry is perpendicular to the plane of scat- 
tering and whose vertical wall incorporates a window 
of 0.0005-in. duraluminum. After traversing the target, 

well-evacuated Faraday cup which 
and electrically biased to avert the 
capture of exte rnally produced electrons as well as the 


the beam enters 


is magnetically 


loss of those yene rated inside the cup. 


Nuclear emulsions mounted around the periphery of 


the scattering chamber record the charged partic les and 


each detector views a precise portion of the reaction 


volume through its own slit system at a well-defined 


ingle with respect to the incident beam. 


Most of the experimental techniques utilized in the 


present investigation have been carried over from pre- 


vious experiments. Thus, the ion-optical system for con- 


ducting the beam to the reaction volume, as we 
the Faraday-cup construction and method of current 


integration, |} 


been described in a previous paper by 


Rev. $3, 858 (1951) 
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TABLE I. Evaluation of errors and corrections 


Putnam, Brolley, ind Rosen.’ Also pre viously described 
have been the multiplate camera,’ the method of calcu- 
and the 


lating cro ections 


for the camera geometry" 


procedure for ga purification, handling and con- 


finement 


ignificant corrections for lit-edge 


to facilitate 


In order to avoid 
pen tration as wel the analy is of those 
used to obtain the differential cross 
He ‘(d,p) He ‘ reaction, a feature of the 
nuclear plate camera is invoked which permits inter 
detectors Al 
aluminum and advantageously situated 


plate s which were 


ection for the 


posing absorbers be target and 


tween 
though made of 
close to the detectors, these absorbers slightly diminish 
the particle density on the detectors due to multiple 
small-angle scattering. The nece ssary Corres tions to the 
were graphically evaluated ac 

cording to the method devised by Dickinson and Dod 


der. 


observed cross ection 


The identification and counting of the tracks due 
to He’ ions from the T(d,n)He* reaction had to be 
accomplished ina very intense background of el stically 
cattered deuterons and tritons. The plate analysis work 
of Ilford --:1 emul- 


way as to accentuate the 


was greatly facilitated by the use 
ions developed In uch a 
tracks of doubly charged ions over those of singly 
charged ion 
In the experiment ce igned Lo investigate the pos 
He™* and H’‘, it was 
minimize the number of 
the de juired improving the beam colli 
mation system so that not even twice 


letectors 


ible formation of necessary to 


purious particles recorded by 
ctor Phi re 
; scattered deuter- 
ons could enter the This was accomplished 
by doubling both the length of the collimating tube and 
the number of collimation and antiscattering baffles 
over that shown in } 10. The 


asst mbly i 


new collimating 


terminat i anti-s ring aperture 


which is large enough to clear the incident beam, taking 


due account of divergence produced by scattering in 


window and gas, but small enough to shadow the first 


set of defining slits through which the detectors view 


the reaction volume. Furthermore, the last collimation 


*T. M. Putnar 
104. 1303 (1956 


76, 1283 (1949 
W.C. Di 


(1953 
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AND ROSEN 


aperture can now see only that part he collimator 
tube | 
baffi 

The experiment 


wall betweer intiscattering 


were carried out 


over a period of which time 


luring 
numerous repeat rut method of meas- 
ring deuteron energy and o tt 1 cyclotron for 
any given energy was id oyed during 
our study of the d-D re 


EVALUATION OF ERRORS 


For purposes of calculating the standard error ap 
dif- 


the 


propriate to our mea rements, we may write the 
ferential cross sectior J VG, where Y is 
measured yield, n is t total number of incident deu 
terons, .\ 


is the number of target atoms per unit volume 


and G is the geometrical fact ting from integra 
tion over the tie olun dbyt Sit 
and the dete 


Since the cro 


system, 
reaction volume 

tions are 
small, rather hig! were 
used. It was therefore felt 


the measured temperature and pt re target 
gas were effectively those which prevailed in the volume 


swept out by the beam dur was done 


by showing that the measured val fo was not a 


function of beam current 


urement is included ir 


measurement ot 
Although calcul 
gence due to multiple 


windows was not so ncomplet 


1} 
lection by the Faraday i 
by demonstrating t] 
function of ga 

Che estimated 
sections for the 
To the above 
which are approxi 


( 


ment and 3 


there is the ur 
in the incident 
varies approxim 
uncertainty wi 


\ quadratic 
errors yields 


He d,p) data 


RESULTS 


Ihe differential cros 
and energy, for the He 


Tables I 


angles refer 


s¢ 


compiled in 
The 
product wit! 
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INTERACTION OF DEl 


rFERONS 


WITH He* AND T 


ras_e U. Differential cross sections in millibarns per steradian in the center-of-mass system 
for the He*(d,p) reaction at various deuteron laboratory energies 


Proton Proton Proton 
c.m c.m c.m 
angle angle angle 
degrees degrees ) degrees 

11.7 3 11.9 

14.6 5 17.8 

17 23.7 

20. P 29.6 

23.: 2 35.4 


26.2 44.1 
29 2 46.9 
52.6 
58.3 
63.8 
69.4 
74.8 
82.8 
88.0 
93.2 


98.3 
103.3 
108.2 


vector. It is seen that there is great similarity between 
the angular dept ndence of the differential cross sections 
for the two reactions and that, at the higher energies, 
the absolute magnitudes also coincide. (Energy normal- 
ization of the 8-Mev data removes much of the disparity 
between the two sets of measurements.) These obser- 
vations are valid even at the backward angles where 
the angular distributions cannot be fit with “stripping” 
calculations. These results may therefore be cited as 
corroborative evidence for the hypothesis of charge 
symmetry of nuclear forces. The reason that the absolute 
differential 
reactions are not identical at the lower energies is prob 
found in the formation of an excited state 


values of the cross sections for the two 


ably to be 


in the intermediate systems, which state occurs at a 


somewhat different energy in He® than in Li*. Evidence 
for the existence of such a state is found in the energy 
depe ndence of the total cross sections for the two re- 
? 


actions (Fig. as well as in the energy dependence 


of the 90° cross sections for elastic scattering. In both 


cases there appears to be resonance-type behavior in 


Proton Proton 
cm cm 
angle angle 

degrees (degrees ) 


12.3 
18.4 
24.6 


13.7 
Mev 
12.0 


7.36 
4.17 


30.6 2.37 
1.83 


36.7 


42.7 
48.6 
0.2 3.94 
66.0 4.24 
71.6 3.77 


1.98 
2.98 


799 
90.6 
95.8 
100.9 
105.9 


2.75 
1.69 
1.36 
1.28 
1.28 


110.8 
120.2 
129.3 


1.50 
2.28 
2.46 
2.09 
2.93 


3.39 
3.98 
4.83 


the energy region between 3 and 9 Mev for the incident 
deuterons. 

Since the present experiments were limited to the 
detection of charged particles, the measurements on the 
T(d,n) reaction encompass only half of the total center- 
of-mass interval. However, in this interval the present 
accord with the 6-Mev neutron 
data of Bame and Perry and in reasonable agreement 
with the 10-Mev neutron data of Brolley, Fowler, and 
Stovall, as displayed in Fig. 3. The present 10-Mev data 
on the He*(d,p) reaction confirm and extend the pre- 
vious data of Allred. 

Each of the angular distributions is characterized by 
a strong forward peak and two minima, one at ap- 
proximately 40° and the other at approximately 100°. 


data are in excellent 


In addition there is exhibited a gradual and continuous 
rise in cross section following the second minimum. 
Butler and Symonds* have shown that, up to the 
second minimum, the angular distribution for both 
He*(d,p) and T(d,n) can be reasonably well fitted by a 
straightforward stripping calculation assuming zero 





BROLLEY 


ras_e IIT. Differential cross sections in millibarns per steradia 
for the dm) reaction at various deuteron lal 


ir momentum transfer by the captured nucleon how the ti Y reconciled without 1 ing another 
result, which is qualitatively apparent from the anism, such as ypound nucleus formation.'** 


is completely consistent with the spins and par- Since tl egend xpans rovide convenient 


ties of the nuclei involved. Beyond the second mini- relations for the interpolation and extrapolation of dif- 

mum, however, the data are in sharp contrast with the ferential cross-section data, we ha fit the angular 

above stripping calculations and it is not at all ¢ distributions with a ser gendre polynominals: 
d)=>- "a,P (cose | ficients are listed 


—" 


e mere 
* rere 

PRESENT DATA 
* REFS 


CROSS SECTION. BARNS 


TAL 
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polyr omial coefficients 
1s the iverage percent « 


oefficients 


TABLI IV Legendre 
He?(d,p)He* reaction. A, 
the Legend 


given by lhe asterisks 1 


Deuteron 
energ’ 


Mev 


5.00* 
6.00* 
Oo* 


so 


} 
3 


— — RD Ge oe Ww oe oe 
“Iw eww OO 
“de OO 


77) 


1¢ 
1 
| 
> reference 

Table I\ and the calculated cTOS SCC tions shown as 
the smooth curves in Fig. 1. Also included, for the 
T(d,n) reaction, are the coefficients which describe the 
lower energy data of Bame and Perry.’ Integration of 
the Legendre expansions provides a comparison with 
the total cross sections for the T(d,n) reaction present d 

We now turn to a consideration of that part of the 
experiment which is concerned with the possible for 
mation of He and H*‘. 

Figure 4 shows a typical range distribution of charged 
particles from the He*(d,p) reaction. The formation of 
an excited state in He* would reveal itself by the pres- 
ence of a monoenergetic group of protons of energy well 
below that of the main group. From the absence of 

uch a group and from the reaction kinematics we con 
clude that the cross section for formation of an excited 
tate in He* below an excitation energy of 26 Mev is 
everywhere less than 5% of the cross section for the 


| # PRESENT OaTa 6.) wey 
,REers 6.0 MEV 


[ © PRESENT OaTa 9.9 wEV 


| 
| ORmEer.é 10.5 MEV 


@ (8), MILLIBARNS PER STERADIAN 


40 o .}§©80 100 
6, CENTER-OF-MASS ANGLE OF ALPHA PARTICLE 


F 1c. 3. Comparison of the T(d,#) cross sections 
with previously published data. 


AND 1653 


angular distributions for the 
is the integrated cross section 


vy Bame and Perry 


He*(d,p)He* reaction. This result is in complete accord 
with the 
strongest evidencs 


ments on the T(d,m) reac 


most recent evidence on this subject.:'® The 
contrary comes from experi 
ion in which were observed a 
group of neutrons of such energy as to indicate an excited 
in He* at 22 Mev 
this apparent discrepancy has already been given.* 

We have likewise measured the distribution of the 
charged particles from the d+T7 reaction. The forma- 
tion'® of H* with a O value between —2 and +2 Mev 
would be evidenced by a group of singly charged parti- 


State The probable explanation for 


PROTONS FROw 
, * 
tom apeme 
oe wty 


r 
P 
20 180 too 300 400 «6300 
TRACK LENGTH IN MICRONS 


charged 


particles produced 
at 13.7 Mev. 


cles of range greater than that of the elastically scattered 
deuterons or tritons. No such group was found. 
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Angular distributions for the Be®(He’?,d)B'®, Be®(He?,s) B’, ¢ 
were measured at 25 Mev and also at 21 Mev for the carbon reactior 
butions were strongly peaked forward, exhibited diffraction-like structure, and were asymmetri 


He’ ,d)Sc* 
1 that the angular distri 


about YO 


reactions 


The minimal positions of the angular distributions could be fitted with spherical Bessel functions of the 
appropriate order /, the angular momentum transfer of the ingoing protor his analysis resulted in the 


same interaction radius for various levels in each of these reactions. The 
case was 6.17, 5.91, 6.23, and 7.29 fermis, respectively. The Butler stripping the« 
angular distributions; however, the average decrease of the angular distribut 
predicted decrease except in one case. The reactions exhibited the general characteri 
and could be predicted qualitatively with the simple form of direct interaction the 
equipment and the method of data analysis, using computer codes, is 


best-fit interaction rf ius for each 
to the 

with the 

irect process 

rhe experimental 


l-state O values 


were measured for the Ca*(He*,d)Sc", Ca (d,n)Sc", and O'*(He?,d)F"’ reactions. Q values for le ted 


by the Ca®(He?,d)Sc* reaction were also measured 


I. INTRODUCTION 


N recent years many experiments have been made 

with accelerated He* ions, primarily using Van de 
Graaff electrostatic With these machines 
the energy has been limited to 6 or 7 Mev at the most, 
and, in general, the energy is too low to allow a study 
of the (He*,d) and (He’*,/) reactions except in special 
cases. The recent installation of a He* recirculation 
system! at the Los Alamos variable-energy cyclotron 
has made avaliable He’ ions in an energy range of 11 
to 25 Mev and allows a study of the previously men- 
tioned reactions in most of the light and medium- 
weight nuclei. 

Because of the relatively low binding energy of both 
the input and reaction particles in the (He*,d) and 
(He*t) reactions, a direct interaction would be expected 
at cyclotron energies. In general, it was observed that 
all of the angular distributions studied exhibited dif- 
fraction-like structure, were strongly peaked forward, 


accelerators. 


and were asymmetric about 90°. These characteristics 
are those of a direct interaction and in many respects 
resemble a stripping process. 

The (He*,d) and (He*,/) reactions are equivalent to 
the (d,n) and (p,m) reactions, respectively, in terms of 
the initial and final nuclides. The charged reaction 
products simplify the detection problem and conse- 
quently the study of these reaction nuclei. It is inter- 
esting to compare the (He’,d) to the (d,) reaction and 
the (He*,/) to the (%,”) reaction in terms of the inter- 
action mechanism. Those reactions leading to ground 
and low excited states can be a complex mixture of 
compound nucleus and various direct processes, and 
there is considerable experimental difficulty in separating 
these various reaction mechanisms. 

The (He*,/) reaction involves complex particles with 


* Work done under the auspices of the U 
Commission 
1H. E. Wegner and W. S. Hall, Rev. Sci. Instr. 29, 12 (1958) 


S. Atomic Energy 


relatively small mean free paths in nuclear material,’ 
and the (p,n 
relatively longer mean free path 
probability of a direct knockout process from within 
This effect im- 


process involves simple nucleons with 


which enhances the 
the nucleus as well as from the surface 
plies that the 
exclusively a surface reaction than its 
similar comparison for the (He*,d 
cannot be made because the (d,n 
a nucleon and complex particle. In the 


process is 
pn analog. A 


and (dm) reaction 


He*,/) direct-exchange more 


involves both 
He? 


surface 


proces 
case, 

effects 
may be of use in simplifying the theoretical analysis 
of these data. However, 
interaction is not clear 


such an experimental differentiation of 


the relative role of compound 
nucleus vs direct 
Angular distributions of 
of various resolved level 
were measured for the 
C®(He’ d)N 


observed experimental correlati 


the differential cross sections 
. the ground State, 
Be’ (He*,/)B*, Be®(He*,d)B", 
He’*,d)Sc" reactions. Various 
between the angular 


including 


and Ca‘ 
distributions and the nd parities of the 
levels of B'® and N 
reaction mechanism itions 
for predicting the unknown 
levels of Sc*. The highh tive reaction Q values of 
the C"(He*t)N" and Ca‘ t)Sc* 17.5 
and — 14.0 Mev, respecti result in an 


in the study of the 


] 


were aiso used 


ot tne 


reactions, 
appare ntly 


to othe r possible 


extremely low cross sect 1 relative 
| 


reactions. Tritons were not observed for these reactions. 


Il. EXPERIMENTAL ARRANGEMENT 


Detector in Mass Separation 


The detector used for this onsisted of a NaI (Tl) 
scintillation crystal for the detection of particle energy 
chamber for the 


work 
and a flow-type parallel plate ion 
measurement of A/ 

the component parts. The guard ring on the center elec- 
field distortion of the 


Figure 1 shows the basic layout of 


to correct the 


trode was designed 


2G. Igo and R. M. Thaler, P 106, 126 (1957 
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(He*,d) AND (He,t 
cylindrical geometry in the counter as well as the dis- 
tortion caused by the bulging of the front window. In 
order to eliminate the back window, the NaI(T1) crystal 
and light pipe were common with the ion chamber and 
were operated in the gas at counter pressure. The counter 
gas was a mixture of 5% CO. and 95% A. The quartz 
window that aliows the light from the scintillation crys- 
tal to enter the photomultiplier tube was aluminized on 
the edges so that none of the light could be absorbed 
by the sealing O ring in contact with the window. The 
AF and E system was operated in a pressure range of 
50 to 150 psi. The front window was 0.00025-in. perm 
alloy foil,* 0.25 in. in diameter. The ion chamber be- 
came saturated at around 1000 v and was operated at 
1600 v. The resolution for a given energy particle agreed 
with the theoretical prediction within the error of the 
measurements.‘ The resolution of the sodium iodide 
crystal (full width at half maximum) varied from 2.5% 
to 3%, depending on the particle being studied and on 
other conditions of the experiment. 

Since the pulses of the ion chamber were small (no 
gas multiplication), it was important to maximize the 
signal by minimizing the input capacitance. For this 
reason, the counter system support included the pre- 
amplifier for the ion chamber, thereby eliminating the 
major part of the lead-in capacitance. By minimizing the 
capacitance and noise of the input stage of the preampli- 
fier, the noise broadening was reduced to 10%-12% of 
the observed resolution width. 

The pressure in the AE counter was held constant to 
0.5% with a Cartesian manostat® on the outlet of the 
counter flow system. The temperature of the counter 
was maintained by waier-cooling lines in the preamp- 
lifier chassis which eliminated possible vibration dif- 
ficulties in the high-gain AF preamplifier input circuit 


Fic. 1. dE/dx and E detector. (A) 
Interchangeable gold aperture. (B) 
Front window of counter. (C) Guard 
ring for collector plate. (D) Teflon 
insulator bushing E) Nal(Tl) 
crystal. (F) MgO smoked surface of 
light pipe. (G) Quartz window. (//) 
Mu-metal shield. (J) Photomultiplier 
tube 





* The Arnold Engineering Company, Marengo, Illinois 

*T. E. Cranshaw, Progress in Nuclear Physics, edited by O. R 
Frish (Academic Press, Inc., New York, 1952), Vol. 2. 

*Manostat No. 8, The Emil Greiner Company, New York 
New York. 
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IGHT NUCLEI 


Fic. 2. Scattering chamber and detector support system. (A) 
System support frame. (B) Target position drive. (C) Rotary 
table. (D) Detector support boom. (£) Scattering chamber 
support arm. (F) Detector and preamplifier chassis. (G) Beam 
tube. (47) Collimator support. (/) Energy monitor support arm 
(J) Scattering chamber. (A) Stainless steel compression band 
(L) Mylar window. (M) Rubber pad 


that would be introduced by air cooling. In practice, 
it was found that the AF counter was stable over periods 
of weeks. 


Scattering Chamber 


The scattering chamber, shown in Fig. 2, featured a 
thin continuous window and was basically similar to 
others reported in the literature® except for a simplifica- 
tion in the mechanical design. The chamber was 10 in. 
in diameter and did not require precision machining. 
It was coupled by a bellows to the cyclotron beam pipe 
so that the scattering geometry was not disturbed by 
scattering-chamber alignment. The rotating and sliding 
seal between the scattering chamber and the target 
support was arranged so that slight misalignments 
could be tolerated. In practice, the chamber was set 
concentric with the axis of rotation to approximately 
#y in. This accuracy was sufficient in terms of possible 
perturbations on the scattering geometry (for example, 
slight air-path length changes between chamber and 
counter window as the counter is rotated about the 
scattering chamber). Vacuum lock facilities were avail- 
able at the base of the chamber. A small Faraday cup 
was provided inside the chamber and shielded by a set 
of permanent magnets as well as the usual electrostatic 
guard rings. 

The scattering geometry is completely determined by 
a precision rotary table’ on which the counter support 
boom and target holder are mounted as shown in Fig. 
2. The target frame, which can be raised or lowered 
remotely, was supported through the axial bore in the 
table, so that the axis of rotation of the table passed 
through the plane of the target foils. Initially, the beam 


*M. K. Brussel and J. H. Williams, Phys. Rev. 106, 286 (1957) 
7 Model BH9, The Troyke Manufacturing Company, Cincinnati 
9, Ohio 
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the rotary table so that tl 
ind was pe rpe nd ular to the 
Phis adju 


scattering geometry of the system, pro- 


pipe was aligned 1€ AXIS 


of the beam inter ted 


axis of rotation of the table. tment completely 


determined the 
inte rset tion. 


viding the was aligned with the 


The 


counter 
cattering chamber was then placed around the 
The final 


ie beam collimating system was 0.125 in. 


ystem to form the vacuum envelope. 
ape rture in | 
in diameter, and the size of the Faraday cup was such 
that it could subtend three mean square scattering 
angles from the thickest targets used. 

Che counter was usually operated in a position such 
that the extreme front of the counter cleared the window 
clamping bands by ;’¢ in., minimizing the air path in 
the window-t The entire angular 
control the 
counter in this position, except for the region of extreme 
back angles. In thi 


pecial counter vacuum extension which allowed the 


window distance 


range could be covered by remote with 


region it was necessary to use a 


counter to be backed off far enough from the scattering 


chamber to clear the beam pipe and associated 


apparatus 


The scattering chamber window was 0.00025-in. My- 
scattering-angle 


to 90 


ar and Was 
left to 175 


allowed a right 
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together. The 


sion from sliding the bands 
window was routinely changed between experiments (in- 


support 


volving 50 to 100 hours of beam time). It was found 
that excessive bombardment of the window by scattered 
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particles resulted in failure at the forward angles, prob- 


ably due to radiation damage. The support boom was 


driven by a variable-speed transmission’ which allows 


a counter boom motion smoothly adjustable up to a 


maximum speed of 10° per second. The transmission 


control and angle readout register were remoted with 
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H« AND He REA 
alyzer to display an energy spectrum of a particular 
mass particle. Since the mass separation was not perfect, 
there was always a small amount of leakthrough from 
one mass region to another. However, the leakthrough 
contributions could easily be determined by changing 
the gate settings while holding all the other electror 


and cyclotron conditions constant. 


Ill. EXPERIMENTAL METHOD 


The beryllium and calcium targets used in this work 
were prepared by evaporation methods, and the carbon 
target was prepared by spraying an alcohol suspension 
of colloidal graphite on glass and then vacuum-out 
gassing the resulting foils. The targets were all 
supporting and were approximately 1 mg/cm? in : 
density. 

Besides the Faraday cup for monitoring the beam 
current, a stationary counter was employed at 30° left 
to monitor the elastically-scattered He* particles from 
the target. By moving the target up and down under 
beam conditions and observing the differences between 


and 


the monitor counter, mass selecting counter, inte- 
grated beam current, it was determined that the targets 
varied in thickness between 8% and 12%. Since the 
areal density was determined by weighing, the absolute 
cross section scale for any curve can be in error by as 
much as 12%. The 
during the experiment and rotations were compensated 


for by the monitor counter. Hence, the relative cross 


target was not moved vertically 


section was as accurate as the statistics and background 


would allow. The relative cross-section error is indicated 
by flags on the data points, and in cases where there are 
no flags, the statistical and background errors 


than or equal to the size of the points. 


are i¢ 


The acceptance angle at the detector over most of 
the angular range of the experiment was = 2°. At for 
ward angles an absorber was used in front of the dete 
to cut off the elastic He* particles so that they could 
Al 
angle Coulomb cross section for elastic ally scattered, He® 
ions overloads the AF counter and spoils the separati mn 
efficiency of the system. The multiple Coulomb scat 


tor 


not enter the counter because the large forward 


tering correction for the absorber foil was negligible in 
the & The 


absorber was removed as soon as the elasti 


counter at the rear of the ion chamber. 
tion was comparable to the reaction cross 
aperture of 4° acceptance was used in the bi 

Since reaction particles decrease in energy wit 
creasing scattering angles in the lab system, it was 
necessary to reduce the counter gas pressure in the AE 
counter in the back angle region. The back angle energy 
cut%off by the AZ counter limited the angular range of 
the Be®(He*,t) B® data, but did not limit the (He?*d) 
data of interest. 


IV. METHOD OF ANALYSIS 


The gated pulses corresponding to the 
given mass group were stored in a 100-channel analyzer. 
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Fic. 4. A gated pulse-height spectrum for the Be*(He?,d)B” 
reaction at 17° superimposed with the “best fit” obtained by a 
Gaussian least-squares IBM-704 fitting code. He* energy = 24.37 
+0.15 Mev. Also shown are the experimental points for the 
Be*(He*,p)B" reaction obtained by changing multiplier gates 
normalized to the deuteron gate data) 


When sufficient data at a given angle had been accumu 
lated, the 100 channels of information were printed, 
plotted, and punched on tape. A typical pulse-height 
spectrum for the Be’(He’,d)B"” reaction is shown in 
Fig. 4. The data were relatively free of background, and 
the various peaks corresponding to the ground and 
excited states of B' were analyzed for area to determine 
the relative cross section, which was then converted 
cross section from the known geometry of 
he sj The 21-Mev C'(He*d)N™ and 24-Mev 
se" (He* /) B® data were analyzed by adding up the num- 
ber of counts under a given peak and subtracting the 
background, which was determined by inspection. The 
other data were machine-analyzed with an IBM-704 


; ] ‘ 
to absolute 


the system 


code ; 

In practice, the punched tape was converted to IBM 
cards and the data analyzed by fitting a series of Gaus- 
sian curves superimposed on an exponential back- 
ground. The code was given estimated peak positions, 
heights, widths, and the coordinates of two points that 
characterized the exponential background. The code 
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5. A gated pulse-height spectrum for the Be*(He’,t)B? re 
action at 68°. He® energy = 24.35+0.15 Mev 


adjusted the given parameters until a least-squares 
standard deviation was minimized. The areas of the best 
fit 
were then printed for each peak, along with the exact 


Gaussian curves with the background subtracted 
peak positions. The integrated beam current or monitor 
counter reading was automatically divided into the peak 
area, and the result was multiplied by a constant which 
converted the area to absolute cross section. These final 
output data, @ vs do/dQ, were also punched into cards 
as they were printed. The cards, in conjunction with 
converted the 
The center-of-mass data were 
also printed and punched, and these final punched cards 
were used to drive a standard plotting machine. All of 


paper 


another code, laboratory data to the 


center-of-mass system 


the angular distributions shown in this were 
plotted by machine 

The quality of the fit determined by this code ts in- 
dicated in Fig 4. The re sponse curve of the / detector is 
ly Gaussian and this difference is shown in 
the vicinity of channel 195 in Fig. 4. This small differ- 
ence is completely consistent from peak to peak and 
affect the relative 


this small error in absolute cross section was much less 


not exact 


does not cross section. In general, 


than the errors due to target nonuniformity. 

Even in the cases where two peaks could not be 
completely resolved, the analysis was entirely consistent 
and allowed the unfolding of two or more unresolved 
peaks. Such analysis would be impractical by hand 


methods. In practice it was found that the best fit was 


AND W HALI 

achieved with approximately twelve iterations of the 
fitting parameters, and the computer time required was 
from three to five minutes per angle for a five-peak 
analysis. 


V. RESULTS 


Be’(He’,t)B®—25 Mev (lab 


A typical mass spectrum illustrating the mass sepa- 
Fig. 3. The gated 
pul e-height 


own 1n 


ration for this measurement is st 


spectrum obtained with the analyzer is 


shown in Fig. 5. This spectrum shows tritons of energies 
tate and higher to an ex- 


citation of approximately 5 Mev for B®. These data are 


corresponding to the ground 


in agreement with a lower energy measurement by Spen- 
cer and Phillips Lich 
spectrometer and indicated the po 
more levels. 
lution would be completely unde 


was made with a magnetic 
sibility of one or two 
Such an indication with spectrometer reso- 
Nal (TI) 
resolution. The spectrum is characterized by a ground 
and first excited state (2.326 Mev 


) 


continuum of tritons. Since B® 


tected witl 


superimposed on a 
is proton unstable, the 
probability of its formation in highly excited states is 
small, and with this particular reaction no other states 


were observed than the first excited state 


ground and 


rhe triton continuum was investigated up to a B® ex 
15 Mev at different 


other levels than those shown in 


citation of many ingles, and no 


I g 5 were observed. 

This result is in distinct contrast to the work reported 

at Washington by Lemonick, Cornwell, 
Li? (He 


ported four other levels | se obst rved in this 


and Almquist'® 


who investigated the n)B*® reaction. They re- 
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work. It is possible that these additional four levels are 
not excited by the Be®(He*,/) B® reaction. 

The angular distributions of the ground and first ex 
cited states are shown in Fig. 6. The ground state is 
strongly peaked forward and shows a distinct diffrac- 
tion-type structure, which carries through to the ex- 
treme back angles. The first excited state shows evidence 
of a slight diffraction-type structure, and the forward 
peaking is very modest. In general, the ground-state 
distribution strongly implies a direct interaction, where- 
as the first excited state implies more of a compound 
nucleus interaction. 


Be’ (He'’,d)B'’—25 Mev (lab 


A typical spectrum for this reaction is shown in Fig. 4 
and the mass spectrum is shown in Fig. 3. The angular 
distribution for the ground and first four excited states 
(0.72, 1.74, 2.15, and 3.58 Mev) are shown in Fig. 7. 
These distributions all show a strong forward peaking 
similar to the Be*(He’,/)B® data, and the oscillatory 
structure of the various angular distributions is in phase 
in the forward angles. The higher excited states up to 
a B" excitation of 15 Mev were observed as a series of 
peaks comprised of many levels, but they are not shown. 
The angular distributions of these peaks are also not 
shown ; however, they were peaked forward and showed 
no structure. The similarity in the forward angle part 
of the data from level to level, and in particular between 
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Fic. 7. Angular distributions of deuterons from the Be*(He’,d)B” 
reaction. He’ energy = 24.98+0.15 Mev. The plots for the ground, 
third, and fourth excited states have been displaced vertically 
for clarity 
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Fic. 8. A gated pulse-height spectrum for the C"(He?,d)N™ 
reaction at 25°. He® energy = 21.64+0.2 Mev. 


the spin 0* and 3* levels, indicates that the reaction 
mechanism is relatively independent of level spin at 
these energies. The 0* level shows the most pronounced 
structure in the back angles, whereas the higher spin 
states show very little. 


C"(He’,d)N' 


Since the QO value for the C"(He*s)N"” reaction is 
—15 Mev, the tritons in this case were completely ab- 
sorbed by the AF counter, and only protons and deu- 
terons were separated with the detector system. The 
mass spectrum was similar to Fig. 3, except for the 
absence of the triton mass group. A typical gated spec- 
trum for the C'*(He*,d)N" reaction is shown in Fig. 8. 
The higher excited states (6.4, 6.9, and 7.4 Mev) are 
very weakly excited when compared to the ground state 
and are not shown. Since all of the excited states are 
subject to proton decay, a continuum of “three-body 
breakup” deuterons which partially obscured the higher 
levels was observed. The limited energy resolution of 
Nal (T1) along with the deuteron background continuum 
resulted in poor reproducibility of the differential cross 
section. The angular distributions of these higher levels 
are not shown ; however, they were strongly peaked for- 


25 Mev and 21 Mev 


ward with indications of oscillation. 

The bad scatter of points in the angular distribution 
of the first excited state at 21.64 Mev (Fig. 9) and at 
24.68 Mev (Fig. 10) was caused by the inability to 
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separate the oxygen contribution from the carbon con- 
tribution at that particular region of angle. The small 
change in He* energy of 3 Mev modified the shape of 
the angular distribution slightly in the first excited 
state. The ground and unresolved doublet showed very 
little difference tructure with the change in energy. 

he maxima and minima of the angular distributions 
of the ground and first excited states (2.37 Mev) were 


in 


approximately out of phase throughout the entire angu- 
lar distribution. The doublet 
lar to the ground and fi 


s were peaked forward simi- 
excited States; however, the 
oscillatory structures were small compared to the first 


two levels. 


Ca‘*(He’,d)Sc*'—24 Mev 


The mass spectrum for this reaction was similar to 
that observed at 21 Mev with carbon. A gated deuteron 
spectrum for this reaction and the ground and several 
excited states are shown in Fig. 11. To simplify the 
dis« ussion, the distinct peaks observed in Fig. 11 will 
be referred to as the ground state, first excited state, 
etc., although there are many other levels between these 
which are not excited by the (He’,d) reaction. These 
states could be unresolved multiple levels representing 
single particle levels in the form of group structure. 

Angular distributions of the differential cross sections 
for these levels are shown in Fig. 12. The distributions 
are strongly peaked forward and the first three levels 
show a modest diffraction-type oscillatory structure. 
The ground and first excited state show an out-of-phase 


} 


characteristic throughout the entire angular range. The 


second excited state has an os« illatory behavior different 


from the ground and first excited state. The third and 
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where j,=spherical Bessel function of argument gr and 
order /, g= momentum transfer, r= radius of the inter- 
action, and /=number of units of angular momentum 
transferred, e.g., by the ingoing proton in the (He*,d) 


reaction. The momentum transfer g is defined as 
a= | pin— (Mi/Ms)Pout!, 


where pj, =ingoing momentum of He? ion in the center- 
of-mass system, Pour= outgoing momentum of the deu- 
teron in the center-of-mass system, M,;=mass of the 
target nucleus, and Ms= mass of the recoil nucleus. The 
form factor can be very complicated, but in general 
depends monotonically on the momentum transfer and 
weakly on the initial and final state wave functions. 
The zeros of the Bessel functions result in a minimum 
cross section, regardless of the form factor which gener- 
ally modifies the shape of the maxima and the average 
decrease of the distribution. Since the interaction radius 
determines the location of the zeros, it is of interest to 
fit the Bessel function zeros to the minima of the various 
angular distributions and observe the consistency be- 
tween various sets of data. Even though the simple 
theories do not qualitatively fit the shape of the angular 
distributions, the minimal positions and corresponding 
zeros should have a close correspondence 

The selection rules require either an odd / value and 
an odd Bessel function or an even / value and an even 
Bessel function for a change or no change in parity, 
respectively, between the initial and final states. The 
only requirement on the magnitude of / is that the vector 
sum of the spins of the initial state plus the spin of the 
ingoing proton and chosen / value are equal to the spin 


— 


1000 } 








COUNTS / CHANNEL 


4th | 
2? 


| 
f\f 
J \s 
; \ 
0 50 70 
CHANNEL NUMBER 





° 
3 


Fic. 11. A gated pulse-height spectrum for the Ca®(H« 
reaction at 41°. He* energy = 23.65+0.15 Mev 
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Fic. 12. Angular distributions of deuterons from the 
Ca®(He’,d)Sc" reaction. He® energy =24.2740.15 Mev. The 
plots for each level have been displaced vertically for clarity. The 
cross section of the first data point of each curve is indicated 


of the final state. The most probable / is the lowest 
value that will satisfy the preceding conditions because 
the lower / values result in larger relative cross sections. 
Since the odd and even Bessel functions are out of phase 
with each other for a given interaction radius, angular 
distributions showing several maxima and minima in 
phase or out of phase should be of the same or different 
parity, respectively. 

The second minimum, @,«,, in each of the experimental 
angular distributions was normalized to the second zero, 
6;, of the appropriate sphe rical Besse} function by ad 
justing the interaction radius R;. With this normali- 
zation, the angular position of the first, third, and fourth 
minima were predicted from the spherical Bessel func- 
tion zeros and compared to the observed minimal posi- 
tions. These comparisons are tabulated in Table I and 
show a reasonably consistent agreement, except for the 
first excited state of N'*. Since |= 2 fits the distribution 
of the second and third excited states of N™ in the 
C"(He'*,d)N™ reaction, the 5/2* level must be most 
strongly excited in accordance with shell model pre- 
dictions." The 3/2- level (l=1) is excited strongly 
enough to smooth out the distribution. Both sets of 
C"(He?*,d)N"™ data at 21 and 25 Mev were fitted with 
a single normalization at 21 Mev. The interaction 
radius, in general, appears to be quite consistent 
with interaction radii predicted from other similar 
measurements 

Rodberg, in a recent paper,’® demonstrated how op- 

D.R Revs. Modern Phys. 25, 390 (1953) 
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TABLE I. A comparison of experimental angular positions of minima, 4&,, with predictions based « 


He? input 
energy 


Mev) 


Angular ist minimur 
momentum degrees) 
Reaction transfer Boxy 4a; “” 
C'?(Hel d)N" 29.0 28.5 
17.5 <0 
39.0 39.0 


199 
15.2 


41.0 


28.0 26.0 28.7 

17.5 <0 14.3 

37.0 35.0 39.3 

Be®(He?,d) B* 30.5 

30.3 

rnd [ 30.0 

3rd | = 29.8 

4th i 29.2 

Be*( Hes) B® Ground | 21.8 
Ist I 

Ca®(Het.d)Sc4 »s Gr 

Lat 


yund 


* Minimal position chosen for the determination of the interaction radius 
» The average of these angles was used to determine an average interacti 
© These experimental minimal positions are either questionable or not obs 
4 These experimental angles may be compared to predictions for 1 =1 


tical model interaction radii could be predicted from 
the minimal positions in the elastic angular distribu- 
tions without resorting to an optical model calculation. 
An extension of his method to reaction scattering” is 
accomplished by a change in the ingoing momentum 
Pin. Instead of the usual pj, used previously in the 
definition of momentum transfer, an adjusted ingoing 
momentum pj,’ is defined 


pin | =[(E—V)2m}}, 


where =the kinetic energy in the center-of-mass sys- 
tem, m= mass of the incoming particle, and V = effective 
potential well depth. In the case of the He* data in 
this paper, V=25 Mev results in an interaction radius 
R, which is approximately that predicted by high-energy 
electron scattering.” The corresponding pj,’ was used 
in calculating g and the associated Bessel-function mini- 
mal positions #2. These predicted minima are also listed 
in Table I, and it is noted that the minimal positions 
are only slightly changed except for the first excited 
state of N'® which could not be fitted with the simple 
expression for g. 
Since the well depth for He’* is probably similar to that 
for alpha particles 50 Mev), the best fit for V=25 
Mev could possibly be interpreted to mean that the 
interaction is occurring approximately halfway into the 
nuclear surface. The improved fit of a single distribution 
with little change in the others hardly justifies the 
modification. However, Rodberg finds that this method 
results in a more consistent radius for a wider variety 
of reactions.” 

Only the ground state of Sc“ could be fitted by the 
spherical Bessel functions with a unique /, whereas the 
first and second excited states could be equally well 
fitted with different / values. The first excited state 


This level is now reasonably fitted. 


* LL. S. Rodberg (private communication 


* 1). G. Ravenhall, Revs. Modern Phys. 30, 430 (1958 


2nd minimur 
(degrees) 


AND W S HALI 


pherical Bessel functions, @; and 62. 


1 minimu th mis " Interaction 

degree radii (fermis) 

41 a a Ri and R: 
5S* 58.5* 91 9.6 ( 3 R; =6.23 
1 78 5.5 ? 12 Ri =4.22 
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0 
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Ri =5.91 
Rr=4.14 


Ri =7.29 
R: =5.06 


yn radius 
erved 
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actually fits /=2 slightly better than /=1. The experi- 
mental minima of the second excited state may be 
compared to /=1, 2, and 3 by inspection, and it is clear 
that a reasonable fit is impossible. Coulomb effects un- 
doubtedly distort the angular distribution to some de- 
gree and may account for the general smoothing of the 
distribution. ite distribution fits 
very well, it is unlikely that Coulomb effects are re- 
sponsible for the difficulty in fitting the excited states. 
This difficulty could be due to either the possible 
multiple characteristics of the observe d excited states 
or else a different effective tion radius for each 
level. The ground state spin of 7/2 


Since the ground st 


interac 
is in agreement 
with these data; however, no definite spin or parity 
assignments can be made for the excited states 

Since the minimal fits are quite consistent, it would 
appear that a Butler-stripping-theory calculation would 
result in a more qualitative fit because the decrease 
with angle of the Bessel functions is much less than 
that observed. The usual Butler-stripping calculation 
for the (d,p) process involves the wave function of the 
deuteron and hence, in this case, involves the wave 
function of the He* nucleus. The usual approach is to 
approximate the He* wave function as a deuteron plus 
a bound proton in first-order approximation. J. E. 
Young of this Laboratory performed the calculation in 
the following way. 

The cross sections for X(He*,d)Y are calculated in 
Born approximation with a model suggested by Thom- 
as.” The residual! nucleus is expanded over the complete 
set of states X¥+ , and the pickup amplitude (d,He'), 
leaving X in its ground state, is computed. The usual 
arguments of detailed balance are then employed to 
obtain the direct cross section from its inverse. In this 
formalism, the proton separation energy 7 is a parameter 
that affects the general decrease of the angular dis- 


2R.G 


Thomas, Phys. Rev 





(He*,é) AND (He*,¢#) 
tribution (shape of the form factor) and is adjusted 
for best fit. 

The results of this calculation are shown in Fig. 9 
in comparison with the C®(He,d)N" data at 21.64 Mev. 
The separation energy and interaction radius were 
chosen for the best fit with the ground state (spin 1/2-, 
l= 1); these same parameters were used to fit the excited 
states with appropriate changes in / and the reaction 
Q value. The amplitudes were arbitrarily normalized as 
shown. The ground state fit was very good except for 
the forward angles and regions near the minima. The 
form factor predicted the decrease with angle quite ac- 
curately corresponding to a proton separation energy 
n of 8 Mev. Actually, a change of +2 Mev in 9 only 
slightly modifies the decrease with angle. 

The first excited state did not fit the forward angles 
even qualitatively since the first maximum and mini- 
mum were not predicted. The same difficulty is observed 
for the Bessel function (Table I). The second and third 
excited states compared moderately well ; however, only 
one peak is shown, and it was difficult to ascertain the 
quality of the fit because of the difference in the forward 
angle. 

The C"(He'’,d)N" reaction at 24.68 Mev was com- 
pared to Butler theory in a manner similar to that used 
for the 21-Mev data, as shown in Fig. 10. The same 
parameters were used except for a change in energy. 
It was observed that the experimental decrease is less 
rapid than that predicted. In order to bring the theoret- 
ical curve up to the experimental data of the second 
maximum, an unreasonable separation energy for the 
proton of more than 30 Mev would have to be assumed. 
The recent measurement by Priest ef al.”* of the 
C"(He*,d)N' angular distribution for the ground state 
at 13.9 Mev was also fitted with these parameters, and 
again the theoretical prediction decreased much more 
rapidly with angle than the experimental data. 

The other data in this paper were also compared with 
the predictions of Butler theory, and none of the other 
curves could be fitted with yeasonable parameters. Since 
only one of the curves could be fitted, it would seem that 
this fit is fortuitous rather than physically significant. 
Apparently the simple assumptions in the Butler theory 
are inadequate to explain the (He*,d) interaction. The 
difficulty with these theoretical comparisons demon- 
strates the importance of measuring more than a single 
level for a given interaction at different energies. 

A distorted wave calculation by Henley** for the 
direct (a, nucleon) reaction predicts angular distri- 
butions similar to those observed for the Ca“(He’,d)Sc* 
reaction. This calculation, as well as other recent work,”® 
could be applied to these data by appropriate extensions 
of the calculations. 


J. R. Priest, O. J. Tendam, and E. Bleuler, Bull. Am. Phys 


Soc. 5, 45 (1960), and private communication 
* E. M. Henley, Nuclear Phys. 13, 317 (1959). 
28S. T. Butler, N 
1227 (1958). 
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A recent theory by Glendenning** of direct-interaction 
inelastic scattering can be used to fit the Be®(He?,/) B® 
data. The two-nucleon force has a charge exchange part 
which can be used to transfer the charge of a proton 
in the projectile to a neutron in the target. This theory 
can be applied to the (He*,) reaction by assuming that 
this exchange part of the cross section is solely respon- 
sible for the (He*,/) reaction. The resulting theoretical 
curve was quite different from the experimental data 
and is not shown. The conclusion is that the (He?,/) 
exchange reaction is considerably more complicated 
than this theoretical model. 

Another experimental correlation that has not been 
predicted, but which may bear on future theoretical 
work applied to these data, is a tendency for a decrease 
of the diffraction-like structure in the backward angles 
with increasing level spin of the final state in the 
Be® (He*,d)B" data. It is also interesting to note that 
the angular distribution of the ground state in the 
Be®(He’,{)B® reaction (no change in parity) is very 
similar to the angular distribution of the first excited 
state in the C®(He*,d)N" reaction (no change of parity). 
The similarity may be fortuitous, or it may indicate 
that the reaction mechanism for both reactions is very 
similar. 
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APPENDIX 


The measured reaction Q value for the Ca®(He*,d)Sc* 
reaction is in disagreement with currently accepted 
values?” by 0.6 Mev, resulting in a revised mass for 
Sc of 40.982355+0.000100 amu. Since this measure- 
ment is in disagreement with a previous Ca®(d,n)Sc® 
measurement” and also a Sc"—+6++Ca" beta-decay 
end-point measurement,” these measurements were 
reinvestigated. 

The relative mass of Ca® and Ca“ has been precisely 
determined by Bockelman and Buechner through the 
Ca(d,p)Ca" reaction.” Since Sc“ undergoes beta decay 
to Ca“ and is produced from Ca“ by the Ca®(d,n)Sc* 
and Ca“(He',d)Sc" reactions, the ground state Q values 
for the (d,n) and (He*,d) reactions were compared to 
the revised 8* end point in terms of the Ca® and Ca“ 
relative masses. This comparison resulted in agreement 
within experimental errors, confirming the revised 
mass of Sc®, 


** Norman K. Glendenning, Phys. Rev. 114, 1297 (1959), and 
private communication 

7 V. J. Ashby and H. C. Catron, University of California 
Radiation Laboratory Report UCRL-5419, 1959 (unpublished). 
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™D. R. Elliot and L. D. P. King, Phys. Rev. 60, 489 (1941). 
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Ca‘’(He’,d)Sc"' Reaction 


The experimental arrangement and equipment are 
described in Sec. II. Briefly, 25-Mev He’ ions bombarded 
carbon, beryllium, and calcium targets which were al- 
ternately placed in the scattering chamber. The (He?*,d) 
spectra for each of the reactions were then superimposed 
for calibration purposes. The energy in the laboratory 
system Fj, of the deuteron groups was calculated for 
each of the known Q values." From these values of 
Fiap, a plot of Ey, vs channel number was made, which 
was a straight line over much of the region of interest. 
The channel number corresponding to each peak loca- 
tion was determined by the IBM-704 code described 
in Sec. 
of Sc® 


IV. The Ej corresponding to the energy levels 
was then determined from this calibration curve 
and converted back to the Q values for each of the 
unknown levels. Both calculations were done relativist- 
ically with a O=?F\) conversion code. The measurement 
described was performed at 10°, 20°, 40°, and 80°. 
There was a different calibration curve at each angle, 
because as the angle increases, the deuteron groups from 
the lighter elements lose energy in the laboratory 
ystem faster than the deuteron from the 
Ca”(He?*,d)Sc" reaction. 

The result 
the various angle 


gre uy Ss 


of these measurements were consistent at 
;, which confirms their mass identifi- 
cation. Five peaks were observed with Q values of 

4.47+0.10, —6.16+0.15, —7.82+0.15, —9.57+0.20, 
and —10.48+0.20 Mev. These levels are shown graph- 
ically in Fig. 13. Because the previously reported Q 
value for this reaction is —3.87 Mev,’ a change of 
0.6 Mev in the mass of Sc* is indicated, resulting in 
a revised mass of 40.982355+0.000100 amu. 

With the above mass correction applied to the proton 
elastic scattering work of Class ef al.,® resonances ob- 
served at a Sc" excitation energy of 3.96, 5.69, and 
6.58 Mev correspond approximately to the levels with 
O values of —7.82, 10.48 Mev for the 
Ca®(He*,d)Sc" reaction. Actually, 42 resonances were 
observed by Class ef al 
. 2.06 


9.57, and 


, and their widths y were meas- 
ured between ind 5.75-Mev excitation. The en- 
ergy location of these levels is indicated in Fig. 13. The 
ratio y~ of these widths to the Wigner limit was com- 
pared for levels of the same / (or j). A portion of this 
comparison™ js shown in Fig. 13 and indicates that the 
three highest levels observed by the Ca®(He*,d)Sc" re- 
action occur at energies where single-particle levels 
would be expected 


Ca‘’(d,n)Sc" Reaction 


rhe reported Q value for the Ca®(d,n)Sc* reaction™® 
and results in a mass 


in disagreement by 0.6 Mev with the previously 


is in agreement with older data” 
of Sk 
I Ajzenberg-Selove. and 
1 (1959) 
C. M. Class, R. H. Davis, a Johnson, Phys. Rev 
Letters 3, 41 (1959): and pr ymmur 


Nuclear 


Phys. 11 


ELASTIC (1) 
SCATTERING 


« 


Ee T END POINT 
END POINT EXPECTED 
FROM PRESENT WORK 


ANDO RECENT Q* END POINT 


wrac 


Comparison of 
Ny 4\ 


ated 
mentioned measurement 
ment of the Ca‘ 
ration with Jules S. Levi 
beam, neutron time 
accelerated to 4 Mev 
trostati 


measure- 


dependent 
1n)Sc* reaction was made in collabo- 
using the Los Alamos pulsed- 
of-flight system.** Deuterons were 
Alamos vertical ele 


generator, ed an evaporated cal- 
cium target on a gold 


a measurements 
were made at 60°, 90°, 120 


ny I he S¢ 
ind 150°. Four peaks were 
observed in addition to the gamma-ray peak. Two were 
due to the ground and first excited states from the 
O'*(d.n)F"" reaction, and ground and 
first excited states from the Ca“(d,n)Sc* reaction. The 
peaks were identified by the manner in which their cor- 


two from the 


responding laboratory energy changed with angle. The 
known Q values" of the peaks from the oxygen reaction 
were then used to calibrate the time scale which deter- 
mined the energy of the other two peaks corresponding 
to the ground and first excited states of Sc*. The results 
were analyzed with the same O=*E 5 code used previ- 
ously and were found to be consistent at each angle. 

Preliminary results 
Mev for the reaction Ca®(d,n)Sc" and a ( 
— 2.85+0.03 Mev for tl! 


1 


are in agreement with 


give a ( » of —1.32+0.07 
) 


value of 
These data 
mass and first excited 
nts by the ¢ He’,d)Sc" re- 
h the Ca®(d,n)Sc" 

difference of 


between the (d,n) 


the cS 
State energy measureme 
action, and are in disagreement wit 
work of Plend! and Steigert 
0.12 Mev in the mass of Si and 
He’ d) errors, but could be 
real if unexpected unresolved levels near the 


smal 
measurements is 
ground 
state were excited more by one reaction than the other 
A comparison of the previous w 
work is shown in Fig. 13 


present 


End-Point Measurement of Sc“ $8* Decay 


The currently accept ilue for the mass of Sc*! 


apparently based prim rily o e 1941 8* spectrum 
PI ; I : | 


L. Cranberg and J. S_ Levin, Phys. Rev. 103, 343 (1956 
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end-point measurement of Elliot and King. The end Preliminary results of a recent measurement of this 8* 
point was obtained by simple extrapolation of the actual spectrum by Class, Farmer, and Cramer at the Rice 
8* spectrum. In cooperation with B. J. Dropesky of  Institute* indicate the end point to be 5.65+0.10 Mev 
this Laboratory, the fermi functions were computed for in approximate agreement with the predicted end point. 
this particular isotope and energy range, and a Kurie These results are also indicated in Fig. 13. 

plot of the 1941 data was made. Since the data were : ; 

taken with a cloud chamber, the statistical accuracy O'*(He’,d)F*’ Reaction 

was limited; however, a considerable portion of the 
spectrum resulted in a straight line with the end-point 
energy of 5.3+0.1 Mev rather than the 4.94 Mev re- 
ported. The predicted end point from the Ca“(He*,d)Sc® 
and Ca*(d,n)Sc* reactions is 5.60 Mev. A discrepancy 


Since oxygen was present as a contaminant in the 
targets used, it was possible to measure the Q value for 
the O'*(He*,d)F"’ reaction. The measured Q value of 
—4.90+0.09 Mev is in agreement with the calculated 
value” and has not been previously reported.” 
is still indicated, although the revised 8* value is in 


: . A ‘ ; “ J.G. Cramer, B. J. Farmer, and C. M. Class (to be published); 
creased in the direction of the predicted end points. and private communicatior 
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Angular Correlation of Annihilation Radiation in Sulfur and Its Compounds* 
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The angular correlation of annihilation radiation in elemental sulfur and in several sulfur compounds was 
found to be practically the same in al] samples studied. The observed correlation is similar to that observed 
with chlorine salts; a similarity that, in some cases at least, may be correlated to the similarity of the ions 
Cl and S 


HE angular correlation between the y rays of posi- pounds of sulfur, and for comparison in some salts not 
tron annihilation has been measured in samples containing this element. 








of sulfur in different allotropic states, in chemical com- The elemental sulfur was studied in the rhombic, 
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Fic. 1. The angular correlation between 7 rays from position annihilation: (a) O S rhombic (20°C); @ S plastic (20°C); O S mono 
clinic (105°C), (b) © S rhombic; @ NaS; & FeS, (c) O S rhombic; @ Cs,SO,; K Li.SO,; Na,SO,. The curves are normalized to 
the same area 
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fe) 


Fic. 2. The angular correlation between y rays from positron 
annihilation: & KI; @ NaCl; © NaeS; A NaF. The curves are all 


normalized to the same area 


monoclinic, and piastic state. The samples of rhombic 
and plastic sulfur were at room temperature, while 
those of the monoclinic sulfur were at 105°C. The curves 
obtained are shown in Fig. 1(a) and are remarkable 
for their similarity. 

The difference in density between rhombic and mono- 
clinic sulfur, at the temperature of our measurements, 
is 5.5%. Thus our results show that the relation be- 
tween density and ‘“‘peakedness”’ observed by De Zafra 
and Toyner' does not hold in general. Most probably 

'R. L. DeZafra and W. T Rev. 112, 19 


loyner, Phys 1958 


MAYRONE, TROSS 


that relation is valid when the “peakedness” reveals 


the formation of positronium within imperfections in 
the solid. In our case the interpretation of the angular 
distribution 
formation. 

Bell and Graham’ have observed the long positron 
mean life v2 in plastic, but not in monoclinic sulfur. 
Our data do not show any relation with the 
long mean life in the plastic state. Rather, one can say 
that the most striking feature of 


curves does not require positronium 


evident 


the data in Fig. 1(a) 
is the similarity of the curves obtained with different 
States. 

The measurements wer 
and FeS, Fig. 1(b)] and 
CseSO,, Fig. 1 Here 
small. These differences, if any, are 
than those 


extended to sulfides [NaS 
sulfates [ LieSO,, NaeSO,, 
igain the differences are very 
surely much smaller 
observed when the nonmetal element is 
changed, as shown in 
with NaF, NaCl, and KI, in measurements performed 


with the same equipment. 


Fig 2, where NaS is compared 


As was already known,’ the width of the angular dis- 

yn radiation in salts of different 

halogens decreases with increasing atomic weight. This 
} 


tribution of annihilati 


is easily understood assuming that the positron annihi- 


lates with the external electrons of the negative ion, 


natural because of electrostatic attraction: the 


as 1S 


heavier halogen-ior give sharper curve since they 


radius, il d 
certainty principle—smaller 
ripheral electrons. 


The similarity between the behavior of 


according to the un 


momentum of the pe- 


have larger ioni 


sulfur and 
chlorine shown in Fig. 2 
case of NaS. 
ionic crystal in whi he outside structures of the ions 
Clr and§ 
identical. 

For the other subst: si interpreta- 
tion is not so direct. Though it cannot be ruled out that 


the similarity of the 


easily understood in the 


In this case we are concerned with an 
are very similar: their ionic radii are almost 


vestigated the 


angular distribution curves may 
be accidental, one is tempted to look for a more general 
explanation and to wonder whether the positron may 


ali Cass 


not end its life in the same manner in 


?R. E. Bell and R ahan 90, 644 
+G. Lang ar eBenedetti, PI 108, 918 | 
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Charged Particles from the 14-Mev Neutron Interaction with Zirconium*t 
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rhis experiment was performed in order to investigate the mechanism of the zirconium 


n,p) and (m,np) 


reaction at 14 Mev. The energy distribution of particles interpreted as protons is found to peak at about 2 


Mev. The cross section for charged particle emission was found to be 87422 mb 


The angular distribution 


below 8 Mev is consistent with the compound nucleus model, but above 8 Mev a forward peak is observed 


I. INTRODUCTION 


HILE the theory of direct interactions proceeding 

to definite final states has been fairly well de- 
veloped in recent years,’ only a small amount of work* 
has been done with reactions proceeding to ill-defined 
or overlapping states. The statistical compound nucleus 
model® has been successfully applied to the low-energy 
products of fast particles with the heavier nuclei, but 
there is considerable evidence for direct interaction in 
the production of the high-energy products. This is 
seen from the angular distribution of the high-energy 
products. Direct interaction theory predicts a forward 
peak which has been found by inelastic neutron scat- 
tering experiments,®’ and in several (n,p) reaction 
studies.*-” 

In addition, compound nucleus theory predicts a 
Maxwellian energy distribution which has generally 
been observed, although usually with more high-energy 
particles than expected. But the peak of the distribu- 
tion, in the case of the (n,p) reaction, has been seen to 
be at a lower energy than predicted by the original 
theory, possibly indicating higher Coulomb barrier 
penetration. The total cross section is also generally 
higher than predicted. 

The present experiment is an attempt to add to the 
body of data from which it is hoped a suitable theory 
may be constructed. It can also serve to test a theory 
due to Kikuchi"! 


potential into the energy distribution calculation. The 


which introduces a diffuse nuclear 


Ahn to the 


Evanston 
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results of the experiment can also be compared with 
previous work in inelastic neutron scattering from 
zirconium.’ It is the first of a proposed series of such 
experiments, the second of which, with Co™, is now 
being analyzed. 


Il. EXPERIMENTAL TECHNIQUE 
A. Apparatus 


A tritium gas target with cooled foils'"* was used 
with the Northwestern University electrostatic ac- 
celerator as a neutron source. Neutrons emerging at 
90° to the deutcron beam were used. 

A nuclear emulsion plate camera, similar to one 
built by Rosen® at Los Alamos, was used. The lid of 
the camera was lined with 0.015-in. gold, and 0.007-in. 
platinum windows were provided for the neutron beam. 
The neutrons were collimated by a collimator built by 
Wood and Singletary" from Rosen’s plans. The camera 
was shielded from scattered neutrons by paraffin. The 
camera was built with plates every 15°. The emulsion 
plane of each plate was raised 14° above the horizontal, 
to make the incidence of the protons closer to grazing. 
This made it possible to use thinner emulsions than 
with flat plates, without requiring that the target be 
close to the base plate of the camera. The plates were 
} in.X1 in., and 6 in. away from the base of the target 
support, as close as was feasible, in order to obtain the 
maximum solid angle per unit plate area. The camera 
was mounted directly to the collimator, which, with the 
paraffin shield and the camera vacuum system, was 
mounted on a cart, facilitating alignment to the neutron 
source. 

The 


available foil, 11 mg/cm’, was mounted o. a 0.007-in. 


zirconium target, made from commercially 
platinum disk, supported by platinum wire. 

400 u Ilford G-special emulsion was used, in order 
to minimize the silver layer on the surface, and for 
the same reason was cut to size at this laboratory, 
since the pressure of the packing on the ends of the 
plate increases this surface layer greatly. The plates 
were two-solution 


developed by the conventional 


2 R. Nobles, Rev. Sci. Instr. 28, 962 (1957) 
3M. J. Scott and R. Lindgren, Rev. Sci. Instr. 28, 1090 (1957) 
TD). Wood and J. Singletary, Phys. Rev. 114, 1595 (1959) 
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Fic. 1. The neu 


tron beam profile , as 


seen at the 
target 
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CALC 
} OBSERVED 
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NEUTRON FLUX, 


2 6 6 O08 ie 

DISTANCE FROM CENTER, 
method,'® and then soaked in wood rosin to decrease 
shrinkage. 

To determine the neutron flux, neutron spectrum, 
and beam profile, an exposure was made in which a 
100 micron plate was placed in the camera in the 
target position. The track count as a function of 
position was to determine the beam profile, 
shown in Fig. 1. The neutron spectrum and flux for 
the exposure were determined by measuring the tracks 
in the forward direction falling into a 20° square prism 


made 


in a measured volume of emulsion. The hydrogen 
50% 


The 


density of the emulsion prepared at 
humidity was taken as 0.052 g/cm’. 
neutron spectrum is shown in Fig. 2. 


relative 
resulting 


To measure the relative flux for the various exposures, 
zirconium disks were placed in a reproducible position 
about 7 cm from the tritium gas target. Use was made 
of the Zr™(n,2n)Zr™ reaction,'® which has a threshold 
of approximately 12.5 Mev. Coincidence counts of the 
annihilation gammas following the positron decay of 
the Zr® thus determined the relative flux of fast 
neutrons.'’ As a confirmation of the relative flux values 
and for continuous monitoring, two long counters were 
also used in the various The 


exposures. agreement 


40 
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Argonne National 
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between the relative flux values as 
determined by the 


long counters indicated that the 


time integrated 


two methods was satisfactory. The 
flux was reasonably 
constant during the exposurt 

first made, with 
5.71 10° 
followed by an exposure with a zirconium target with 


a flux of 7.76 10° ne 


A background exposure v 
integrated 


a time- 
neutron flux of neutrons/cm?, 


utrons/cm*. 


B. Data Analysis 
The plate s were scanned with binocular mi roscopes 
at about 1000 power. Only tracks beginning no more 
than 3 


addition, their angle 


microns from the surface were accepted. In 


that 
they could have come from the target. The dip angle 


were required to be such 
was determined by measuring the depth of the track 
at the end of the 


angle in the emulsion plane was 


first 30 microns, and the projected 
with an 
eyepiece goniome ter. The projects d length of the track 


was measured either with an eyepiect 


measured 


reticle or a dia] 
yn the length of the track. The dip 
of a number of long track 
points to make 
distortion in the 


gage, depending 
f was measured at several 


sure there was no significant 


emulsion. 1000 acceptable tracks were 
found in the zirconium exposure, and 350 in the back- 
ground exposuré 

An attempt was made t mine what fraction of 
the tracks were produced 


range from 30 to 110 micror 


by alpha particles for the 
by grain and gap counts. 
No clean separation was possible and the results were 
ambiguous. 
The dip was corre and the true 
range of the track wa 


respect to the neutro 


the angle with 

with respect to 
the normal to the proton 
, using Barkas’'*® 
relation. The distance traversed by the 


energy was 


obtained from the range range-energy 
proton in the 
started in the 


the energy of the 


calculated, assuming that it 


target was 
central plane of the target. From this 


proton was corret ted for target thickness by the ene rgy- 
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PROTONS FROM 14-MEV NEI 
loss equation of Livington and Bethe,” and from the 
mean excitation potential J from an experiment by 
Bichsel ef al.” 

The solid angle of each plate with respect to the 
target was calculated from the geometry, and the 
results of this calculation were compared to the results 
of an experimental determination, made by placing a 
U™* alpha source in the place of the target and counting 
the alphas in the plates. 

The tracks were then divided into appropriate energy 
and angular intervals, and differential cross sections 
calculated. The background, multiplied by 1.36 (the 
ratio of the neutron fluxes in the two exposures) was 
then subtracted from the results of this signal-plus- 
background exposure. 

Finally, the differential cross sections were trans- 
formed into center-of-mass coordinates by standard 
methods.”! 


III. RESULTS AND DISCUSSION 


It was attempted to fit the data (shown in Fig. 3) 
with the statistical model prediction®: 
N(E)=const P(E)E exp{2[a(Fex— Exia— B) }'}, 
using barrier penetration factors P(E) calculated both 
from a square well and a diffuse potential suggested by 


Kikuchi": 
Ze r—R 
—Vo I+e( ) : 
r Cc 
£ 


However, even assuming an admixture of 
particles, it was impossible to make a reasonable fit. 
The low-energy peak in this energy distribution could 
also result from the (n,np) reaction, which is energeti- 
cally possible in that region. However, attempts to fit 


V(r) 


alpha 
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Fic. 4. Energy distribution of protons from the zirconium (n,/ 
reaction compared to that of neutrons from the zirconium (n,n 
reaction. The scale of the (n,n’) distribution is shifted by an 
arbitrary amount for comparison 
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the data with calculations of proton energy distributions 
from the (m,np) reaction using the statistical model 
have not been satisfactory. 

Kikuchi of the University of Minnesota has esti- 
mated™ from statistical theory and a diffuse potential 
that the upper limit of o(n,np) for Zr is about 30% 
of o(n,n’) and that the cross section should be negligible 
from the other isotopes. This makes it about 15% of 
a(n,n’) from all isotopes. He also estimated that the 
upper limit of o(n,p) is 9% of (n,n’) for all isotopes. 
Using 410 mb for (n,n’) from reference 7, o(n,np) < 62 
mb, and o(n,p)<37 mb. The sum of these, 97 mb, is 
to be compared with 87 mb observed in this experiment 
if o(n,a) and o(n,d) can be neglected, as predicted by 
statistical theory. 

The energy distribution peaks at an energy higher 
than that for neutron inelastic scattering’ (Fig. 4) as 
was expected. The work of Colli ef al.” does not show 
this peak, since their method only obtained a spectrum 
down to 3 Mev. 

Figure 5 shows the angular distribution above 8 
Mev, where a forward peak can be observed. This peak 
is evidence for direct interaction. About 10% of the 
particles produced in the reaction when interpreted as 
protons are above 8 Mev. 


Wolfenstein™ has shown that symmetry about 90° is 


expected in the angular distribution resulting from a 
compound nucleus reaction, which implies that the 
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below 8 Mev. The curve is a least squares fit to a quadratic 


2K. Kikuchi 

™C. Bodani, L 
1956) 
“L 


private communication ) 
Colli, and U. Facchini, Nuovo cimento 4, 1618 


Wolfenstein, Phys. Rev. $2, 690 (1951). 





1670 AHN HEARS ROBERTS, AND STRAIT 


results in Fig. 6, the angular distribution below 8 Mev, IV. ACKNOWLEDGMENTS 


are consistent with this model We wish to thank Dr. S. Wexler of the Argonne 
The total cross section for charged particle emission National Laboratory for filling our gas target, and Dr. 


was found to be 8722 mb, which may be compared [L. Rayburn of the same laboratory for much help, 


with the results of Armstrong and Brolley.”* Calcu- especially for carrying out the positron annihilation 
lated values obtained by the method of Blatt and count. We wish to thank Dr. K. Kikuchi of the Uni- 


iK 


Weisskopf,® give 8.9 mb for a square well. This result versity of Minnesota for assistance in the theoretical 
uggests that the diffuse nuclear potential is probably calculations. We also wish to thank the staff of the 
a better approximation to the truth than the square Northwestern 


well. 


University ucl Physics Research 
Laboratory for help in construction of the apparatus, 

Brolley, Jr., Phys. Rev. 99, 330 and the Low-Energy Emulsion Group for help in track 
measurements and data analysi 


NUMBER 


Multiple Scattering Correction for Proton Ranges and the Evaluation 
of the L-Shell Correction and / Value for Aluminum 


HANs BICHSEL® AND Epwin A. UEHLING 
University of Washington, Seattle, Washington 
Received April 14, 1960 


Multiple scattering corrections to proton range-energy measurements are discussec 


which give the fractional transmission of protons through a finite thickness of stoppi: 
of the initial proton energy and for various values of the ratio of the straggling a 
parameters. An application of these results to particular experimental situations sl} 
multiple scattering distribution gives a nearly correct representation of the experi: 
mission and that a simple exponential distribution is not satisfactory. The case of 


discussed in detail. Application of the results to the experimental range-energy 


s of energy lying between 1 and 20 Mev is made. The experimental rar 
+} 


i mean excitation potential /= 163 ev and with reasonable valu 


I. INTRODUCTION required expe rimenta 7 tio! nae al the 
N order to compare the results of range-energy eames Came bs = 

, : . ’ > st important of th ont corrections is . 
measurements with the theory of stopping power, Phe most important of the STECHIONS 16 Ux 


“ae - multiple scattering correctior th tl ncreasing 
we must be able to make an accurate determination of UU] ‘ er orre e in ' 


7 cos : : i i rang nergy determinatiol it is Ol some 
a number of small quantities which appear as corrections 4°CUracy Of Tange-energy a “ elecaies 


; importance that this correctio1 taken into account 
in both the theory and the measurements. Failure to ge aie eater ae 


; ° ; : ‘ . ly his will be the « e even when th 71 , 
make « consistent application of such corrections in the ‘OFTECEY This w vhen the multiple 


= 7 . scattering tion 1 the same order as the error 
past IS partially re ponsible ior the tact that stopping catlering Corres , ) ( ) 


of measurement. TI tonic na the multiple 


powel relations based ona ve locity independent mean 
scattering correcti 


excitation potent al have failed to predict corres tly the 
trend in the dis 


measured ranges as a function of the energy of the ‘ 
; . = Y t re ct 
penetrating particle. The discrepancies are small, but a - _— “wy 
: - SSID! ni lediate result it a com 
they are systematic and significant. ee OS pone -_ 


co ‘son of th : . ment is a better deter- 
[he most important correction to be made is in the P@tson of theory and _ . Genes 


. ’ . inatl r tl an exciti 
stopping power relation itsell Chis is the correction — —_ o oe "A P . 1 of 
for the binding energy of atomic electrons which has We will be concerned 7 with ethod of 


. termini eandiod ctv ini oni ee 
been discussed at some length by Walske since, determining the needed ' g power and rang 


. e ° ° Trey j ~ I | Wwiti uf al ati of thes 
however, the present state of the theory of binding —s COCFCC TION — ie ; cuties ; ‘ 

: . . ; : 
ideas in particular cases I the multiple 


energy corrections is such that adjustable parameters ; 
scattering correction will be di in Sec. Il. This 


should be introduced, a consistent application of binding “1 sang Ce 

; se vill contain also the results numerical cal- 
energy corrections is hardly possible unless other S®CUOM Wit contain alst m of numerical cal 
culations; in particular, the transmission curves for 
* Now at the University of Southern California, Los Angeles, 
California, where part of this work was done 


M. C. Walske, Ph tev. SS, 1283 (1952): 101, 940 (1956 Sec. III we make an ipp ition of these results to the 


protons of intermediate energy in several media. In 





MULTIPLE SCATTERING ( 
transmission of 10-Mev protons in gold and attempt 
to establish the validity of the theory. Results of the 
comparison of theory and experiment for other material 
and other energies are also given. Finally, in Sec. IN 
we make an application to the case of protons in alu 
minum and obtain a numerical value of J that is con 
sistent with experimental data over a rather large range 
of proton energies, 
L-shell correction. 


and experimental values for the 


II. MULTIPLE SCATTERING CORRECTION 


As a monenergetic beam of protons (or other heavy 
charged particle) enters a foil of material, it will suffer 
degradation in energy and direction.2 The energy 
degradation is described by the theory of stopping 
power and is caused mainly by collisions with the 
atomic electrons. The associated straggling in energy 
or range is approximately Gaussian in form and does 
not by itself make a contribution to the average path 
length. The change in direction at low and medium 
energies (i.e., up to about 100 Mev) is caused mainly 
by Coulomb scattering of the protons by nuclei. Since 
a large number of small-angle deflections take place 
along the path of the proton, the phenomenon is one 
of multiple scattering, for which accurate theories have 
been developed by Snyder and Scott and by Moliére 
The multiple scattering leads to an additional distri 
bution in path length for particles emerging from the 
foil. The nature of this distribution is such as to make 
all path lengths in the material greater than the foil 
thickness by an amount which depends on the mag- 
nitude of the straggling distribution as well as the 
multiple scattering distribution. 

We are assisted in the evaluation of the multiple 
scattering contribution to path length by recognizing 
that it is the median range rather than the mean range 
which is obtained most directly from the transmission 
curve of a range-energy experiment such as that 
described in recent measurements.‘ An approximate 
evaluation may therefore be based on the calculation 
of a median path length in a foil of thickness ¢. A little 
consideration of the problem shows that there are con 
tributions to the median path length which are of two 
kinds: the length of the smoothed-out median path 
which is described under the influence of the combined 
straggling and multiple scattering distributions; and 
an increment which represents the average difference 
between the actual path and the smoothed-out path 


In order to describe the contribution of the first 


kind, we begin in the usual way by considering that the 
total path length / is the sum of successive increments 
Al;; which can be written in terms of the angle © 


2 E. Segre, Experimental Nuclear Physics 
Inc., New York, 1952), Vol. I, p. 166. 

* See reference 2, p. 282, and the original papers listed in this 
relerence 

*H. Bichsel, R. | 
1788 (1957) 

*H. Bichsel, Phys. Rev 


John Wiley & Sons 


Mozley, and W. A. Aron, Phys. Rev 


112, 1089 (1958 
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between the incident beam direction and the direction 


which the proton path has (or which we assign to it) 


Ai; > 
cos) i ) 
1d 824),='+} f Od. 


Then the increment in path length (in this small-angle 
approximation) is 


. dE 
AR=/-1! bf era so , (1) 
(—dkE/dt) 


where (- 


in the ith segment 


L A= 2 


dE/dt) is the stopping power as a function of 
proton energy in the foil. We now use the multiple 
scattering theory in the form given by Moliére. This 
theory describes the distribution in angle for a particle 
which has traversed a distance / of the stopping medium 
and has lost the corresponding amount of energy. The 
distribution function is 
[(O)Gd& = g(d) ddd, 
where 
g(3) = 2 exp(— v8”) +/ 
with 
7? = &)*/X,? 


X2=49NZ(Z- pete f 


Also f“’ and f{® are functions tabulated by Moliére 
and B is defined by the relation 


and 


B—\InB=6b 


’ 


where 


b=2 In(X,/@,)+1—2C. 

C is Euler’s constant, ©, is a minimum scattering angle 
which depends on the screening of the atomic field, and 
all other symbols have their usual meanings. Note that 
© is a laboratory angle and that # is a reduced angle. 
To the extent that B is a constant for a particle trav- 
ersing the foil and losing energy, the distribution in d 
is independent of position in the foil. Since B is in fact 
nearly constant (for protons in gold, B lies between 8.5 
and 10 for E lying between 1 and 10 Mev), one can 
describe a definite fraction dF of all particles as those 
lying in dd by writing 


dF g(d)ddd, (3) 


where dF then is independent of distance into the foil. 


Similarly, 
’ 
F -f g(d)ddd (4) 





ission curves lor 
A\R,/ARo, the 
loss straggling 


ulliple scat 





is a definite fraction F of all particles whose magnitude 
depends on the upper limit 8 and is practically inde- 
pendent of position. We can now write the connection 
between J and the increment in path length AR belong- 
ing to the partic les of longest path length within the 


fraction F. This i 
Eo X2Bdk 
wf 
dl) Ry (| dl dl) (5) 


where the integration along the path is extended from 


dk: 
AR i fo 
( dk 


PAR», 


the initial energy Ey to the emerging energy £, at J and 


Fo X2BdE 
AR if 
E dk /dt) 


is a multiple scattering parameter depending on Eo, FE, 
and the material but independent of 3. AR» is the 
fundamental quantity required for the determination 
of the multiple scattering correction. In the small-angle 
approximation which we are using, AR» diverges as FE, 
approaches zero. However, only particles of energy 
greater than a certain minimum value are detected, 
and, consequently, the appropriate value of £, to use 
in the calculation of AR» is this minimum energy. This 
energy is between 5 and 20 kev in the experiments which 
will be described later. Since the minimum energy is 
only rather poorly known and since in addition the 
multiple scattering angle becomes rather large at these 
low energies, particularly in the heavier stopping media, 
we will need to consider the accuracy of the calculations 
with respect to the choice of £; and the validity of the 
comparison of calculated and experimental quantities 


in more detail later 


We can now write the multiple scattering distribution 
function in terms of the range AR. Since 


w= AR/ ARs, 


AR \'\d(AR 
dF = g(3)3dd=g ( ) | : 
AR 2ARy 


h(AR)d(AR), 


I AR \? 
ieee 
2AR AR 


is the multiple scattering distribution function in AR 


or 
where 


h(AR 


for smoothed-out pat hs in the foil. We will be interested 
in the fraction of particles whose increments in path 
length lie below a certain value AR. Thus 


AR 


AR f h(AR)d(AR 


the approximation which 
Moliére distribution. Then 


Simple results are obtained in 


neglects and f of the 
h(AR) = (1/ARo)e-S 8/48 
F(<AR 1 


and for the median path [ AR)=4, AR=AR, 


AR,=AR, In2 


These results for the smoothed-out path distribution 
are modified by the energy or range straggling. The 


straggling distribution for heavy particles is given by 


1 


p(R)dR [—(R—R,)?/2(AR,)* MR. (10) 
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Thus, from the straggling we obtain a distribution 
function in range AR directly. It is 


dF =k(AR)d(AR), 


(11 
where 


1 
k( AR) exp[ — (AR)? 2(AR,)? }. 


(2r)'AR, 


(12 


Since both distributions are present simultaneously, 
the actual distribution in range is obtained as the folding 
of one distribution into the other. Thus, we now write 


“Zz 


a= f h( AR')d(AR’)k(AR—AR’)d(AR) 


z 


d( ak) f h(x)k(AR—x)dx 


£ 


a(ak) f h(AR+<x)k(—x)dx, 
SR 


AR £ 
F(<AR) -f dy f h(x)k(y—x)dx. 


Then the increment in path length due to multiple scat 
tering for the median particle, AR, is determined by 
the relation 


(15 


ARy x 
, f dy f h(x)k(y—x)dx. 
x 0 


If F(<AR) is expressed as a function of AR/AR» it 
depends in addition only on  =AR,/AR» representing 
the ratio of straggling and multiple scattering param 
eters. In the limit of £- 
AR;/ARo- 
has only multiple scattering and AR,/ARy— a finite 


+ « one has only straggling and 
>1;i.e., AR; — 0. In the limit of &—> 0 one 
value which is In2 for the case of f“’= f®’=0 but is 
slightly less than In2 for the actual Moliére distribution 
The family of curves F(< AR) as a function of AR/AR 
for various values of — must be obtained by numerical 
integration. The calculated curves for £=0, 0.69, 1.2, 
2.0, and 4.0 are shown in Fig. 1. As will be shown later 
the values of &=0.69, 1.2, 2.0, and 4.0 are approximately 
correct for protons in Au, Ag, Cu, and Al, respectively, 
at about 10 Mev. A useful numerical tabulation of the 
data from which the curves of Fig. 1 are plotted is giver 
in Table I. 

In order to display the difference between the 
Moliére and a simple exponential distribution the curves 
of Fig. 2 are plotted. These curves are for £=0 and for 
the two cases of B= 10 (as in Fig. 1) and B=« 
ponential distribution). The difference in shape and 
position of crossing the F=0.5 line are evident. These 
differences decrease as £ increases. However, they are 
still important at finite values of £ as we shall see when 
the comparisons with experimental data are made 

We are now ready to describe the first of the two 


(ex 
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ANGES 


Taste I. Theoretical straggling distribution: fractional trans 
mission F as a function of energy A/}/AK» for several values of 
t=AR,/AR, and for B= 10, where AR, is the energy loss straggling 


parameter and AR, is the multiple scattering parameter 


AR/ARo» or E 


Ak /Al 0.69 1.20 2.0 4.0 


6.0 
5.8 
6 


0.001 
0.001 
0.001 
0.002 
0.003 
0.003 
0.004 
0.005 
0.007 
0.009 
0.012 
0.015 
0.018 
0.023 
0.029 
0.036 
0.044 
0.053 
0.064 
0.077 
0.092 
0.108 
0.126 
0.146 
0.169 
0.193 
0.220 
0.248 
0.278 
0.309 
0.342 
0.376 
OAl1 
0.446 
6.480 
0.515 
0.551 
0 584 
0.618 
0.650 
0.680 
0.709 
0.736 
0 762 
0.786 


0.052 


na 


0.064 
0.077 
0.092 
0.109 
0.128 


0.149 


aan awe oe eee 


0.002 0.173 
0.003 
0.005 
0.008 
0.012 
0.018 
0.026 
0.037 
0.050 
0.068 
0.090 
0.118 
0.149 
0.185 
0.227 
0.272 
0.321 
0.372 
0.424 
0.477 
0.530 
0.579 
0.627 
0.672 
0712 
0.748 
0.782 
0.810 
0.836 
0.856 
0.875 
0.890 
0.903 


0.199 


0.227 


0.002 
0.006 
0012 
0.022 
0.039 
0.064 
0.101 
0.149 
0.208 
0.276 
0.350 
0.428 
0.504 
0.577 
0.638 
0.693 
0.740 
0.780 
0.814 
0.840 
0.861 
0.880 
0.896 
0.909 
0.921 
0.928 
0.938 


0.289 


——— eee ee PS tS ts ts 


0.323 


0.358 


0 
0.190 
0.340 
0.459 
0.554 
0.630 
0.691 

0.742 
0.781 

0.814 
0.840 
0.863 
0.889 
0.896 
0.910 
0.920 
0.928 
0.936 
0.943 
0.949 
0.954 


td 


0.580 
0.616 
0.651 


0.685 
0.832 

0.716 
0.866 
0.923 0.746 
0.949 0.894 
0.937 0.776 
0.957 0.915 
0.948 0.801 
0.962 0.933 


0.970 0.954 0.8235 
0.968 0.945 


0.958 0.846 


nnn 


0.972 0.956 


0.865 


nn 


0.963 
0.980 
0.999 


0.976 0.963 


0.967 


main contributions to the path length of the median 
partie le. This path length exceeds the thickness of the 
foil by the amount AR, defined by Eq. (15). The 
numerical value of AR,/AR» may be read directly from 
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the curves of Fig. 1. Let us denote g=AR;, 
the value of AR/AR 


crosses the I 0.5 line 


AR». This 
at the point where the 
Numerical values of q 


quantity 
curve 
for various value 
in Table I 

Che data of Table 


analy Is of the 


of — obtained in this way are given 


IT will be useful in the subsequent 
range-energy measurements. At that 
will be useful also to compare values of AR 
will be obtained from the 
calculated from Eq. (6 
of AR» as 
iterials.6 For the 
E, is taken to be 0.017 
of importance in connection wit 
AR» are the extent to 


proximation ] 


time it 
whicl measurements with 


Table II the 


a function of proton energy 


values lists 
theoretical value 


for various m purpose of these cal 


culation ['wo considerations 
these calculations of 
which the small-angle ap 
fulfilled in these calculations; 
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numerical data on these points are given in Tables I\ 
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In order to carry out the desired calculation, we need to 
know the distribution in x and ©, at ¢’. This is’ 


F (i,x,0,)dxd0, 


V3 w? 62 3x8, 32x’ 
=— exp| —w*( _ ) Jonze, 
2r ? t ha 


from which the distribution in ©, alone is 


V3 w? * 
G(t,0,)d0,=— a0. f 
2r ia 


6 
xexp| —o"( 
t 


= exp(—w?0?/41)d0,, 
2(xt)! 


TABLE IIT. Theoretical values of AR» as a function of proton 
energy for severa! elements. The lower limit £, of the integral in 
Eq. (6) is taken to be 0.01 Ey 


E ARy (mg cm**) 
(Mev) Al Ni Cu Ag 


0.029 
0.046 
0.064 
0.10 
0.15 
0.26 
0.40 
0.56 
0.74 
0.95 2.88 6.3 
1.17 3.54 

1.42 4.24 9.1 
1.67 

2.40 

3.23 

3.95 


0.12 
0.17 


0.30 
0.43 
0.24 0.59 
0.36 0.89 
0.50 1.21 
0.84 1.97 


1.74 § 3.9 


and w is defined by the relation 


x 


OP us f G(t,0,) 02d, - 


x 


The distribution G(t,0,)d0, has been used? to cal- 
culate (AR),, for the two cases: 


(a) All particles are detected irrespective of their 
position and angle of emergence after traversing a 
thickness ¢ of the material. 

(6) All particles emitted with 90,=0, 
spective of position are detected. 

The results of this calculation are (AR).w=/w* in 
case (a) and (AR),y=f/3u* in case (6). We may now 
use the distribution function F(t,x,0,)dxd®, in order 
to extend the calculation to two other cases of interest : 


0 and irre- 


Rossi and K. Greisen, Revs. Modern Phys. 13, 240 (1941 
*C.N. Yang, Phys. Rev. 84, 599 (1951). 
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TABLE IV. Calculated values of @?=x2B at E,=20 kev for 
various values of the incident proton energy Eo and for several 


stopping media; p> is the “normal” scattering angle in radians. 


Stopping 1 Mev 
medium 18 30 


A] 0.264 0.271 
Cu 0.79 . 

Ag 2 1.33 
Au ; 397 


1.36 
4.02 


(c) Particles are detected if they emerge at x= y=0 
and irrespective of angle 

(d) Particles are detected only if they emerge at 
x=y=0 and with 0,=0,=0 


The results of this calculation are (AR)ay 
case (c) and (AR)sy = 2f/15w* in case (d). 

The last case is of particular interest for our purpose. 
The smoothed-out path length for these particles is the 
thickness ¢ of the material. Actually their path length 
exceeds ¢ because of multiple scattering events which 
combine in such a way as to keep the particle near the 
smoothed-out curve and moving in the forward direc- 
tion. The increase in path length is 24/15w*. If the 
associated distribution in AR for all particles were 
precisely as given by Eq. (8), the AR of this equation 
would read AR—2/15w* instead of AR; or, in the 
notation of Yang’ the distribution would start at 
v= 2w*AR/f=4/15. The distributions plotted by Yang 
do in fact have their maximum rate of rise at a value of 
v close to v= 4/150.27. 

Energy loss in the foil can now be included in this 
calculation by noting that from Eq. (5) 


=f/Sw* in 


AR PAR» 
and consequently for all emerging particles 
(AR)av= ARo, 


since (J*),~=1 in the approximation we are using. 
Thus, by comparing the results of the calculation for 


the cases (a) and (d) we obtain for particles emerging 


TABLE V. Calculated values of AR» as a function of the lower 
limit Z, for protons in Au with EZ) = 10 Mev; values of 07 = x2B 
are included 


6,7 ARs ky 4? 
(radians? (Mev) 


ARs 
(radians?) (mg cm 


9 48 
9.70 
9.95 
10.28 
10.37 
10.50 
10.70 
10.86 
11.14 
11.82 


Ey 
Mev mg cm™? 
0.039 
0.077 
0.116 


04 0.436 
0.3 0.507 
0.2 0.623 
0.1 0.93 

0.08 1.079 
0.06 1.331 
0.04 1.903 
0.03 2.524 
0.02 3.898 
0.01 8.826 


= 
ae Ne OY 


WwNN Nh UST 


32 
x 


9.04 
9.26 


* See reference 8, Fig. 1 and the text 
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0 with ©, ©, =0 the result 


(AR) «v= 2ARo/15. 
This is the second contribution to the multiple scatter 
Ing correction 

Adding the two contributions we write the following 


expression for the path length of the median partici 


R=t+ARj+2ARo/15 


t+ (g+2/15)A4R 16) 


III. EXPERIMENTAL DETERMINATION OF 
THE MULTIPLE SCATTERING AND 
STRAGGLING PARAMETERS 


In order to make comparisons with experiment it is 
convenient to regard all distributions, e.g., F(< AR), 
as functions of AE/AE» rather than AR/AR». This is 
possible since lowest ¢ nergy E, of detected partic les 
is held constant during the measurements, 


rease in F(<AR) is 


incident energy where 


and conse- 


quently an due solely to an 


AE in 


increas 


AE=AR(—dE/di)e= 


Therefore, the abscissa of and the left-hand 
in be regarded as values of AE/AE 
Che distribution F(< AE) thu 


fraction of particles emerging from the 


Fig. 1 
column of Table I 
of AR/AR 


represents the 


well a 


foil which have an energy £, or greater as a function of 
+ AE. 


It will be shown that one obtains a satisfactory com 


the incident energy E 


heoretical and measured distributions only 


parison ol 


if one uses the full Moliére multiple scattering function 


as described above. In principle we 


can determine & 
| 


from a comparison of the experimental and theoretic: 


distribution Ak ind consequently AR») from the 


t in Mev 


E 


of AE/AEo, AR, from é and 

In prac tice the 

described 

theoretical calcu- 

irison of calculated 

in the comparison 
calculated and experiment ilues of AR, and AR 

procedure, the first of 

excess path length as 

The 

is al » obtained from 
nes ARy. We do not 

checks on this 


role in 


slope ot / i 
ARgz, and finally, g fr 
procedure may In 
specific Cast 
lations are to 
and experimenta 
of 
Since 


second contri- 


la ned 


I 
have \ 
second contributior wever, Il plays a the 
subsequent 
tial / 

A typical n 


interested wn lI g 


itation poten- 
easured distribution of the kind in which 


we are 6 of reference 4 
In order t 
ment 
of the fractional transmission / 


data read off the corresponding value 


now 
» make a comparison of t ry and experi 


we proceed as tol ider a set of values 
From the experimental 
of the incident 
rve for a given & such 
values of AE/ AE». 

sured E. If the 


bee n prope rly 


energy E. From the 
as in Fig. 1, read off the corresponding 
Plot AE/AE» as a 

theory is correct 


chosen, t ting cur A [ traight line Thus 


it AE/ AE, versus the 
measured £, obt Af { nterval on 
ling hange it er 


Al AE, 


ing tabu- 


the ene rgy 
to 1 
Chen, 


axis correspon 

b) From &=A/ 
from AEF, and AE 
lated values 


; 
o! 


incident 


in % 


n 


Transmiss 





-TIPLE SCATTERING 


Fic. 4. Experimental trans 
mission curves for 10-Mev 
protons in Au in which: curve 
a is the same as in Fig. (3) with 
&=0.69; curve 5 is similar 
except that all transmission 
values have been multiplied by 
1.007; curve c is similar except 
that =0.775 instead of &=0.69 
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LY} 


- 


A 





energy ; 1.e., 
AFo 
ARo= 


Ree a, 


AE, 
AR, : 
(—dE/dt)z =K5 


(c) From the tabulation of g=AR,/ARp» versus ¢ as 
given in Table IT, obtain AR,= gARo. 

(d) Use Eq. (16) to obtain the actual range of the 
median particle. 


As an example let us consider the case of 10-Mev 
protons in gold. Figure 3 shows the plot of AE/AE» versus 
the measured energy E for the case of &=0.69. A 
straight line is obtained. In order to check the sensi- 
tivity of the procedure and the possible uniqueness of 
the results we consider in turn each of the following 
factors : 

(a) In the experiment some of the protons will 
undergo nuclear reactions and will disappear from the 
beam. For 10-Mev protons in gold, this loss of protons 
may be as much as 1%. Consequently, there is some 
ambiguity in the normalization of the experimental 
distribution curve.” Also, the method of calculation 
which involves the use of only a limited number of 
points of the two distribution functions é and & intro- 
duces some errors of normalization as is indicated by 
the failure of F to be equal to 1.000 for the largest 
value of AE/AE, in Table I. This error is probably less 
than 2%. However, the consequences of different nor 
malizations need to be determined. 

(6) A check of the theory, and a determination of £, 
is presumably achieved when a straight-line plot such 
as is illustrated in Fig. 3 is obtained. We wish to know 
how sensitive to the choice of £ this procedure is. 


4 
1Q0 10.2 

E in Mev 

(c) An example of the difference between the full 
Moliére and a simple exponential multiple scattering 
distribution was illustrated in Fig. 2. A test of the 
possibility of describing the experimental transmission 
curve without use of the full Moliére distribution should 
also be made 

The first two points are illustrated in Fig. 4. The 
straight line curve (a) in this figure is a replot of the 
curve in Fig. 3 for £=0.69. A second curve (6) is ob- 
tained in precisely the same way except that the 
experimental transmission curve was normalized to a 
value 0.7°%%, lower than before. A third curve (c) is 
plotted in which the only change is that a theoretical 
transmission curve with §=0.775 rather than 0.69 was 
used. It is clear that the procedure is sensitive to both 
of these factors and that for energies as low as 10 Mev 
the measured transmission without change in normal- 
ization should be used. 

The importance of using the full Moliére multiple 
scattering function is illustrated in Fig. 5. The straight- 
line curve (a) is again the curve of Fig. 3. The other 
curve (6) is obtained in an analogous procedure in 
which however numerical values of F(< AR) in Eq. (14) 
are obtained using a simple exponential rather than the 
full Moliére function. One observes that the theoretical 
distribution based on the simple exponential function 
deviates considerably from the experimental distribu- 
tion and that this deviation is in the expected direction 
(more protons appearing at higher energies, corre- 
sponding to the larger angles). The pure exponential is 
thus not a good representation of the multiple scat- 
tering.” 


The procedure outlined has been carried through for 


For an earlier nfirmation of this 


however on a 


Bichsel, Phys. Rev 


conclusion for the case of 
measurement of the dis 


112, 182 (1958 


heavy 
tribution in angle 


particies 
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Tr 
6r 
5+ 
“ae 
4 ? . I 5. Experimental trans 
AE a curves tor _10-Mev 
AE tons Au in which: curve 
°* Fr 11S aga the same as in Fig 
3 tt 0.69: curve 6 is 
, ilar except that it is ob 
e Z tained with neglect of the 
Moliére correction terms 
; B=~= instead of B=10 
QO 
ity P 
1 - — —— A. =s A. A. i —— 
24 26 98 109 10,2 10,4 106 
E in Mev 


Au 


are 


Ag and 
18 Mev 
AR», 


rhe results for proton energies of 10 and 
given in Tables VI and VII. Values of é, 
and AR, determined in this way are to be found 


in columns 2, 3, and 6. Theoretical values of AR» listed 
in column 4 are calculated from Eq. (6) for the par- 
ticular energy of an experiment rather than taken 


Table 


column 7 


Ill. Theoretical values of AR, listed in 
obtained from calculations of Millburn 
Values of and AR» (experimental) are 

not quoted in Tables VI and VII for Al and Cu. This 

is because these parameters are not so re liably deter- 


from 
are 
and Schecter 


mined by our procedure for the lighter elements as they 
are for the heavier elements, since the contribution of 
the multiple scattering to the straggling width is much 
less than the contribution of ene rgy loss straggling. This 


does 


not prevent us, however, from making a reliable 
determination of AR,, and in addition the value of ¢ 
and AR» can at least be estimated. Our procedure for the 
determination of AR 


which are approximately correct for the 


is as follows. For each of several 
values of & 
element and the energy under consideration a value of 
AR» is obtained according to the procedure described 
Thus, one obtains pairs of numbers 
whose product AR,=£AR 


rhis is not surprising since 


above for a single ¢ 
(¢ and AR 


be very nearly a 


is observed to 
constant 
we are here considering cases of §>1 and for such cases 


the influence of the multiple scattering on the total 


g is small. The parameter € is itself not well 


stragglit 


determined since it may be pe rmitted to vary over a 
inge without altering the experimental 


for Al at 6 Mev 


no difference in the distribution for ¢ 


rather wide 1 
distribution appreciably. Thus, we 


find practically 


See Tables & Rc-5 {merican Institute of Physt 
landl MeGra H $ ( pany New \ 1957 
R. M. Sternheimer, Phys. Re 117, 485 (1960), ¢ values for 
R. (theoretical) a t 20 higher, agreeing quit« osely with the 

values calculated erence 4 


is well 


1.0. But AR, 


2+0.03 mg cm~?. Columns 


anywhere in the range of 2.8 to 


determined at a value 


5 and 8 give the ratios of experimentally ind theoreti- 
cally determine juantitte The igreement is probably 
better than we uuld have expected in view of the 
failure of the ma ng pproximation as described 
previously (Sec. II), however n this failure may be 
minimized because the lowest detectable energy in the 
experiments lies sufficiently high so that the calculated 


and measured AR» are not strongly dependent on it. 


IV. J VALUE AND L-SHELL CORRECTION 
FOR ALUMINUM 


The measured range corrected for multiple scattering 


as des« ribed in pre vi yu ect o be compared with 


the theoretical range given by 
1] 
R(I R(e)4 f 17 
J, 1E/d 

where (—dE/dt) is the stopping power and € is a lower 
limit in the energy yV VI ¢ eoretical ex- 
pression for stopping power can be regarded as valid 
and an accurate value of R(e) can be assigned on the 
basis of measurements. The stopping power is computed 


from the expres io? 


Z(f I)-> Cc; 18 

p dt 1 
where Z, A, and p are é , number, atomic mass 
and density of the stopping medium, 7 is the mean 
excitation poten " ( the r corrections for 
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Taste VI. Straggling parameters at 10 Mev 


with an experimentally d 
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R 


for various stopping media together 


etermined value of & for Ag and Au 


Stopping AR» in mg cm™* AR, in mg cm™* 
medium Ra Ex Theory Ratio Exp Theory Ratio 
Al (6.15 Mev 0.27 1.12+0.03 1.20 0.93 
Cu af 1.85 33 +01 344 0.96 
Ag 1.08-+0.03 36+0.1 38 0.95 40 +01 4.21 0.95 
Au (9.7 Mev) 0.68+0.02 8.3+0.2 94 0.88 5.6 +02 5.80 0.97 
rasie VII. Straggling parameters at 18 Mev (unless otherwise noted) for various stopping media together 
with an experimentally determined value of = for Ag and Au 
Stopping AR, in mg cm™ AR, in mg cm™* 
medium t Exp Theory Ratio Exp Theory Ratio 
{| 1.41 64 +0.2 64 1.00 
Cu 4.4 &.45+-0.03 8.5 1.00 
Ag 1.12+0.02 8 7+0.2 89 0.98 98 +02 10.3 0.95 
Au (17.5 Mev 0.70 20.0 21.0 0.95 14.0 +05 13.7 1.02 
binding energy and made and an M-shell correction which may be neglected. 
, —_ In order to reduce the number of free parameters we 
4aNoe 44 Nory?m pe 
‘ ia will assume that the A-shell correction as calculated by 
mv? B° Walske' is correct. In order to fix the Z-shell correction 
a we make two assumptions 
2mc*p* 
f(v)=In a —, (a) The ratio of the energy at which the maximum in 
f C,; occurs and the energy of the 7-shell electrons is 
— , : . independe [ 7; in particular, it is the same * 
where No is Avogadro’s Number, m is the electron ' dependent of 7; in particular, it is the same for L and 


mass, and B=»/c. 

In order to calculate R(E») from Eq. (17 
I as well as binding energy corrections must be assigned. 
The function R(£») obtained in this way is 
compared with R(£») as obtained from the measure- 
ments through Eq. (16). These two methods of ob- 
taining R(E,) should agree over as large a of 
variation of Eo as possible for a single choice of J, R(e), 
and the parameters which are used to fix the various 
shell corrections. 

The application to aluminum is of interest because 
this stopping medium has been studied so extensively 


a value of 


then 


range 


In this case there are K- and L-shell corrections to be 


TABLE VIII. Calculated pathlength in Al for protons of 
I and the constant « of the 


I Path length I =166 164 166 
Mev mg cm «=0 1 1 
1 3.87+0.04 4.40 4.24 4.17 
2 11.59+0.06 11.72 11.66 11.62 
3 22.18+0.06 22.18 22.18 22.18 
4 35.55+0.10 35.55 35.58 35.62 
5 51.64+0.15 51.65 51.70 51.79 
6 70.31+0.20 70.36 70.42 70.57 
12 233.2 +0.7 233.2 233.1 233.7 
15 345.0 +1.0 345.0 344.7 345.6 
18 476.0 1.3 475.7 75.3 476.4 


Rev. 98, 1039 (1955 


Slater, Phys 


er 


L-shell correction CK 


K electrons. For protons in aluminum, Cx has its 
maximum at 4.6 Mev. Since the ionization potential of 
K-shell electrons” is 
2900. Applying this ratio to an ionization energy of 
72 ev for 2p electrons and 116 ev for 2s elec trons, one 
finds that maxima in the L-shell correction occur at 
0.21 and 0.34 Mev. The corresponding maxima in the 
M-shell correction would occur at energies of the order 


1560 ev, the ratio in question is 


of 30 kev; consequently M-shell corrections are neg- 
letely, especially since only 3 M-shell elec- 


lec ted com] 


trons are ent. 


pre 
(6) At large proton energies Cp~x/E, where « is a 


constant and E is the energy. If the lower limit of 


ergy EF as a function of the mean excitation potential 


according to Walske 


162 164 162 164 164 ev 
1.5 1.5 2 2 2.55 Mev 
4.19 4.12 4.08 401 3.89 
11.65 11.61 11.61 11.57 11.52 
22.18 22.18 22.18 22.18 22.18 
35.57 35.62 35.62 35.67 35.70 
51.68 51.77 51.76 51.85 51.93 
70.37 70.52 70.49 70.64 70.74 
232.8 233.4 133.1 233.8 233.9 
344.2 345.1 344.6 345.4 345.7 
474.6 $75.1 475.0 476.1 476.5 
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stopping power and range-energy rela 
with J/=163 ev and C,=3.2K10°*X# 
Mev; see text for ¢ 1 below 1 Mev 


I & IX. Theoretica 
on for protons in Al 
1.5/F (Mev) above 1 


M M » ¢ , : 

0.1 371 416 425 

01 46) 306 397 

0.2 443 334 tOHR 

0.2 32 314 342 

{ 410 293 2H) 

0345 ) 79 0] 

04 79 268 R4 

{) SD SR 

O6 a) 43 »3 

0) 12 17 | 

Os 19 ")) 202 

09 IRS 190 188 

1.0 173 11 177 176 3.87 
1.2 . 154 15 5.16 
j 1 ( j 135 14) 6.59 
) ”) 8.2 123 123 8.1 
1.8 119 98 117 120 9.82 
0 1] 11.60 112 112 11.59 
30 . 22.15 22.18 
1() f 35 5G 35 55 
0 51.70 1.64 
60 ft 0.42 70.31 
0 44 91.64 

a0 ) 115.3 

90 ¢ 141.3 

10.0 ) 169.6 

1720 ) 331 33,9 

14.0 6.1 5.3 

16.0 3 486.0 

Ik. ) $75.1 4/6.0 


17) is as large as 2 Mev, the 
maximum in the /-shell correction 


fifth of tl 


integration € I | 
will occur at an 
energv le e lowest ene rey to which 
the stopping power 


not hesitate to use ¢ A Dy 


applied. Then we need 


formula 


\ number of theoretical range 
computed on 
Pe Mev; 
Computations were 

The results for 


VIII. These 


parameters and 2.5 
/ 160, 162. 


made with all possible combinations. 


4 ible 


the most useful ones are 


B&B. A. UE 


values are adju ted Rle 22.18 mg cm for 
e=3 Mev 
The 


multiple scattering ar 


ted for 


\ Iil Since 


Corret 


experimenta range I \ 
ad Table 


the multiple scattering correction for Al is small, the 
values of AR» for « f the t is energies are best 
determined theoret ng | 6), and they have 
in fact been so determined. One then finds £=4.4+0.4 


of 5 to 20 Mev, and consequently from 
Table II g AR,=0.94 AR». Adding 2ARo/15 
according to Eq. (16) the total multiple 


rection is AR=1.07 AR»o. These value 


for proton 
0.94. Ther 
scattering cor- 


nave be en added 


to the experimental! rang given in reference 5 to 
give the corrected 1 in Table VIII. For 
the case of A \ ve re yT lering here, these 
corrections are barely equal to the errors of measure 
ment but they introduce ysten trend which is 
ignificant for the detert tol I stopping power and 
the parameters wl ppear in the stopping power 
relation. For Ni and Ag wher rrections would 
be larger, only preliminary lat re available 


The theory of the L-she col ) 
Mev. Reference to Table VIII indicates that this 


choice of x with J 163 I rv for the entire 
range of energi > Me 

In an effort to ext te the ilations to some 
what lower energies t topping power was calculated 
at energies below 1.5 Meée gy a modified (¢ 
correction at these wer energl but still retaining 
] 163 ev The ¢ rre d is believed to be 
consistent with the pred n of the Walske theory 
with 6 0.35 The calculated topping power and 
ranges are given in | +e omparison we give 


also the stopping power as determined by Allison"* and 


Whaling." The theory appears satisfactory to 0.15 Mev 
for the explanation of the experiment topping powers, 
but the disagreement betwee experiment il and theo- 


larger than the « xperimental errors 
Mev a better 
166 ev nd ¢ 0 (see Table 


Irom 


retical ranges is 
below 1.8 Mev For the range ibove 3 
fit is obtained with / 
VIll At present t is choice ippear 
a theoretical point ol view. It w rm interesting to see 
what the situatior in heavier elements in which the 
and _ binding 


r the K 


undesirable 





multiple scattering correctio! irger 
energy correction for the VU ( well as f 


and L shells have be ken into accoun 








SICAL REVIEW VOLUME 11° 


NUMBER 5 SEPTEMBER 1 1960 


Neutrons from the He* Bombardment of O'° and Mg**} 


F. AJZENBERG-SELOVE 


Haverford College, Haverford, Pennsy 


i 
Nucleonics Division, U 


Received \pril 25 


A thin target of magnesium oxide enriched in Mg™ 
going neutrons were measured by the method of proton recoils in phot 
Q value of the O"(He?,n) Ne"* reaction is determined in this experiment to be 
of the Mg™(He?,n)Si®* ground-state reaction is 0.08+0.08 Mev 


AND 


DUNNING 


K 
S. Naval Research Laboratory, Was 


ington, D. ¢ 


1960 


was bombarded by 5.52-Mev He’ particles. The out 
ographic emulsions. The ground-state 
3.19+ 0.04 Mev. The Q value 


The mass of Si®* is then 25.99232+ 0.00007 


amu (C™ standard). In addition, excited states of Si at 1.78+-0.06 and 2.79+0.08 Mev have been observed 


Angular distributions of these four neutron groups and of the C” 


He’,n)O™ ground-state group are also 


reported: in all but one case, the distributions are peaked in the forward direction 


I. INTRODUCTION 


HIS investigation was undertaken primarily to 
study Si** for which no direct evidence had her 

tofore been presented.! The only previous experiment 
dealing with Si*® was one involving the bombardment 
of Al?’ by 23-Mev protons.’ A 1.7-second half-life activ- 
ity was attributed to Si’* formed in the reaction 
Al*?(p,2n)Si**. A very straightforward way of studying 
Si** is afforded by the Mg*(He?,)Si** reaction for which 
an approximate Q value of about 0 was computed from 
knowledge of the energy of the first 7=1 state of Al’*, 
0.228 Mev'—assuming charge independence of nuclear 
forces. The highest He’ energy available to us was used 
in order to study not only the ground state of Si** but 
also its first few excited states, to compare these with 
the corresponding states in the mirror nucleus Mg”®, 
and in the 7,=0 nucleus, Al**, 

It turned out that the target contained oxygen and 
we were therefore also able to study the reaction 
O'*(He?,n)Ne'*. Until recently very little information 
had been available* on Ne'*. Lately, however, two in- 
vestigations of this reaction by the neutron threshold 
method have led to Qo= —3.206+0.013 Mev (Dunning 
and Butlert) and Qo= —3.200+0.010 Mev (Towle and 
Macefield®). The work by Dunning and Butler also 
indicated the possible existence of an excited state of 
Ne'® at 0.114+0.015 Mev. This energy is anomalously 
low compared’ to the energy of the first excited state 
of the mirror nucleus O"*, 1.982 Mev, or to the energy 
of the corresponding T=1 state in F"*. 


+ This work was supported by the Nationa! Science Foundation 
and the Office of Naval Research. 
'P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
1957) 


*1H. Tyrén and P.-A. Tove, Phys. Rev. 96, 773 (1954) 


F. Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. Ll, 1 
1959 

*K. L. Dunning and J. W. Butler, Bull Am. Phys. Soc. 4, 444 
1959), and private communication. 


* J. H. Towle and B. E. F. Macefield (private communication 
quoted by D. A. Bromley and E. Almqvist, Atomic Energy of 
Canada Limited Report, Chalk River, September, 1959 (un- 
published ), and private communication to J. W. Butler 


Il. EXPERIMENTAL PROCEDURES AND RESULTS 
A. Exposure of the Plates 


A 100% enriched Mg™ target, electromagnetically 
deposited® on 0.005-inch tantalum, was bombarded by 
5.524+0.010 Mev He’ particles from the NRL Van de 
Graaff generator. The thickness of the target corres- 
ponded to an energy loss of approximately 25 kev for 
5.5-Mev He’ particles, and the average energy of the 
particles in the target was therefore 5.51 Mev. The 
emitted neutrons were detected by observing proton 
recoil tracks in Ilford C-2 nuclear emulsions, 400 microns 
thick, mounted at 10 angles (0° to 135°) to the incident 
He’ beam. The plates were processed and scanned in a 
standard manner.’ The total exposure was 10 200 micro- 
coulombs (uncertainty approximately 0.5%). A shorter 
background run was also carried out with plates exposed 
to neutrons from He’ bombardment of the target 
backing, and from the room background. 


B. Data 


A total of approximately 1500 tracks was measured 
on the 0°, 15°, 30°, 45°, 90°, and 135° plates. It would 
of course have been desirable to have more extensive 
data, but the extremely low track density in the plates 
placed the above limit on the measurements. Approxi- 
mately 1.3% 10° fields of view of the microscope were 
examined to obtain the results presented here. Figures 
1—4 show the data at 0°, 15°, 45°, and 135°. Besides 
neutron groups from the Mg™(He*,n)Si** reaction which 
may be identified from the /, (excitation energy) scale, 
groups due to two other reactions were identified: 
O'* (He? n) Ne and C”(He?,n)O". These are labelled on 
the figures by the symbols O'* and C”. The first of these 
groups was presumably due to the target being mag- 


* The target was supplied by the Atomic Energy Research 
Establishment, Harwell, England. We are extremely grateful to 
Mr. R. W. Mcliroy for his attention to the preparation of the 
target 

7A. Rubin, I 


Ajzenberg-Selove, and H. Mark, Phys. Rev. 104, 
727 (1956) 
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Fic. 1. Data at 0° (in the laboratory system) and at 


E(He*)=5.51 Mev. N is the corrected number of neutrons per 
100-kev interval. /, is the neutron energy. FE, is the excitation 
energy in Si**. The groups marked O'* and C® are due to th: 
reactions O'*(He’®,n)Ne'*(0) and C®(He?,n)O"(0) 


nesium oxide, and the second is probably the combined 
effect of several factors. Some tracks from the C® re- 
action also appeared on the background plates. 

The background neutrons accounted for approxi- 
mate ly 2 to 15% of the tracks, depending on the angle. 
At all angles the energies of almost all the background 
tracks were in the range 1.0 to 1.5 Mev. While one might 
expect to observe neutron groups corresponding to 
levels with £,~3.8 to 4.2 Mev in Si®® (because of the 
existence of such mirror levels in Mg**), it should be 
pointed out that no evidence for such levels has been 
found in this experiment. The groups with £,~ 1.3 Mev 
(O°), 1.5 Mev (15°), 1.0 Mev and 1.3 Mev (45° 
occur with comparable intensities on the background 


) also 


plates. It is not excluded, of course, that weak groups 
due to Si?®* (3.8 to 4.2 Mev) could be present, but they 
have not been observed. In addition the group at 


| 
} 16 
| j 
a h 
r mg" He” n si® 
ol ] Cg? = 5.5! Mev 
} 1] 317 TRACKS 
100} is* 
| 
N 8 
|| 
| | c® 
ao} || } 
| | : 
| eS « l 
20} } ° NYA A 
° 2 3 4 5 . ? 3 
E,(Mev) 
= LL» & as” 
4 3 2 ° 
Fic. 2. The 15° data (see also caption of Fig. 1) 


AND K. . YUNNING 
E,~1.3 Mev at 135° (which would, if due to S?®, 
correspond to an nomalous level at ~3.3 Mev) is 
reproduced in intensity on the ba 
The possibility of other than O'* and C® 
in the target was sidered. The ground state Q values 
of the (He*,7) reaction on O'%, F, Mg*5, and Mg”* are 
all extremely exoergic, with values ranging from 6 to 
over 13 Mev. The 


kground plate. 
npuritie 


col 


contribution of 1 


eutrons from these 


reactions is negligible. (ne other reaction was con- 
sidered: N“(He',n)F!*® with QO 1.18 Mev. In the 
forward direction, neutrons from this reaction could not 


be distinguished from the ground-state neutrons from 


the C?(He,n)O™ reaction (O 1.15 Mev). At 90° 
and 135 the neutror from the N™ reaction have 
energies 140 kev and 190 kev greater than the C” 
neutrons. It is on the basis of the 90° results that we 
assign the groups to the C™ reaction. In addition it is 
not possible to assign the groups correspo! ding to the 
16 
| 24.3 2.28 
| } Mg (He n)Si 
sot r Eg = 5.51 Mev 
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45° 








of Si?*® (which will be discussed in Sec. 


1.78-Mev state 


E) to the several « | 


| states of F!® which, by analogy 


with its mirror nucleus N"*, should occur within £,~0.5 
Mev: The “1.78-Mev”’ groups vary properly in energy 
with angle to belong to the M g*4( He®.n Si** reaction. 
The data therefore indicate the formation of three 
6 | ; of O" and Ne}. 


, and tat 


the ground sta 


states in Si 
C. Ne’ Results 


The ground-state QV value of the O'*(He*,z)Ne*® re- 
— 3.19+0.04 Mev 
ult is in excellent 
earlier.*> No 


action is found from these data to be 
This res 
reported 


(rms deviation +0.01 Mev 


agreement with the Q values 
evidence is found for the existence of an excited state 
of Ne’® at 114 kev.‘ In fact, the Q 
this experiment, and the n 
ponding neutron groups argue 


existence of such a state. While it 


value obtained in 
Ss of corres- 
the 
could not have been 


irrow width the 


strongly against 








NEUTRONS FROM 
resolved, such a state would have contributed to the 
widths of the groups and would have resulted in an 
appreciable energy shift, unless anomalously low in- 
tensities of neutrons at all angles were involved. 

Based on the new Mattauch-Wapstra masses,* the 
atomic mass defect of Ne'*’, M—A, is then 5.31+0.04 
Mev (based on the C” standard) and 10.64+0.04 
Mev (based on the O"* standard). The corresponding 
masses are 18.00570+0.00004 amu (C™ 
18.01143+0.00004 amu (O"* standard). 

The angular distribution in the center-of-mass system 
of the O'*(He’,n)Ne!*(0) reaction at Ey.=5.51 Mev 
is shown on Fig. 5. The 90° (lab) data point is not 
weighed in the drawing of the distribution because it 
included background neutrons which are estimated to 
account for half the intensity of the neutron group at 
that angle. 


standard) and 


o* 
| Mge“(He’,n) Si7® 
E.3= 5.51 Mev 
50+ f 206 TRACKS 
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Fic. 4, The 135° data (see also caption of Fig. 1). 


A chemical analysis of the target shows® that the 
amount of oxygen present in the target was (47+2 
ug/cm?*. Using this determination, the differential cross 
section at 0° for the O'*(He?,n)Ne#*(0) reaction is cal- 
culated to be 1.6+0.3 mb/sr. The cross-section value 
takes into account attenuation of the neutrons in the 
emulsion. 


D. O* Result 


The C"(He*,1)O"(0) neutron groups appeared where 
calculated from the known Q value of the reaction. The 
angular distribution of these neutrons is shown in Fig. 6. 
The 90° (lab) data point is missing because at that 


*F. Everling, L. A. Konig, J. H. E 
Wapstra, Nuclear Phys. 15, 342 (1960) 

* We are very grateful to D. R. Gates, G. A. Picklo, and D. I 
Walter of the NRL Metallurgy Division for performing the quar 
titative analysis of the target 
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Fic. 5. The angular distribution of the groung-state neutrons 
from the O'*(He’,n)Ne" reaction in the center-of-mass system 
rhe intensity units are arbitrary but are the same in Figs. 5-8 


angle the neutrons from O(0) and Si?*(1.78) could 
not be resolved. Angular distributions of neutrons from 
the C” reaction have previously been determined at 
E(He*) = 1.89, 2.16, 2.40, and 2.51 Mev.” 


E. Si* Results 


The ground-state Q value of the Mg™(He’,n)Si** re- 
action is determined to be 0.08+0.08 Mev. This leads 
to (M—A) 7.15+0.08 Mev (based on the C™ stand- 
ard*) and 0.55+0.08 Mev (O'® standard). The mass 
of Si®* is 25.99232+0.00007 amu (C"” standard) or 
26.0005 1+-0.00007 amu (O'* standard). This determines 
the mass difference S?*—Al** to be 5.05+0.08 Mev. 
The Q values of the neutron groups to the first two 
excited states of Si®* are measured to be —1.70 and 
—2.71 Mev: E,=1.78+0.06 and 2.79+0.08 Mev. 

The angular distribution of the neutrons to the ground 
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Fic. 6. The angular distribution of the ground-state neutrons 
from the C®(He?*,n)O* reaction (see also caption of Fig. 5). 
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Alm@vist, H. E. Gove, A. E. Litherland, 
E. B. Paul, and A 


J. Ferguson, Phys. Rev. 105, 957 (1957) 
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I 7. The angular distribution of the ground-state neutrons 


from the Mg™(He*,n)Si** reaction (see also caption of Fig. 5) 

and first'' excited states of Si?* are peaked in the for- 
ward direction (see Figs. 7 and 8). The distribution of 
the neutrons to the second excited state is isotropic 
within the rather poor statistics. The very close simi- 
larity of the shapes of the angular distributions for 
O'*(He* n)Ne'’, C?(He',n)O", and Mg™*(He*,n)Si?*(0) 
should be pointed out. All three reactions involve 0 
target nuclei and 0° residual states, since all these are 
even-even nuclei. The angular distribution to the first 
2' state in Si?* (1.78 Mev) is also similar, but the dis- 
tribution to the second 2* state (2.79 Mev) is not.” 

The target analysis® shows that the weight of Mg™ 
The differential cross 


was (20+2) yg/cm?. section 


at O° for the Mg*(He’,)Si**(0) reaction is then 
2.0+0.5 mb/sr. 
24 5 26 
| Mge (He? n)Si* 
bg : “ cS ~ 
Eu 5 | Mey 
e-( 1.70 Mev 
? > TIAA 
2, : Viev 
co 
\ > 
¢ $4 \ 4 
+ Pst i 
: "« 
] - 
+ 
| € ~ 20 50° 1gO* 
bu M 
I 8. The ang it sot th Y st e 1.78-Mev 
l ) 79-Me Y tes of Si** (see als ipt f Fig 5 
The 30° (lal ata t in Fig. 8 for the Q; group should 
ably be some ywwer because of some contribution of 
ackgrou neutrons. The 90° point is ssing for the reason 
ssed in Se [) 
The J* assic e Si® states are deduced on the 
. f cha known information' on Mg** 
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F. General Results 


The most important result of this work is the deter- 
mination of the mass of Si®* and the location of two 
of its excited states. The relevance of this work to the 
{= 26 isobaric triad is shown 
of the ground states of Mg” 


in Fig. 9. The energies 
and Si®* have been arbi- 
trarily adjusted to the energy of the first 7 =1 state in 
Al’*. If instead of this arbitrary adjustment, the iso- 
baric mass differences are calculated on a simple model, 
the following results are found. Let us take (Al?*— Mg"*) 

4.015 Mev* and (Si?*— Al**)=5.05 Mev. The isobaric 
shifts (Coulomb energy difference minus the n— H! mass 
difference) for these two pairs of isobars are, respect- 


ively, 4.05 and 4.46 Mey 


based on the model of a 


397 (23° 5 ™ 
37 2 : 
2.79 
83 . » ‘ 
| —— i 78 
j= 0* 1.228 ) 
ho + or 26 
{ NM x ai 
Fic. 9. The A = 26 isobaric triad. The levels whose energies are 
indicated are believed to be 7 =1 stat the Mg** and AI** results 
are summarized in P. M. Endt a C. M. Braams, Revs. Modern 
Phys. 29, 683 (1957); the Si®* results are those presented in this 
paper. The energies of the ground states of Mg®* and Si®* have 
been arbitrarily adjusted to the energ f the first T=1 state in 
AP* (see the text for further details 


sub- 
ss differences yielding the 


These shifts must be 


uniformly charged nucleus 
tracted from the above 


following isobaric energy differences for the ground 
states: Meg" A |26 +003 Mev and C526 4 ]26) 

+0.59 Mev. These two numbers may be cor pared 
with the energy of the first 7= 1 state in Al**, 0.228 Mev. 


Since the Coulomb correlation made above is crude, it 
energies of the first 
T =| states artificially. The energies of the second T=1 
states in the triad are then in good agreement: 1.83 Mev 
Mg"*), 2.07—0.23=1.84 Mev (A 1.78 Mev (Si**), 


Is not unreasonable to adjust the 


as are those of the third set of yous 7'=1 states: 
2.97 Mev (Mg**), 3.16—0.23=2.93 Mev (Al**), 2.79 
Mev (Si**). These energy differences are based on the 
artificial adjustments of the first 7=1 states. All the 








NEUTRONS FROM He* BOMB 
states shown in Fig. 9 are bound: in Mg**, the lowest 
binding energy is that of an a particle (/,= 10.62 Mev 

in Al**, that of a proton (£,=6.30 Mev); in Si*, 
the lowest binding energy is that of a proton also 
(E,=5.51 Mev). 

Si** is undoubtedly a positron emitter, presumably 
primarily to the 7=1, J=0* state of Al** at 0.228 Mev. 
The ground state of Si** is O0* (even-even nucleus) and 
the 0° —+ 5+, AT=1, transition to the ground state of 
Al?* would be highly forbidden. The maximum energy 
of the positrons involved in the 0* — 0*(AT=0) decay 
would be 3.80 Mev. Assuming a log ff value of ~3, 
typical of such transitions, the lifetime of the ground 
state of Si?® should be of the order of magnitude of 
1 sec. Thus, Tyrén and Tove? probably did indeed ob- 
serve the decay of Si’*. 

J. B. Gerhart, Phys. Rev. 109, 897 
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There is very little experimental information on the 
angular distributions of neutrons emitted in (He’,n) 
reactions with the exception of the work presented in 
this paper, the investigation of C"(He*,n)O“ by Brom- 
ley et al® and that of B”(He’,n)N® by Ajzenberg- 
Selove ef al.'* There is considerably more information 
on (He’,p) distributions which also involve two-nucleon 


transfer. A satisfactory means of theoretically analyzing 


He’.n) distributions is not available at this time.® 
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Spontaneous Fission Yields of Cf***t 
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A radiochemical investigation has been made of the fission yield curve for the spontaneous fission of Cf. 
One source of 110*, another of 210’, and a third of 710’ fissions per minute were used to obtain the 
data. Thirty-six radioactive nuclides between mass numbers 77 and 166 were separated, identified, and 
their fission yields calculated. Upper limits were set for nine other nuclides. The fission yield curve has 
maxima of 6.05% at masses 107 and 141, with a “full width at ¢y maximum”’ of each peak of approximately 
27 mass units. There is a very narrow “‘trough’”’ with a minimum value of $8 10~*% at mass number 124. 
In addition, while the curve as a whole is symmetrical about mass 124, each peak is not symmetrical about 
its own maximum, being significantly spread toward the most asymmetric fission modes. A small fine 
structure peak was observed at mass 113. No evidence was seen of activities that could be ascribed to 
ternary fission events, upper limits of 10°*% fission yield being set for individual nuclides between mass 
numbers 28 and 72. 


INTRODUCTION 


ce 


with the desired accuracy. Subsequent availability of 
sources of approximately 2X10’ and 7X10’ fissions 
per minute made measurement of the entire fission 


yield curve feasible. 


” 


EVERAL investigators'? have reported radio- 
chemical fission yields for the products of the 
spontaneous fission of Cf**. Due to the scarcity of 
Cf at the time those experiments were performed, 


: . , a C J 
however, the investigations were limited to the most PROCEDURE 


easily measured peak elements. When a source of 
approximately 110° per minute became 
available several years ago,’ it was decided that a more 
thorough investigation of the Cf*® spontaneous-fission 
yield curve would be profitable. After several experi- 
ments with this source it became apparent that nuclides 
with fission yields below 0.1% could not be determined 


fissions 


t This work was performed under the auspices of the U. § 
Atomic Energy Commission 


1L. E. Glendenin and E. P. Steinberg, J. Inorg. Nuclear 
Chem. 1, 45 (1955 
2 J. G. Cuninghame, J. Inorg. Nuclear Chem. 6, 181 (1948 


* The author wishes to express his sincere appreciation to Dr 
Stanley Thompson and the Heavy Elements Group in Berkeley 
or preparing the Cf*™ used in these experiments 


In order to eliminate the problem of handling fairly 
large amounts of alpha and neutron activity in solution 
and, more importantly, to prevent loss of the extremely 
valuable Cf** in manipulations, a recoil 
technique was used to collect the fission fragments. 
A schematic diagram of the experimental arrangement 
is shown Fig. 1. An essentially weightless source 
was prepared by electroplating purified Cf*™ in a small 
area on a 0.001-inch thick platinum disk which was 
subsequently flamed at red heat. Fission fragments 
were 0.001-inch aluminum foils which 
were suspended } inch above the Cf*® source by means 


chemical 


in 


collected on 


of a brass ring. Range studies indicated that with this 
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x hic. 1. Schematic dia 
gram of the ¢ 
for collecting 


xperimental 





arrangement 


hission tragments 


Mo” 
through 


fission 
the 


than 
ufficient 


0.1% of the 
energy to pas 


arrangement fewer 
had 


0.001-inch aluminum collecting foils. 


fragment 


collected 
half 
aluminum catcher foil was then 


During a run, the fission fragments were 


for a length of time which was dependent on the 


lives of interest. The 
dissolved and the activities separated by more or less 
well-known methods.’ The j 

Mo” was measured from each collection and was used 
monitor of the total fissions. The 
implicit in this that the 
collecting efficiency for all fission fragments was the 


radiochemical activity of 


as a number of 
assumption technique is 
ame 

lhe usual method for measuring the fission yield of 
a nuclide involves counting the purified sample in a 
and then 


counter geometry, backscattering of radiation from the 


certain geometry making corrections for 


radiation from the 
sample itself in order to get the disintegration rate of 
the sample 


ample mount, and scattering of 
Since these corrections are very difficult 
to measure accurately and even more difficult to re- 
produce under normal conditions, a somewhat different 
approach was used in these experiments. 

The activities of the Cf 
measured on either an end-window methane-flow pro 


fission products were 


portional beta counter or a NaI(Tl) y counter, in any 
of several shelf positions. Each of these ‘standard 
geometries” had previously been calibrated by separ- 
ating the same activity from a sample of U*° which 
had neutrons. With 
Mo” being taken out of each sample, a so-called 


“R factor” 


been irradiated with thermal 


may easly be obtained, 1.€.: 


(c. Cmo™) tor Ct 


R, 


(C./Cmo”) for U*™**, thermal neutrons 


V./¥o9) for Cf? 
1) 


(Y./¥o9) for U***, thermal neutrons 


for chemical 
yield and decay during bombardment) of nuclide x in 
its standard the end of bombardment, 
Cm.” is the corresponding value for Mo”, and Y 


where C, is the counting rate (corrected 
geomeiry at 
is the 
fission yield. No corrections for geometry and scattering 


* Aside from the 


features of 


fact that space does not permit it the n ajor 
separations involved have been 
reported often enough in the literature their inclusion 
here would be redundant. A sampling of general 
radiochemical techniques may be obtained by consulting: W. W 
Meinke, University of California Radiation Laboratory Report 
UCRL-432, 1949 (unpublished); Los Alamos Report LA-1566, 
1953 (unpublished); University of California Radiation Labor 
atory Report UCRL-4377, 1954 (unpublished). For detailed 
information on the exact procedures used in these experiments, 
the author may be consulted. 


most of the chemica 
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are needed in the 


form and weight of 


ition 


provided that 
counting geometry, the 
the sample, and tl amy ljounting arrangement 
same in bot I an { samples. 

samples that 
nce the geometry, 
factors 


remain the 
Of these, only the 
are beta-counted present 


sample compound, sample-mount 


are 
easily reproduced and t irlation of counting rate 
with sample weight 
In the 
obtain sample approximately the 
both the 1 


counting rate 


ters 1s very small. 


beta-count« every effort made to 
weight for 
When the 
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RESULTS AND DISCUSSION 


Experimental values for t] pontaneous fission 
yields of Cf*® are listed i ble I 


the average 


Errors listed are 
deviation I muitipie determinations and 
are a numbers. 
Those yields that 


samples in which the counting rate (usually less than 


measure of tl producibility of the 
ts represent 
two counts per \inute 
background) w: 
the half-life. 

The Mo” Val oy Is ine 


per-m 


average of 
® Values for the U? 

obtained from a report npiled by 

National Laboratory Report ORNL 


were 


eke, Oak Ridge 
npublished ) 
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No. of 

deter 
Nuclide minations Present work 
Mg** 
K* 
Ni 
Zn” 
As 
As" 
Br® 
Sr 
yu 
y= 


$7.1X10°° 
$1.1X10" 
<6.8x<10°° 
<6.2x10°° 
<88x10°° 
1.97+0.18" 
2.14+0.93 
0.32+0.01 
0.59+0.06 
0.83+0.03 
1.37 
1.54+-0.15 
2.57+-0.03 
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® See reference 1 See reference 2 


three direct measurements of the Mo” fission yield 


The remaining fission yields were obtained by multi- 
(2.57/6.14), 


plying the “pseudo fission yields” by 
or 0.4186. 

In Fig. 2 major contributors to the fission yield 
curve are plotted versus mass number, while ali of the 
fission yield data are plotted in Fig. 3. The yield curve 
represents what the author considers to be the best 
curve that can be drawn through the experimental 
points. Integration under the curve of Fig. 2 gives a 


value of 98.4%, which indicates that the data are at 


ISSION YIELDS OI 


Cyzee 


Spontaneous fission yields of Cf. 


Fission yield % 
Correction Glendenin 
for fract and 


chain yield Steinberg* Cuninghame” 


2.140.3 
3.0+0.45 
41+08 


—- =) i) 

ON wu Oo ht Nm 
_ e laa 
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Cow sz 


0.10 
0.01 
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—nol > 
oe 
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0 
0.02 
0.001 
0.052 
0 
0.09 
0.01 


2.8+0.4 
4.8+0.7 
4.2406 
40+0.6 
0 


(independent yield 


0 


0.01 6.340.9 


6.2+0.9 


7.8+1.5 
7.4+1.5 
4.0+0.8 


1.3+0.3 


least consistent to +2%. In addition, there is a suffi- 
ciently large number of points, so that the curve may 
drawn with a fairly high degree of reliability. 

The fission yield curve of Fig. 3 has several very 
interesting features. Comparison with the yield curve 
for the thermal-neutron fission of U¥* shows that the 
mass numbers of the maxima of the heavy-mass peaks 
of Cf? and U* nearly coincide, while that of the 
light-mass peak of Cf is approximately 13 mass units 
larger than that of the corresponding U™ peak. 

While the maximum of the Cf heavy-mass peak 
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Ce hypothesize that these forces will operate to give a 
Ath { curve in the same position and of the same shape for 
{ Cf. To a fair approximation, the light-mass sides of 
eo j \ | the Cf?” and U™® peaks are parallel. If a line is drawn 
; j My parallel to the he ivy-mass side of the U5 peak and 
} j , joining the Cf*® curve at the point where the concavity 
J ; | begins, the difference between this line and the measured 
‘ \ Cf?® curve may be considered 1 deviation from the 
hn ae “standard peak shape.” 
oo ooo te Treatment of the curves in this manner is shown in 


Fig. 4. The deviation from “standard peak shape”’ is a 
Fic. 2, Cf spontaneous fission yield as a function of mass curve with a maximum at about mass 154 (mirror 
number. @ Light-mass-peak points. © Heavy-mass-peak points 9 “1 = ; . 

? Ss ) this sort ¢ t | } n US ¢ 
sciieead iets dees SD ma 4). While this sort of treatment is tenuous at 


best, it seems improbable that this value would be in 
appears at roughly the same mass number as that of “T° by more than a few mass units. 
U*, the peak itself is significantly wider; the “full 














width at yy maximum” is approximately 6 mass units se ' ' ; 
greater than that for U™*. Since this added width is : » Pe aan, ; 
all of the heavy-mass side of the peak, the more asym- ' F \ ; 
metric types of fission would seem to be much more } / \ as 4 
probable in the spontaneous fission of Cf* than in i 

the thermal-neutron fission of U™*®, z | "DEVIATION" : 

The striking similarity between the Cf? and U* F I*\—— j 
curves in the region of masses 125-140 emphasizes FISSION T {\ \ 4 
once again that the extra stability of nuclides in this — | | \ 
region may be playing a most important part in the r \ 1 
low-energy fission process. The fact that the light-mass * h | \ Zl 
side of the Cf heavy-mass peak is so similar to that F | : 
for U™*, and that there is a concavity in the Cf?” ' 7 
curve in the region of mass 150, leads to the « onjec ture r j \ 4 
that perhaps the curve for the heavy-mass peak 1 \ \ 4 
actually a sum of two separate kinds of asymmetric “ , | 

io ' om 
fission. : : 

If there are forces at work in the thermal-neutron i / 4 
fission of U™* that conspire to determine the position | 1 
and the shape of the heavy-mass peak, one may | 4 

1 
tg ol ed gh 
| oo, a MASS NUMBER 
wien, squveens 
* Pi { } ‘ lic. 4. Analysis two ‘ t fission peak 
f ‘ 

i / No very strong argument can be made for the 
vane’ t BR \] | validity of this two-component-peak hypothesis except 
- | that the experimental peak shape suggests that it 

- | , t} \ | might be so. Mass 154 and 94 are nct near any closed- 


shell configuration, and there is no known reason for 


d | assigning any special preference to these masses in the 
oT fission of Cf*. It will be interesting to see whether 
| » calculations currently in progress in Berkeley on 


= | , |, refinements of the liquid-drop model for fissioning 
: i a nuclei will be able to shed any light on this matter. 
a ee The minimum fission yield in the trough between 
the two peaks has not been measured directly in these 
Fic. 3. Cf spontaneous fission yield as a function of mass @Xperiments. Since Sn” lies within one mass unit of 
number. = ag sap ge dp nr hoy on 7 The the minimum, the fission yield for mass 124 should be 
curve as drawn i metrical about mase 124.1. The vield curve <8 10-*7, ‘The trough itself is much narrower than 
comparison has been observed in any other type of fission, having 








MASS NUMBER 








SPONTANEOUS | 
a “full width at 10 times minimum” of 5 mass units, 
as compared with a value of 18 mass units for U™®. 

One feature of the curve that is somewhat uncertain 
is the fine structure at masses 113 and 135. During the 
course of the experiment, when it became apparent 
that there might be an irregularity in this region, 
special effort was made to obtain the most precise 
numbers for the fission yields of the masses in question. 
Thus it was necessary to take into account several 
factors which could easily have contributed a systema- 
tic error to the final yield values. One of the chief 
sources of this type of error is incomplete chemical 
exchange between the fission fragment and the carrier 
used in the radiochemistry. Another is the error 
inherent in resolving a multicomponent decay curve, 
especially where activities of similar half-lives are 
involved. A third source of error involves the difficulty 
in measuring the total chain yield when parent and 
daughter nuclides of approximately equal half-lives 
are present and the daughter is to be separated as the 
chain yield. 

The elements separated in the fine-structure region 
are Pd, Ag, and I. To ensure exchange in the Pd 
samples the collector plates were dissolved in the 
presence of Pd carrier in HCI-HNOs, and the Pd was 
reduced to the metal and redissolved in the same 
solution before any further chemistry was done. The 
Ag targets were dissolved in acid and made basic with 
NH,OH as an exchange step, while the I targets were 
dissolved in NaOH and oxidized with NaOCl before 
the IO; carrier was reduced to I~ in dilute HNOs. 

To minimize errors in analysis of the decay curves, 
all counting data were placed on punched cards and 
processed through an IBM-650 calculator using a 
least-squares analysis. Length of collection time and 
time of separation were chosen to minimize Ag'” 
activity in the Ag"* samples and I*-Xe" activity in 
the '* samples. 

Preliminary measurements indicated that fission 
yields for the mass-135 chain that were obtained 
through measurement of I would probably not be 
very accurate. The decay curves had a minimum of 
five components, and resolution was very uncertain for 
the 6.7-hr I and its 9.2-hr Xe'** daughter. The final 
mass-135 chain yield was obtained by measuring the 
separated Xe” activity. 

For collection times greater than several hours, the 
mass-135 decay chain can be represented by 


where A; and ), are the decay constants, and m; and nz 
the number of atoms of I and Xe", respectively. 
R, is the independent rate of formation of Xe, and 
R, is the rate of formation of I'* plus all of its pre 
cursors in the mass-135 chain. 
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Development of the growth and decay equation gives 


Ri+R;, R, 
(1—e~***) |-—— 


\ AoA 


R, 
er (1—e 9) (eM F—e-'T) (2) 
Ao Ay 


(eT) 


for the number of atoms of Xe" present at time 7 
after the end of a bombardment of length ¢. If the 
length of bombardment and the time of the I-Xe 
separation are such that 


e aT (¢ Ait € Aat) (1 € Mt) (¢@ MT_¢ MT) (3) 


then Eq. (2) reduces to 
R,+-Ry= nade? / (1—e™). (4) 


The fission yield for the mass-135 chain in Table I 
represents the average of three runs in which the 
bombardment length varied by almost a factor of five 
(4.0 and 19.7 hr) and the corresponding I-Xe separation 
times varied by more than a factor of two (9.5 and 
4.2 hr). The average deviation of the fission yields for 
these three runs is less than two percent. 

This method of separating an element at a time 
that is dependent on the length of bombardment was 
also used on the 131 and 133 chains. No difference 
was found between yields calculated in this manner 
and those determined by more conventional means, 

The palladium fraction was separate in five different 
experiments, silver four, and iodine three, as shown in 
Table I. While it may be possible to draw a smooth 
curve without fine structure through the points in 
Fig. 2, it is necessary to ignore the Pd" yield to do it. 
The author feels that the nuclides in question have 
been measured often enough, the experimental condi- 
tions have varied widely enough, and the average 
deviation is small enough so that the fission yield 
curve (including fine structure) drawn in Fig. 2 is the 
most precise one that can be drawn through these 
points, 

If the curve is indeed an accurate representation of 
fact, then it is unfortunate that the fine structure 
should fall just where it does. The minimum is only 
one mass unit wide, and while the Pd"? can be measured 
without great difficulty, its mirror mass, 136, cannot 
be measured at all by radiochemical methods. Thus 
the existence of the fine-structure peak is dependent 
almost entirely on the value for the Pd" yield. 

It is possible that a low value for the Pd" yield 
may be caused by fractional chain yield losses inherent 
in the radiochemical method. If a sufficiently large 
percentage of the primary fission fragments with 
mass 112 has atomic numbers greater than 46, then 
Pd'™ will not be an accurate measure of the total 
chain yield. Unfortunately the author knows of no 
direct measurements of yield as a function of atomic 





1690 











i i 
ew 7 
ass wumeee 


Fic. 5. Comparison of Cf spontaneous fission yield data 


number for a 
of Cf?®, 

In order to get some feel for the size of the corrections 
involved, the “equal chain length” hypothesis of 
Glendenin, Coryell, and Edwards,* as modified by 
Nethaway,’ has been used to calculate the corrections 
to the measured chain yield, and the data are included 
in Table I. Inspection shows that in almost all cases 
the correction is insignificant. Pd' has the largest 
correction, but even the sum of the measured Pd!” 
yield and the fractional chain yield correction gives a 
total mass-112 chain yield value (3.75%) which is 
considerably less than the mass-113 yield (4.2%). If 
a smooth curve is to be drawn without fine structure, 
the mass-112 yield should be at least 4.5%. It may 
well be that the Gaussian curve that was used to 
calculate the correction is too narrow and that the 
correction should be larger, but the author feels that 
more conclusive evidence is needed as to exact size of 


given mass in the spontaneous fission 


the correction before too much reliance is placed in 
its accura y. 

As an aid to rationalization after the fact it may be 
noted that a primary-fission fragment having a mass 
of 135 and the same neutron-to-proton ratio as Cf 
would contain 82.5 neutrons. Thus the extra stability 
of the 82-neutron shell could conceivably be contribu- 
ting to the fine structure in the heavy-mass peak and, 
in a complementary fashion, in the light-mass peak. 

Comparison of the present data with previously 
reported yields does not help a great deal in this 
particular matter. The yields of Glendenin and 
Steinberg! and Cuninghame? are shown in Fig. 5 and 
listed in Table I. The Cuninghame data agree quite 
well with the curve, but none of the elements in the 
fine-structure region were reported. The Glendenin 


®L. E. Glendenin, C 
chemical Studies: 
Company, Inc., 
Nuclear Energy 
Div. 4, p. 489 

7D. R. Nethaway, thesis, Washington University, September, 
1959 (unpublished) 


D. Coryell, and R. R. Edwards, Radio- 
The Fission Products (McGraw-Hill Book 
New York, 1951), Paper No. 52, National 
Series, Plutonium Project Record, Vol. 9, 
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and Steinberg data show reasonable agreement in 
both the light- and heavy-mass peaks, but the limits 
of error are so large that no conclusive statement can 
be made as to the existence or nonexistence of a fine- 
structure peak. It should perhaps be emphasized that 
the Cf*® source with which Glendenin and Steinberg 
had to work was so small (several thousand fissions 
per minute) and the counting rates of their samples 
so low that the fact that there is as much agreement 
as there is between their yields and the present data 
is quite remarkable. 

The curve of Milton and Fraser* in Fig. 5 was 
obtained by time-of-flight measurements on Cf?* fission 
fragments. While the general agreement with the 
present data is quite good, one cannot reasonably 
expect fine structure to be discernible by this technique. 

During the course of the present experiments it was 
tentatively reported from Berkeley that Cf? ternary 
fission tracks had been seen in nuclear emulsions. The 
first reports indicated a ternary-fission yield as high as 
0.1%. In order to measure the radioactive products 
of these ternary-fission events several elements of 
atomic number less than that of arsenic were separated. 
In no case was any activity seen which could be 
attributed to nuclides formed in ternary fission, and 
upper limits of approximately 10~"% fission yield are 
set for Mg**, K*, Ni®®, and Zn”. While the elements 
separated were rather arbitrarily chosen because of 


their ease of purification, the nuclides should represent 
a fair sampling of the yields in this part of the periodic 
table. Thus it seems reasonable to assume that unless 


the ternary-fission peak is extremely narrow, or the 
ternary-fission products either stable or neutron 
deficient, that the ternary-fission events occur with 
less than 10~*% fission yield. 
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rhe electron spin resonance spectra of nickel and cobalt have been studied in single crystals of MgO. 
Hyperfine structure was detected from the Ni* isotope in the spectrum of Ni‘? and the hyperfine splitting 


1" found to be (8.3+0.4)K10™ cm"! 
formation of Co*! (isoelectronic with Ni‘ 
Comparison between A® and 


constant 


HE nuclear spin of Ni®™ was recently determined 

by Ludwig ef a/.' from a study of the electron 
spin resonance spectrum of nickel as an impurity in 
germanium. They used nickel enriched in Ni® and 
observed a clearly resolved hyperfine quartet, indicating 
a spin J*=§. We have studied the electron spin 
resonance spectrum of Ni** ions in single crystals of 
MgO and have detected a weak structure which may 
be attributed to naturally occurring Ni®. So far as we 
are aware, this is the first report of hyperfine structure 
from unenriched nickel. 

At 77°K the spectrum of Nit? in MgO, as reported 
previously,? consists of a single, isotropic broad line 
(width ~50 gauss) with, at high microwave power, a 
sharp double quantum line superposed at its center. 
The width of this central line is sufficiently small to 
permit observation of hyperfine structure even though 
there is no chance of doing so for the broad (single 
quantum) line. Figure 1 is a record of the spectrum, 
showing two weak lines, equally disposed about the 
central one and separated from one another by 23.94: 1.2 
gauss. These lines have the same width as the central 
one and show a similar dependence of intensity on 
microwave power, i.e., this varies as the square of the 
power, rather than linearly. Their intensity, as a 
fraction of the main line, is found to be (0.38+0.10)%, 
which may be compared with the expected value of 
0.31% (the natural abundance of Ni® being 1.25°) 

We assume these weak lines to be the outer pair of 
a hyperfine quartét, the inner pair (shown dotted in 
Fig. 1) being lost in the central line. If this assumption 
is correct, it leads to a hyperfine splitting constant 
1% = (8.340.4) X10 cm". 

To obtain an estimate of the nuclear moment of 
Ni®(u"), this hyperfine splitting may be compared 
with that from a nucleus of known magnetic moment 
and ideally the comparison should be made on an ion 
which is isoelectronic 
choice is Cot! and we have observed the spectrum of 
this ion in MgO at 77°K, following x irradiation of 


* This work was supported in part by the Air Force Office of 
Scientific Research 

1G. W. Ludwig, H. H. Woodbury, R. O. Carlson, Phys. Rev 
Letters 1, 16 (1958) 

2 J. W. Orton, P 


: Auzins, and J. E 
4, 128 (1960) 


Wertz, Phys. Rev. Letters 


with Nit*?(3d*). One possible. 


X irradiation of cobalt-containing crystals results in the 
The hyperfine splitting constant A® is 
i" yields a value of 0.30+0.02 nm for the nuclear moment of Ni*. 


54.0+0.2) K10™ cm". 


samples containing Co**. It consists of eight hyperfine 
lines (J”= ) spaced approximately 55 gauss apart 
and, at large microwave powers, each hyperfine compo- 
nent is crowned by a sharp double quantum absorption 
as in the case of the Ni* line. A recording of the 
spectrum is shown in Fig. 2. The sharp line between the 
third and fourth hyperfine components is the double 
quantum absorption from Ni**: other lines present 
arise from Fe**, Mn*?, and Cr**. It is of interest to 
note that, at low microwave powers, each Cot line 
shows a sharp dip at its center as we found earlier* 
for Ni*. 











| 





Fic. 1. Spectrum of Ni** in MgO showing a broad line with the 
sharp, double quantum line superimposed at its center. The 
position of the Ni®™ hyperfine quartet is indicated at the center 
of the figure, the dotted pair of lines lying under the central one 
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Fic. 2. Spectrum of Cot! in MgO. The eight sharp lines are 
double quantum transitions, i.e, AM=2, Am=0. The double 
quantum line from Ni** lies between the third and fourth Co* 
line. Other lines are due to Fe**, Mn*?, and Cr**. 


The sharpness of the double quantum lines makes it 
possible to measure the g value and hyperfine splitting 
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with considerable accuracy. The results are: g= 
+0.0005, A®= (54.0+0.2) 10 cm“. 

Using the usual formula A = y88y(1/r*),y, and writing 
y=u/I, we calculate the value of u™ from 


(1) 


and R is the ratio (1/r*),,(Co) 


—_ 6 ’ , 7 
where /*=3, / 5 
the measured values of A, we find 


(1/r*).¥(Ni). From 
p@=0.31R nm 

To estimate a possible value for R we may calculate 
it for the case of V*? and Cr** in MgO using the known 
values of the nuclear moments of V™ and Cr®. The 
values of A are 74.3 and 16.2 («10 cin 
tively,’ giving R~0.98, i.e 
we estimate the nuclear moment of 
+0.02) nuclear magneton 
what arbitrary. 


'), respec- 
, very close to unity. Thus, 
Ni®™ to be (0.30 
rhe probable error is some- 


3 J. W. Orton, Report gress in Physics (The Physical 
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The gamma-ray spectra of 30-sec Rh and 8.3 day Ag", which both decay to Pd 


with scintillation spectrometers 


2.352(4+-), 2.46, 2.62, 2.764(5 


Three gamma-gamma angular correlations have also been measured 
results are consistent with the following level scheme for Pd: 0.513(2+ 
or 1.213, 1.563(2+), 1.73(2 or 3), 1.84, 1.88, 1.94(3— or 4+-), 2.01, 2.052(44 


* have been studied 
The 
, 1.131(2+), 1.137(0+-), 1.360 

_ 2.09 (3). 2.28. 2.305 (3 or 4). 


, 2.87, and 3.08 Mev. The transition between the first and second 24+ 
levels was found to consist primarily of £2 radiation. The branching ratio obtained for the 
crossover gamma rays from the second 2+ level is 2.1+0.3. This ratio combined wit ilomt 


cascade to 


» excitation 


data of Stelson and McGowan gives a value of 1.0+0.3 for the ratio B(£2, 2' 2 2-0 


I. INTRODUCTION 
; I ‘HIRTY-SECOND Rh" decays by beta-ray emis- 


sion to Pd, and 8.3-day Ag’ decays by orbital 
electron capture also to Pd'®*. The spin and parity of 
Rh’ have been deduced as 1+ from the comparative 
half-lives of the beta-ray transitions to the 2+, 0.513- 
Mev level and 0+ ground state in Pd'®*.' The spin of 
Ag'® has been measured by Ewbank ef al.’ as 6. Al- 
burger and Toppel* from their investigation of the de- 
* Supported in part by U. S 
Purdue Research Foundation 
'D. E. Alburger, Phys. Rev. 88, 339 (1952 
2W. B. Ewbank, W. A. Nierenberg, H. A 

Silsbee, Phys. Rev. 110, 595 (1958 
D. E. Alburger and B. J. Toppel, Phys 


Atomic Energy Commission with 


Shugart, and H. B 


Rev. 100, 1357 (1955 


cays of Rh'* and Ag'® have proposed the energy level 
diagram given in Fi; . Most of the levels are shown 


Ag 6 


arge difference in the 


as being populated by both Rh’ and This is 


rather surprising in view of the 
spins of the two isotopes. Because of this unsatisfac tory 
situation it was felt desirable 


of Rh and Ag"”*. 


The gamma rays of Rh 


to re-examine the decays 


* given in Fig. 1 include all 
previously reported gamma rays with the exception 


of a 2.28-Mev gamma ray observed by Kahn and Lyon.® 


J. J. Kraushaar a M. G é hy hey &9 
1953 
B. Kahn and W. S$ 
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Fic. 1. Levels and transitions in Pd proposed by Alburger 
and Toppel (see footnote 3). In the center between dashed lines 
are transitions common to both Rh™* and Ag™*. To the left are 
transitions observed only in Rh decay and to the right those 
observed only in Ag'* decay 


Klema and McGowan* have establisned the spin of the 
1.55-Mev level as 2 from their measurement of the 
angular correlation function for the 1.045-0.513-Mev 
gamma-ray cascade. The correlation functions obtained 
by Arfken, Klema, and McGowan,’ by Kraushaar and 
Goldhaber,* and by Klema and McGowan’ for the 
0).624-0.513-Mev cascade are in best agreement with the 
assignment of spin 0 for the 1.137-Mev level ; however, 
in all cases there is a discrepancy between the experi- 
mental function and the theoretical function for a 0-2-0 
spin sequence. From the comparative half-lives of the 
beta-ray transitions which populate the 1.137- and 
1.55-Mev levels,' these levels are expected to have even 
parity. 

Studies by other investigators** of the decay 
of Ag'* confirm the gamma rays given in Fig. 1 except 
those with energies of 1.39, 2.10, and 2.66 Mev. Horen 
and Bosch” have found an additional gamma ray with 
an energy of 2.250 Mev. In a recent paper Bendel" has 
reported that Ag’ decays largely to a level in Pd’ 
at 2.78 Mev. 

Coulomb excitation studies of Pd'* provide additional! 
evidence for the 2+, 0.513-Mev level."? More recent 
Coulomb excitation measurements have revealed a pre- 
viously unreported 1.120-Mev level with spin and parity 
of 2+." 

* E. D. Klema and F. K. McGowan, Phys. Rev. 92, 1469 (1953) 

7G. B. Arfken, E. D. Klema, and F. K. McGowan, Phys. Rev 
86, 413 (1952 

* J. Y. Mei, C. M. Huddleston, and A. C. G 
Rev. 79, 1010 (1950 

*R. W. Hayward, Phys. Rev. 85, 760 (1952 

“1D. J. Horen and H. E. Bosch, Bull. Am. Phys. Soc. 4, 373 

1959) and private communication. 

1 W. L. Bendel, Bull. Am. Phys. Soc. 4, 426 (1959) 

2K. Alder, A. Bohr, T. Huus, B. Mottelson, and A. Winther 
Revs. Modern Phys. 28, 432 (1956). 

8 P. H. Stelson and F. K. McGowan, Bull. Am 
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Fic. 2, Rh singles gamma-ray spectrum. 

In the present work the singles and coincidence 
gamma-ray spectra of Rh'* and Ag™*® have been in- 
vestigated. Gamma-gamma angular correlation meas- 
urements have been made on gamma rays of Ag’. 
Energy level diagrams consistent with the data have 
been proposed." 


Il. EXPERIMENTAL PROCEDURE AND RESULTS 

The gamma-ray spectra were studied with scintilla- 
tion spectrometers. The detectors were 3 in.X3 in. Nal 
crystals which were mounted on 6363 DuMont photo- 
multiplier tubes. The resolution of each detector was 
&% for the 662-kev gamma-ray peak in Cs’, The data 
were taken with a twenty-channel pulse-height an- 
alyzer. For the investigation of the coincidence spectra 
a fast-slow coincidence circuit with a resolving time 
2r of 0.17 usec was employed. 


A. Rh'** Gamma-Ray Spectra 


The Rh’ source material used in this study was in 
an equilibrium condition with 1-yr Ru'®*. Ru’ decays 
to Rh" by the emission of a 39-kev beta-ray group'® 
and thus does not affect gamma-ray measurements. The 
singles spectrum of Rh'* was observed with a source- 
to-detector distance of 14 cm. One-half inch of Lucite 
was placed between the detector and source to absorb 
the beta rays. This spectrum is given in Fig. 2. The 
spectrum was decomposed into eleven gamma rays and 
a continuum. The spectral distributions for the gamma 
rays, as illustrated in Fig. 2, were deduced from the 
spectra of Na™, Y*, Na”, Zn®, Mn™, Cs’, and Be’. 
Gamma rays of these activities were also used as stand- 
ards for energy calibration. We determined the intensi- 
ties of the Kh"* gamma rays by measuring the area 
under each full-energy peak and by correcting for the 
total intrinsic efficiency and peak-to-total ratio of the 
crystal, for absorption, and for gamma-ray summing 


“ A brief account of some of these measurements was presented 


at the 1959 Washington meeting of the American Physical 
Society [R. L. Robinson, F. K. McGowan, and WG. Smith, 
Bull. Am. Phys. Soc. 4, 279 (1959)]. 

‘SH. M. Agnew, Phys Rev. 77, 655 (1950). 
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Rh'* gan 
vith th 


mma-ray spectrum in coincidence 
ve 0.513-Mev gamma ray 


in the crystal. Fhe intensities, which are normalized to 
a value of 100 for the intensity of the 0.513-Mev gamma 
ray, are lable I. The continuum represented 
by a dotted line in Fig. 2 is due primarily to brems- 
strahlung produced by electrons from the high-energy, 


beta-ray groups. 


listed in 


continuum contributes 
to the uncertainty of the gamma-ray intensities (par- 


Such a large 


ticularly those at high energies) and may obscure com- 
pletely some weak gamma rays. 


Paste I. Rh" gan 
Intensities for gam 


intensities 
given for 


relative 
a rays in the singles spectra are 
listances of 14 and 40 cm 


energies and 


ima-Tray 


source-to-detector 


Relative intensity 


ingles spectra 


Mey 14 ¢ 410 cm 


Coincidence spectra 


0.513 Mev 0.624 Mev 


100+4 
3 19+ 4 


$+0.005 100+4 5344 
+0.005 5143 
+002 
+-0.009 
+0.010 
+0.01 
+ 0.02 

§+0.015 
+0.02 
+ 0.03 
+0.03 
+0.03 
+-0.04 


0.17+0.08 
1.1+0.1 1.3+0.1 
6440.6 
<03 <().2 
0.16+0.04 


1.8+0 0.2 
6.8+0 0.4 
24+0.3 3403 


0.63+0.05 
0.19+0.03 
0.10+0.02 
0.13+0.02 
0.17+0.02 
0.03+0.01 


0.65+0.05 
0.20 
0.07 
0.16 
0.20 


0.03 
0.03 
0.04 
0.03 


0.020+0.003 
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As a large fraction of the peak at 1.13 Mev in Fig. 2 

0.513- and 0.624-Mev 
) observed for a 


is a sum peak of the intens« 

gamma rays, the spectrum wa 
source-to-detector distance of 40 cm. In this spectrum 
e 0.513-0.624-Mev 


€ approximately as 


the sum peak is relatively smaller. (TI 
gamma-ray sum peak would 

the fourth 
whereas the 1.13-Mev peak result 
of that energy would decrease approximately with the 
square of the distance.) The intensities of the 


were de 


power of the source-to-detector distance, 


ng Irom a gamma ray 


lower 
energy gamma rays termined from this spectrum. 
They are included in Table I. The 
Mev gamma-ray intens 


values for the 1.13- 
ty obtained in the two runs are 
value is similar to that 
given by Kahn and Lyon,’ but it is larger than the value 


of 0.8 given as an upper limit by Alburger and Toppel.’ 


in good agreement. The average 


The gamma-ray spectra which were measured in coin- 


and 0.624-Mev gamma rays are 


cidence with the 0.513 


shown in Figs. 3 and 4 distance between the source 


and each detector was 5 « Che coincidence spectra 


reveal peaks which ar¢ served in the singles spec- 
19 Nev here o some indication 
with both 


intensities 


trum at 0.71 and 1 
of an ~1.2-Mev g 
the 0.513- and 0.624-Mev gamm ray Phe 
of the gamma ra 
Table I. 


the coincidence 


imma In coincidence 


pec tra are given in 


A correct ir correlation between 


been applied where 


the correlation f A correction has 
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also been made for coincidences with pulses which gated 
the multichannel but were not produced by gamma rays 
in the full-energy peak of interest. Such pulses were 
produced by higher energy gamma rays which were 
Compton scattered in the crystal and by bremsstrahlung 
An energy level diagram for Pd'* which incorporates 
the results tabulated in Table I is shown in Fig. 5. The 
position given for the 1.13-Mev gamma ray is the only 
one compatible with our data. The intensity of a gamma 
ray of approximately this energy which originates at 
the 2.28-Mev level, as suggested by Kahn and Lyon 
and by Alburger and Toppel,’ is less than 0.3. Since the 
1.137-Mev level is known to have spin and parity of 
0+,'° the 1.13-Mev gamma ray does not originate at 
this level (emission of a single £0 transition is strictly 
forbidden). The level from which the 1.13-Mev gamma 
ray originates is probably the same as the 24+, 1.120- 
Mev level which was found to be Coulomb excited.” 
Population of this level by the decay of Rh'’* explains 
the difference observed between the experimental cor 
relation function for the 0.624-0.513-Mev cascade® and 
the theoretical correlation function for a 0-2-0 sequenc 
The drop in the observed intensity of the 0.876-Mev 
gamma ray between the singles and coincidence spectra 
indicates that it populates the 1.13-Mev level rather 
than the 1.137-Mev level. It was not possible from our 
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Fic. 5. Energy level diagram of Pd™ based on the present ir 
vestigation of Rh”*. The pair of numbers associated with each 
transition gives its energy in Mev and relative intensity. 
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at which of the two levels the 0.71- 
and 1.95-Mev gamma rays terminate. 


data to determine 


The values for the 1.95-Mev gamma-ray intensity 
obtained in the singles and coincidence spectra suggest 
that there are two gamma rays of approximately this 
energy. The less certain of the two is shown as a dotted 
line which originates at the 3.08-Mev level in Fig. 5. 

It was not possible to resolve the full-energy peaks 
of the 0.62- and 0.624-Mev gamma rays which originate 
at the 1.13- and 1.137-Mev levels, respectively. (The 
intensity for the 0.624-Mev gamma ray given in Table 
I includes that of the weaker 0.62-Mev gamma ray.) 
However, an estimation of their relative intensities can 
be made from the angular correlation function deter- 
mined by Klema and McGowan® for the 0.624-0.513- 
Mev gamma-ray cascade. If the 0.62-Mev gamma ray 
is assumed to be a pure £2 transition, their angular 
correlation function is obtained with the addition of 
90.6% of the theoretical correlation function for a 0-2-0 
spin sequence and 9.4% of the theoretical correlation 
function for a 2-2-0 spin sequence. This gives values of 
4.9+1.3 and 47 +3 for the 0.62- and 0.624-Mev gamma- 
ray intensities, respectively. 


B. Ag'’* Gamma-Ray Spectra 


Ag* was produced in the Purdue University cyclo- 
tron by an (a,m) reaction on rhodium metal foil, 0.002 
inch thick. The energy of the alpha particles was ~15 
Mev. Care was taken to remain below the 16.2-Mev 
threshold of the reaction Rh'(a,2n)Ag™.'* The bom- 
barded foil was heated in molten Na»O». The rhodium 
did not dissolve appre iably; however, ~10% of the 
Ag'®* produced was removed from the foil. Silver carrier 
was added and the AgCl was precipitated. The AgCl 
was dissolved in concentrated NH,OH and a Fe(OH), 
scavenge was made. Palladium and cadmium holdback 
carriers were added and the AgCl was precipitated again. 
The Fe(OH), scavenge and the AgCl precipitation were 
repeated. The AgC! was metathesized to Ag2O by adding 
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Fic. 6. Ag singles gamma-ray spectrum. 


‘H. L. Bradt and D. J. Tendam, Phys. Rev. 72, 1117 (1947) 
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Taare I] 


Singles 
spectrum 


E 
(Mev) 0.215 0.513 0.618 


0.215+0.006 
0.31 +0.02 
0.410+0.005 


10+3 


0.456+0.007 
0.51340.005 
0.618+0.006 
0.700+0.010 
0.725+0.007 
0.739+0.012 
0.751+0.012 
0.783+0.012 
0.81 +0.01 
0.847+0.012 
1.050+0.010 
1.13 +0.01 

202+0.012 


7147 


26+4 
16+3 
36+3 


19+3 


227+0.012 
38 +0.02 
537+0.015 


1 

1 1.8+0.6 
1 

1.56 +0.02 

1 

1 

1 


» 27+1 


ves J 


58 +0.02 

73 +0.02 

83 +0.02 
>1.9 


1.9+0.5 
3340.3 


<0.25 


* Only parts of these spectra were observed. Thus, lack of a “yes 
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(1.3+1.0) 
1.1+0.6 


16+2 


AND SMITH 


\g”* gamma-ray energies and relative int 


Relative intensity 
Spectra in coincidence with gamma rays of 
0.725 


O.81° 1.050 


(0.7+0.6 


(1.71.3) 


6+4 


6+3° 


1.3+0.4 


does not mean the corr 


Part or all of the intensity of each of these gamma rays is believed to result fror 


* These spectra are i incidence with composite gamma rays 


NaOH. The Ag, was dissolved in concentrated HNO; 
for the preparation of sources. 

The singles spectrum of Ag'® was observed for a 
source-to-detector distance of 14 cm. This spectrum is 
shown in Fig. 6. A second measurement of the spectrum 
was made with the same source three weeks later. All 
gamma rays were found to decay with the half-life 
characteristic of Ag'®*. The half-life obtained from these 
measurements is 8.40.2 days. There was no evidence 
of any 40-day Ag’ impurity. 

The singles spectrum was decomposed and intensities 
were determined in the same manner as described for 
the singles spectrum of Rh'*. The peaks at 0.725, 1.213, 
and 1.544 Mev all appear too wide to be the peak of a 
single gamma ray. The gamma-ray intensities are given 
in Table II. They are normalized to a value of 100 for 
the intensity of the 0.513-Mev gamma ray. The 2.10- 
and 2.63-Mev gamma rays which were reported by 
Alburger and Toppel® were not observed. The intensity 
of the 2.250-Mev gamma ray found by Horen and 
Bosch” is compatible with the upper limit that is given 
in Table II for the intensity of any gamma ray of 
energy greater than 1.9 Mev. 

rhe gamma-ray spectra obtained in coincidence with 
the 0.513-, 0.618-, 0.725-, 0.81-, 1.050-, 1.21-, and 1.54- 
Mev gamma rays are illustrated in Figs. 7 and 8. The 
distance between the source and each detector was 5 cm 
except for the spectrum in coincidence with the 0.618- 
Mev gamma ray. For this spectrum the distances be- 


of these energi« 


tween the source and the two detectors were 5 and 14cm 
The spectra were decomposed and the intensities deter- 
mined. Intensities which are normalized to a value of 
100 for the 0.513-Mev gamma ray are given in Table IT. 
Corrections [ with 


gamma rays which were not in the full-energy peak of 


have been made for coincidences 
interest. This explains why no intensities are included 
in Table II for some peaks which appear in the coinci- 
dence spectra in Figs. 7 and 8. Parts of the spectra in 
coincidence with the 0.215- and the 1.83-Mev gamma 
rays were also investigated. The presence of a coinci- 
dence gamma ray is denoted by a “yes” in Table II. 
A study of the coincidence spectra reveals that the 
peaks at 0.725, 0.808, 1.213, and 1.544 Mev in the 
singles spectrum are each the result of two or more 
gamma rays. The presence of two gamma rays with 
energies of ~1.21 Mev has previously been established 
by Alburger and Toppel.’ They found internal conver- 
sion electron lines which corresponded to 1.205- and 
1.225-Mev transitions. 

An energy level diagram compatible with most of the 
results tabulated in Table II is given in Fig. 9. Intensity 
values in parentheses in Table II should be zero if the 
energy level diagram is complete. In every case it has 
been necessary to apply large corrections to these values. 
The resulting values are small and have large errors. 
A value of zero for each of these intensities is thus not 
in poor agreement with our data 


The 0.513-, 1.131-, and 1.563-Mev levels in Fig. 9 are 





DECAY OF |! 
probably the same as those populated by Rh. Failure 
to observe the 1.73-Mev gamma ray in coincidence with 
the 0.513-Mev gamma ray indicates it is a ground-state 
transition and thus a level is placed at 1.73 Mev. The 
presence of the 1.94-Mev level is inferred from the coin- 
cidences found between the 0.81-Mev gamma ray and 
the 0.618- and 1.13-Mev gamma rays. The weak 0.751- 
Mev gamma ray observed in coincidence with the 0.618- 
Mev gamma ray has been tentatively suggested as de- 
exciting a level at 1.88 Mev. However, our data does 
not eliminate the possibility that the 0.751-Mev gamma- 
ray terminates instead at the 1.94-Mev level. 

From the spectra in coincidence with the 0.513-, 
0.725-, and 1.54-Mev gamma rays, the 0.725-, 1.537-, 
and 0.513-Mev gamma rays are known to be in cascade. 
The 0.725-Mev gamma ray is placed highest in the 
cascade in order to be compatible with the coincidence 
found between it and the 1.73-Mev gamma ray. This 
ordering of the triple cascade leads to the proposed 
levels in Fig. 9 at 2.052 and 2.764 Mev. The energy 
of the 0.31-Mev gamma ray, which is detected in the 
spectrum in coincidence with the 0.725-Mev gamma 
ray, agrees with the energy separation of the 1.73- and 
2.052-Mev levels. Additional evidence is given for this 
position of the 0.31-Mev transition by the similarity 
of the 0.31- and 1.73-MeV gamma-ray intensities ob- 
served in coincidence with the 0.725-Mev gamma ray. 
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;. 7. Ag@ gamma-ray spectra in coincidence with the (A) 0.513-, 


B) 0.618-, and (C) 0.725-Mev gamma rays 
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Fic. 8. Ag* gamma-ray spectra in coincidence with the (A) 0.81-, 


B) 1.050-, (C) 1.21-, and (D) 1.54-Mev gamma rays. 


Since the 0.700- and 0.847-Mev gamma rays also have 


similar intensities in the spectrum in coincidence with 
the 0.725-Mev gamma ray, and since their sum energy 
is approximately that of the 1.537-Mev gamma ray, 
they are given as cascade gamma rays which parallel 
the 1.537-Mev gamma ray. The energy of their inter- 
mediate level is 1.213 or 1.360 Mev. 

The 0.456-, 0.513-, and 1.58-Mev gamma rays are in 
coincidence with the 0.215-Mev gamma ray. The sum 
of the energies of these four gamma rays is 2.76 Mev, 
which is the energy of a level already proposed. This 
suggests that the four gamma rays are in cascade. The 
order given in Fig. 9 for the cascade establishes levels 
at 2.09 and 2.305 Mev. This order is selected because 
coincidence between the 1.050- and 0.739-Mev gamma 
rays also indicates the presence of a level at 2.30 Mev. 

Placement of a level at 2.352 Mev is based on the 
coincidences found between the 0.513- and 1.83-Mev 
gamma rays, between the 0.618- and 1.227-Mev gamma 
rays, and between the 1.050- and 0.783-Mev gamma 
rays. The 2.764-Mev level is confirmed by the coinci- 
dences found between the 1.83- and 0.410-Mev gamma 
rays, between the 1.050- and 1.202-Mev gamma rays, 
and between the 0.81- and 0.81-Mev gamma rays. 
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Fic 9 Energy lev 6 | 


tion gives its energ 


diagram of Pd 
in Mev 


and relative intensity 

The 1.38-Mev included in the 
energy level diagram. Although its energy agrees within 
errors with the energy separation of the 1.360-Mev 
of the 2.764 1.360-Mev 
1.88- and 0.513-Mev levels, its position 


gamma ray is not 


level and ground state, and 


levels, and of tl 
cannot be assigned with any certainty on the basis of 
our results 

The 0.847-Mev gamma-ray intensity given in Fig. 9 
is compatible with the value obtained for it from the 
spectrum in coincidence with the 0.725-Mev gamma 
ray; however, the intensity does not agree with the 
value obtained from the singles spectrum and the spec- 
trum with the 0.513-Mev gamma ray. 
lhe discrepancy may arise from the presence of another 


in coin ide nce 


gamma ray of approximately this energy; for example, 
a transition the 2.764- and 1.88-Mev levels 
would have an energy of 0.88 Mev. Such a transition 


between 


with an intensity of <2 would not be in disagreement 


with any of our data. 


For the 0.513-, 1.131-. 1.360-, 1.563-, 1.73-, 


1.94-, 


2,052-, and 2.09-Mev levels, the total intensity of gamma 


rays terminating at each of these levels agrees within 
the errors with the total intensity of gamma rays origin- 
ating at Although the intensities of the 
individual between 0.40 and 0.50 Mev 
could not be dete rmined, the ir total inte nsity is 61+5. 
If the 0.410 
in Fig. 9 ; 


for the larger part of this intensity, 


these levels. 
gamma rays 
and 0.456-Mev transitions, which are given 
2 764-Me v leve l, 


the 2.352 


s de-exciting the 


account 
and 2.305- 


Mev levels are fed predominantly by gamma rays. It 


yased on the present investigation of Ag 





ciated with each transi 


1umbDers ass 


Less certain spin and parity assignmer re enclosed in parentheses. 


thus appears that Ag'®*® de primarily to the 2.764- 
Mev level. This has uggested by Bendel." 
The log ft value obtained for this decay is 5.0 if the 
Mev 
Enns" is used. This comparative half 
istic of an a 


no change 


also hee n 


disintegration energy of 3.1 as determined by 


life is character- 


spin change of 0 or 1 and 


a 
llowed transitior 


in parity 


C. Ag'** Gamma-Gamma Angular Correlations 


angular correlation 


consisted of ~50 microliters 


For the Ag gamma-gamma 
measurements 
of AgNO 
cylindrical fluorothene holder. The source 
from each detector. Data taken every 10° be- 
and 180° or bet and 180°. A least- 
squares fit of lata was mad the function 
W (0)=1+AoP on an IBM 704. The 
results were then ted for the finite 
lution of the dete 

To obtain the correlation for the 0.618-0.513-Mev 
f the spectrum which 
y in coincidence with 
1 0.513 Mev. However, 
this measurement in incidences with gamma 
energy peak. To eliminate 
these coincidences the sam ion of the spectrum was 


solution solution was contained in a 
was 15 cm 
were 


tween 90 ween 270 


} 
angular reso- 


cascade, we first observed 
included the 0.618-Mev gamma r 
gamma rays of energi 


rays not in the 0.513-Mev full 


obse rved in coincident wit ramm: rays of energies 
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Taste III. Angular correlation of the 0.618-0.513-Mev cascade. 


Sequence A; 1, 
—0.052+0.024 
+0.357 
—0.052 
0.052 
0.052 
+0.102 


Experimental 
0(Q)2(Q)0 
1(D+@)2(Q)0 
2(D+4 Q)2 V)0 
3(D+Q)2 V)0 
4(0)2(0)0 


+-0.325+0.035 


+1.143 
0.021 
+-0.326 
0.000 
+0.009 


around 0.56 Mev. The number of counts in the 0.618 
Mev peak in the two coincidence spectra were deter 
mined for each angle and subtracted. The experimental 
angular correlation coefficients for the 0.618-0.513-Mev 
cascade are given in Table III. Also given in Table III 
are the theoretical correlation coefficients which occur 
for different spin values of the 1.131-Mev level. For 
spins 1, 2, and 3 the value of the mixing ratio 6 is chosen 
to give the best agreement between the theoretical and 
experimental coefficients. [6 is the ratio of the intensity 
of the (L+1)-pole radiation to the intensity of the 
L-pole radiation.] The experimental coefficients are 
consistent only with the theoretical coefficients for the 
spin sequence 2(D+(Q)2(Q)0 with 6= 30, in the notation 
of Biedenharn and Rose.” From the errors given for 
the A» coefficient, the approximate limits on the mixing 
ratio of the 0.618-Mev transition are 15 and infinity. 
This transition thus consists of >99.5% E2 radiation. 

The angular correlation coefficients for the 0.725- 
1.537-Mev cascade are given in Table IV. This cascade 
has been proposed is originating at the 2.764-Mev level 
and terminating at the 2+, 0.513-Mev level. Since the 
2.764-Mev level appears to be populated by an allowed 
transition from Ag'®* which has spin 6,? its spin is 5, 6, 
or 7. The theoretical correlation coefficients for functions 
compatible with these spins are given in Table IV. 
Only dipole and quadrupole radiations were considered 
for the lower transition in the cascade. For higher multi- 
poles the anisotropy would probably be appreciably 
attenuated by extra-nuclear effects. The experimental 
coefficients are in best agreement with the theoretical 
coefficients for a spin sequence 5(11% D+89% Q)4(Q)2. 
However, the theoretical coefficients of the sequences 
5(84% D+ 16% Q)4(Q)2, 6(0)3(88% D+12% Q)2, and 
6(0)3(32% D+68% ()2 and the experimental coeffic- 
ients are in sufficient agreement that these sequences 
should be considered as 

rhe composite angular correlation function for the 
1.537-0.513- and 1.58-0.513-Mev cascades was found 


to be 


also possibilities. 


W (8) = 1— (0.27+0.03) P2(cos6) — (0.01+0.04) P4 (cos). 


The 1.537-0.513-Mev cascade probably has the se 
quence 4(Q)2(Q)0. (The argument for a spin 4 assign 
ment to the 2.052-Mev level is presented in Sec. IIL.) 


The theoretical correlation function for this sequence is 


#1. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25 
729 (1953). 
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Paste IV. Angular correlation of the 0.725-1.537-Mev cascade 


Sequence A 2 A ‘ 
0.089+0.031 
0.001 
—0.005 
0.010 
0.053 
+-0.004 
+-0.001 
+-0.009 
0.004 


0.330+-0.022 
0.157 
0.225 
0.330 
0.330 
0.330 
0.330 
0.102 
0.179 


Experimental 


6(0)3 D+0Q 
6(0)3(D+Q 
6(Q0)4(0)2 
7(0)4 Vv 2 


W (6) = 1+-0.102P2(cos@)+0.009P,(cos6). With the as- 
sumption that the contributions of the 1.58-0.513- and 
1.537-0.513-Mev cascades to the composite correlation 
function were in proportion to the intensities of the 
1.58- and 1.537-Mev gamma rays, the correlation func- 
tion for the 1.58-0.513-Mev cascade was determined. 
The coefficients obtained for this correlation function 
are compared with the theoretical coefficients for the 
most likely sequences in Table V. The coefficients for 
the sequence 3(41% D+-59% Q)2(Q)0 agree best with 
the experimental results. 


III. DISCUSSION 


Comparison of the energy level diagrams in Figs. 5 
and 9 indicates only the levels in Pd at 0.513, 1.13, 
and 1.56 Mev are populated by both 30-sec Rh’ and 
8.3-day Ag'®®. Because of the large difference in the 
spins of Rh'* and Ag™*, it is not surprising that so 
few levels are excited by both isotopes. 

Values of the intensities and comparative half-lives 
for the beta-ray groups of Rh are given in Table VI. 
The values for the ground-state group are those re- 
ported by Alburger.' For the other groups the values 
are those expected if our proposed decay scheme is 
correct. The comparative half-lives are all characteristic 
of allowed or once-forbidden, nonunique transitions. 
Since the ground-state spin of Rh'® is 1,' each level 
given in Fig. 5 is expected to have a spin of 0, 1, or 2. 

Estimates of the A-shell internal conversion coeffi- 
cients have been made for transitions of Ag’ for which 
Alburger and Toppel* have given relative internal con- 
version electron intensities. The coefficients which re- 
sulted from the combination of their intensities with 
our gamma-ray intensities were normalized to the pure 
E2 theoretical coefficient for the 0.513-Mev transition. 
| The theoretical value of 4.86 10~* is higher than the 

TaBLe V 


Angular correlation of the 1.58-0.513-Mev cascade 


Sequence 


A; 


0.98+0.33 
031 
0.54 
+0.10 
+-0.18 


As 


—0.05+0.10 
+0.23 
~0.05 
+0.01 
0.00 


Experimenta! 
2(D+Q)2(0)0 
3(D+0)2(0)0 
4(0)2(Q)0 
5(0)2(Q)0 
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Fic. 10. Comparison of K-shell internal conversion coefficients 
for transitions in Pd" to the theoretical coefficients for Z=46. 
k is the gamma-ray energy in units of moc* 


experimental value of (3.51.0) X 10~* as determined by 
Alburger' in his investigation of Rh'*.] These experi- 
mental coefficients are compared with the theoretical 
coefficients” *! in Fig. 10. The flags on the experimental 
points do not include the errors in the internal conver- 
sion electron intensities. These errors are probably 
similar in magnitude to those of the gamma-ray in- 
tensities. For the coefficients of the 0.410-, 0.81-, and 
1.54-Mev transitions, the intensities for the composite 
gamma-ray peaks at these energies are used. The co- 
efficients will be increased if instead the intensity of 
only one gamma ray is used for each coefficient. If the 
internal conversion electron intensity given for the 
0).725-Mev transition contains also the intensity of the 
().739-Mev transition, the coefficient for the 0.725-Mev 
transition will be smaller. For these four transitions of 
energies 0.410, 0.725, 0.81, and 1.54 Mev, the error 
flags given in Fig. 10 are extended to include the pos- 
sible alternatives. 

From these internal conversion coefficients and from 
the information obtained in the present study of Ag’, 
spin and parity assignments have been suggested for 
levels in Pd'* which are populated by the decay of 
Ag"*®. These are given in Fig. 9. The 0.513-, 1.131-, and 
1.563-Mev levels are probably the same levels as popu- 
lated by Rh'** and thus each has spin and parity of 
2+. The internal conversion coefficients for the 0.618- 
and 1.050-Mev transitions are compatible with these 
assignments. The angular correlation function obtained 

™M. E. Rose, Internal Conversion Coefficients 
Publishing Company, Amsterdam, 1958). 

"LL. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [ translation: Report 57ICC KI, issued by 


Physics Department, University of Illinois, Urbana, Illinois 
(unpublished ) } 
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Taste VI. Intensities and comparative half-lives of 


the Rh beta-ray groups 


Terminating 
ievel 


Mev 


Relative 
intensity 


68 
12.6 
1.7 
14.6 
3 
0.06 
0.61 
0.059 
0.025 
0.050 
0.053 
0.006 


for the 0.618-0.513-Mev cascade confirms the spin given 
for the 1.131-Mev level. 

The log ft value (5.0) of the transition which populates 
the 2.764-Mev level and the angular correlation func- 
tion of the 0.725-1.537-Mev cascade suggest that the 
2.764-Mev level has spin 5; however, they also allow a 
spin assignment of 6. This assignment is eliminated by 
the presence of the 1.202-Mev transition between the 
2.764-Mev and the 2+, 1.563-Mev levels. A transition 
between levels of spins 6 and 2 would not compete with 
the other transitions which de 2.764-Mev 
level. As the internal coefficient for the 
1.202-Mev transition agrees better with the theoretical 
curve for £3 radiation than with the curve for M3 radia- 
tion, odd parity is proposed for the 2.764-Mev level. 
If this is correct, the parity of 8.3-day Ag™® is also odd. 

With the spin for the 2.764-Mev level established as 
5, the angular correlation function for the 0.725—1.537- 
Mev is consistent only with spin 4 for the 2.052-Mev 
level. Dipole radiation is excluded for the 1.537-Mev 
transition since it takes place between levels of spins 
2 and 4. With this limitation the conversion coefficient 
of this transition indicates its character is £2. Thus 
even parity is assigned to the 2.052-Mev level. The 
0.725-Mev gamma ray must be an £1-M2 transition 
in order to be compatible with the spin and parity 
assignments of the 2.052- and 2.764-Mev levels. The 
best fit between the experimental correlation function 
for the 0.725—1.537-Mev cascade and the theoretical 
correlation function is that fer which the 0.725-Mev 
transition consists of 11% dipole radiation and 89% 
quadrupole radiation (see Table IV). A somewhat 
poorer but acceptable fit is obtained with 84% dipole 
radiation and 16% quadrupole radiation. The best fit 
has an unusually large amount of M2 to E1 radiation. 
In both cases the £1 transition probability would have 
to be less than that obtained for a single-particle transi- 
tion.” For either dipole-quadrupole mixture of the 0.725- 
Mev transition the internal 


"= J. M. Blatt and V. I 


excite the 


conversion 


onversion coefficient agrees 


retical Nuclear Physics 


52), Chap. XII. 


Weisskopf, The 
(John Wiley & Sons, Inc., New York, 19 
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better with an M1-#2 mixture than with an £1-M2 
mixture. We have no explanation for this inconsistency. 

On the basis of the correlation function obtained for 
the 1.58-0.513-Mev cascade, spin 3 is assigned to the 
2.09-Mev level. The internal conversion coefficient of 
the 0.215-Mev transition, which terminates at this level, 
indicates its character is £1. It then follows that the 
spin of the 2.305-Mev level is either 2, 3, or 4. The 
parity of this level is opposite that of the 2.09-Mev 
level. The presence of the intense 0.456-Mev transition 
between the 2.305-Mev level and the spin 5, 2.764-Mev 
level makes spin 2 unlikely for the 2.305-Mev level. 

Our coincidence spectra suggest that the 0.31-, 0.700-, 
().81-, and 0.847-Mev gamma rays are limited to dipole 
and quadrupole radiations. Transitions of higher multi- 
pole radiations would not be expected to give coinci- 
dence counts because of their longer half-lives. Spins 
compatible with these radiations are 2, 3, and 4 for the 
1.360-Mev level; 2, 3, 4, 5, and 6 for the 1.73-Mev 
level; and 0, 1, 2, 3, and 4 for the 1.94-Mev level. A 
ground-state transition from the 1.73-Mev level rules 
out spins 4, 5, and 6 for this level. A spin assignment of 
0, 1, or 2 for the 1.94-Mev level is eliminated by the 
presence of the intense 0.81-Mev gamma ray which 
de-excites the spin 5, 2.764-Mev level. For either spin 
3 or 4 for the 1.94-Mev level, one of the 0.81-Mev 
gamma rays must be a pure quadrupole transition. This 
fact coupled with the composite internal conversion 
coefficient obtained for the two 0.81-Mev transitions 
suggests one is predominantly an £1 transition and the 
other is an £2 transition. The spin and parity of the 
1.94-Mev level are then either 3— or 4+. 

The conversion coefficient of the 0.410-Mev tran- 
sition indicates it consists primarily of £1 radiation. 
The 2.352-Mev level thus is expected to have even 
parity and spin of 4, 5, or 6. The internal conversion 
coefficient of the 1.227-Mev transition is compatible 
only with the 44+ assignment. 

From Ag’ the branching ratio of the cascade to 
crossover gamma rays from the second 2+ level is 
2.09+0.25. This value was also determined indirectly 
in our study of Rh™*. It was found to be 2.1+0.6. This 
branching ratio combined with Coulomb excitation data 
of Stelson and McGowan" gives a value of 1.00.3 for 
the ratio B(£2,2’-+2)/B(E2,2-40), where B(E2,2’—+2) 
and B(E2,2—0) are the reduced £2 transition proba- 
bilities of the transitions between the second and first 
2+ levels and between the first 2+ level and ground 
state, respectively. The B(M1) for the 0.618-Mev tran- 
sition is £1.54 10~*(eh/2mc)*. Corrections for double 
/:2 excitation and angular correlation effects have been 
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applied to the Coulomb excitation data. However, no 
correction has been made for the interference between 
direct and double £2 excitation of the second 2+ level. 
This interference term could change the value by as 
much as 30%. Several models, which have been pro- 
posed for even-even nuclei in the medium-weight region, 
predict the value of the B(/2,2’—+2)/B(E£2,2—+0) ratio. 
If the first and second 2+ levels arise from quadrupole 
vibrations of spherical nuclei, the value predicted for 
this ratio is 2™ From the axially asymmetric nuclear 
model proposed by Davydov and Filippov,™ the pre- 
dicted value is 1.1. This is for y=26.5° where y is a 
measure of the axial asymmetry of the nucleus and is 
determined from the ratio of the energies of the second 
and first 2+ levels. A model proposed by Raz** in which 
he considers the results when a weak or intermediate 
surface interaction is added to the typical two-particle 
interaction, gives a value of 0 to a maximum of about 
1 for this ratio. 

From the angular correlation function obtained for 
the 0.618-0.513-Mev cascade, the transition between 
the second and first 2+ levels was found to consist of 
greater than 99.5% E2 radiation. This predominance 
of E2 radiation is typical of nuclei in this region and is 
consistent with the proposed models. 

The presence of a 4+ level near the 24+, 1.13-Mev 
level, as predicted by the models of Scharff-Goldhaber 
and Weneser* and of Raz,”* was not observed. However, 
it is possible that such a level is populated by Ag'®* 
but is so near in energy to the 2+, 1.13-Mev level that 
the gamma rays from the two levels cannot be resolved. 
In order to be compatible with the angular correlation 
function obtained for the 0.618-0.513-Mev cascade, the 
excitation of a possible 4+ level is less than 13% of 
the excitation of the 2+ level. The presence of a 0+ 
level near the second 2+ level is predicted only by the 
pure vibrational model of Scharff-Goldhaber and 
Weneser.”* 

The model proposed by Davydov and Filippov™ pre- 
dicts several higher energy levels. From their model 
with y=26.5° the next two levels are at 1.41 and 1.64 
Mev with spins and parities of 4+ and 3+, respectively. 
These levels could correspond to the experimental 1.360- 
and 1.73-Mev levels. 

% G. Scharff-Goldhaber, Proceedings of the University of Pitts- 
burgh Conference on Nuclear Structure, 1957, edited by S. Meshkov 
(University of Pittsburgh and Office of Ordnance Research, U. S. 
Army, 1957). 

“A. S. Davydov and G. F. 
(1958) 

* B. J. Raz, Phys. Rev. 114, 1116 (1959). 

* G. Scharfi-Goldhaber and J. Weneser, Phys. Rev. 98, 212 


1955 


Filippov, Nuclear Phys. 8, 237 
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Interactions of 125-Mev K* Mesons in Nuclear Emulsion* 
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An experimental study of the elastic, inelastic, and charge exchange scattering of A* mesons in nuclear 


emulsion has been made based on 100 meters of track at an average beam ene 
scattering and total cross sections have been used in a diffuse surface optical n 
inelastic distribution has been analyzed by Monte Carlo techniques 
nucleon state and S- and P-wave scattering 
solutions have been found for two different radius parameters. Th 


tering for the 7=1 K 


rg I 125 Mev The elasti« 


nodel calculation and the 
With the assumption of S-wave scat 
for T=0, two best fit 7 =0 phase-shift 
ependence upon radius is small and the 


P-wave phase shifts seem to be important at this energy 


INTRODUCTION 


LTHOUGH a number of experiments have been 

reported! on the interaction of the K* mesons in 
nuclear emulsion in the energy region below 150 Mev, 
few have been accompanied by analyses incorporating 
exact optical model calculations* or detailed studies of 
the inelastic distributions and the associated problem of 
pseudoelastic events.’ There has been no study of the 
dependence of the analysis on the nuclear radius 
parameter. 

We report here on an experiment based on the exami- 
nation of 100 meters of A*-meson track in a nuclear 
emulsion stack exposed to a separated 150-Mev beam at 
the Berkeley Bevatron. The experimental results have 
been analyzed by means of an exact diffuse surface 
optical model calculation and by means of a Monte 
Carlo study of the inelastic scattering distribution. 
These have been used in turn in a A*t-nucleon phase- 
shift analysis. Two nuclear radius parameters have been 
used throughout, and, within the framework of the 
models used, particular care has been taken to include 
second order effects such as double scattering and the 
influence of the exclusion principle. 

Details of the optical model calculations for this ex- 
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periment have been given previously‘ and preliminary 
phase-shift results have been reported earlier’ for one 


nuclear radius parameter. 


I. EXPERIMENTAL PROCEDURE 


A separated beam of 150-Mev Kt was de- 
signed and set up at the Berkeley Bevatron. A schematic 
diagram showing the details of the experimental ar- 
rangement is shown in Fig. 1 


mesons 


Detailed information 
concerning this beam is given by Stork.* An exposure to 
of 118 Ilford G5 600 
of 4 inches 8 inches 

protons ents red the 


this beam was made with a stack 
micron nuclear-emulsion pellicle 
area. During the exposure 4X 10 
1.5-inch long Cu production target. Positive secondary 
particles of momentum 525+9 Mev/c which left the 
target at 58° in a solid angle of 1.9 millisteradians were 
selected by the system. Separation of the momentum- 
selected pions, protons, and A* mesons was achieved 
with a beryllium degrader from which the K* 
Mev /« The exposure 
track per millimeter per 


mesons 
emerged with momentum 420 
yielded approximately one A* 
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Fic. 1 150-Mev 
K*+-meson beam. The target to stack distance was 24 ft 


arated 


4M. A. Melkanoff, O. R. Price, D. H. Stork, and H. K. Ticho, 
Phys. Rev. 113, 1303 (1959 

-O. R. Price, D. H. Stork, a H. K. Ticho, Phys. Rev. Letters 
1, 212 (1958 

*D. H. Stork, Universit f California Radiation Laboratory 
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plate over an area of approximately 3 inches by 2 inches. 
The minimum-track background was approximately 
three per A* track. 

The scanning was carried out by examining a swath in 
each plate perpendicular to the beam flux and one 
centimeter from the entering edge. Each track satisfying 
specified directional criteria and with grain density be- 
tween 1.5 and 2.2 times minimum ionization 
followed until it interacted, scattered, decayed in flight, 
or had traveled four centimeters. At the end of each such 
follow a grain count of 625 grains was taken on the 
primary track. For each interaction or scattering with 
projected angle greater than 3° the space angle of each 
secondary was measured. With the exception of a 
sample of scatters of less than 20 degrees, each second- 
ary was followed to the end of its range or until it 
interacted or left the stack. In the latter cases the 
secondary range was determined by ionization measure- 
ments. Under the initial assumption that one of the 
tracks from an interaction was due to a K meson, the 
end of each stopping track was carefully examined for 
evidence of decay and if no such evidence was found for 
a given event, each secondary was identified by ioniza- 
tion vs range measurements. For those events thus de 
termined to have no K-meson secondaries, multiple 
scattering and ionization measurements were made on 
the primary tracks and if an incoming particle was 
indeed a K meson the event was classified as a charge 
exchange event. 


was 


The energy of the primary K mesoia of each event was 
determined within a standard deviation of 6% by taking 
a weighted average of the energy determined from the 
ionization measurement and that determined from the 
mean residual range of the beam particles at the event 
position. 

The energy of the K meson after interaction or scat- 
tering was determined where possible from the range 
measurement. The Barkas range energy tables were 
used.’ In those cases where the secondary K meson left 
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Fic. 2. K* meson-track path length followed as a function 
of energy. 


7 Walter H. Barkas, University of California Radiation La 
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Fis. 3. Scatter diagram of inelastic scattering events. The circies 
designate events in which no other secondary accompanied the 


scattered K* mesons: the crosses designate events in which there 
were other secondaries 


the stack or interacted or decayed in flight, the residual 
range was determined by ionization measurements. 

The total path length of K-meson track followed was 
93.7 meters after correction for an estimated 0.5% 
contamination due to noninteracting proton and pion 
tracks followed without detection. A histogram of the 
tracklength followed as a function of primary K energy 
is shown in Fig. 2. 


Thirty-one decays in flight were found corresponding 
to a mean life of (1.32+0.23) K10~* second. 


Il. EXPERIMENTAL DATA 


Eighteen charge exchange events were found, in- 
cluding four disappearances in flight. These disappear- 
ances could be decays in flight in which the decay track 
was not seen. However, they occurred well away from 
the top or bottom surfaces of the emulsion in regions 
relatively free from background, and an exhaustive 
search for decay secondaries was made by several ob- 
servers. Our efficiency for finding secondaries from 
stopped K mesons without exhaustive search is 90%, 
and we conclude that these four disappearances are 
most probably charge-exchange events. 

A total of 457 examples were found of K-meson 
scatterings with projected angle greater than 3 degrees 
and of interactions in which the K* meson reappeared. 
We cannot immediately classify each of those in which 
only the K+ meson emerges as either elastic or inelastic 
because of the uncertainty in the measurement of energy 
lost by the scattered K meson. A scatter diagram of the 
ratio of K-meson energy lost, 47, to the primary energy 
Tx versus the laboratory angle of scatter 0), is shown 





rRICE, 





NUMBER 











0.4 
aT 
Tk 
hic, 4. Distribution of fractional energy loss for a sample of K* 
mesons scattered through less than 20° and having no other 
secondaries. The dashed curve is a gaussian with standard 
deviation 0.06 


in Fig. 3. The possible elastic scattering events with 
AT/Tx<0.2 and 6\,»<70° are not plotted. Events 
which were certainly inelastic because of the appearance 
of other secondaries are indicated by crosses.* 

In Fig. 4 is shown a histogram of a sample of the 
possible elastic scattering events with 3°<@),,<20° as 
a function of AT/T«. The majority of these events are 
elastic and the distribution of the fluctuations of energy 
loss is well fitted by a Gaussian curve whose width is 
determined by the standard deviation of the measured 
energy loss as indicated above. The spread comes pri- 
marily from the uncertainty in the primary A energy. 
On the basis of the Gaussian distributions shown in 
Fig. 4, less than half an elastic event is expected with 
measured fractional energy loss greater than 20%. We 
assume each event with AT/Tx>0.2 to be inelastic. 
Because of the uncertainty in energy loss measurement, 


however, some inelastic events with small energy loss 


and no additional secondaries will be masked by the 
elastic distribution. Although a more accurate estimate 
of the numbers of inelastic and elastic events is obtained 
by means of the detailed analysis described below, we 
have made a preliminary estimate of a total number of 
132 inelastic events corresponding to a reaction cross 
section of 299+ 26 millibarns per emulsion nucleus (ex- 
cluding hydrogen). The corresponding preliminary esti- 
mate for do/dQ is given in reference 4 and will not be 
repeated here. These initial results were used to perform 
a preliminary optical model analysis as described in 
Part ITT. 

The remaining experimental result is the distribution 
in energy and angle of charged secondaries other than 
K mesons from the K-meson interactions. It is instruc- 
tive to plot in a scatter diagram the ratio of the kinetic 
energy of the fastest prong (assumed to be a proton) to 
the incident K energy 7,/7x versus its space angle 
relative to the incident A direction. Such a diagram is 
shown in Fig. 5(a) for charge-exchange events and in 
Fig. 5(b) for noncharge-exchange events. We have made 
no quantitative analysis of these data, but remark that 

* Those events having a recoil track which satisfies the kine 


matics of elastic scattering of the K meson with a light emulsion 
nucleus are not included in this category 
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the distributions suggest that the charge exchange cross 
section is peaked forward relative to the K*-proton 
cross section. This is derived from the assumption that 
the majority of the faster protons in the noncharge- 
exchange distribution come from a primary K+*-proton 
scattering. The qualitative indication of a forward- 
peaking-charge-exchange cross section supports the 
phase-shift results of Part IV below. 


Ill. ANALYSIS OF THE RESULTS 


We wish to apply an optical model analysis to the 
elastic scattering and reaction cross section and, further- 
more, to analyze the distribution in energy and angle of 
inelastically scattered K mesons in terms of the average 
K-nucleon-scattering However, 


angular distribution. 





Fic. 5. Scatter diagram of relative energy and laboratory angle 
of fastest secondary other than a K* meson for (a) charge exchange 
events and (b) noncharge exchange inelastic events. 7/7 K; is the 
ratio of secondary energy (assuming the secondary to be a proton) 
to the incident A* energy 
these two procedures are interdependent, since the 
optical model calculation requires a clear distinction be- 
tween inelastic events and the elastic distribution, and 
this distinction must be based on a study of the inelastic 
distribution. Conversely, the analysis of the inelastic ally 
scattered K mesons requires a knowledge of the real part 
of the nuclear potential obt 
The effects of these 
ciently small such that a 


ined from the opti al model. 
nterrelations are however sufti- 
method of successive approxi- 
mations may be easily applied 


1. Preliminary Optical Model Analysis 


We start with a preliminary optical model analysis 


the initial estimates of the reaction 
section and of the elastic 


based on cross 
scattering cross section given 


in the previous section. The diffuse-surface optical 
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model with the Saxon potential was used. The details 
are fully described elsewhere‘ and we give in Table I the 
results for the central real potential, V, and the central 
imaginary potential, W, for values of the radius parame- 
ter Ro=1.07f and 1.20f and for a surface-thickness 
parameter a=0.57f. These values for the real potential 
were used to determine the kinetic energy of the K 
meson inside the nucleus for the analysis of the inelastic 
scattering distribution. In addition, a preliminary phase- 
shift analysis was carried out analogous to that of 
Part IV. For this preliminary analysis only the parame- 
ters V, W, the K-proton cross section, and the charge- 
exchange fraction were used. The results are d90= — 20°, 
5;0= — 10°, and 6,;;=5;3= 15° (where the notation is that 
of Part IV). These preliminary phase-shift values were 
used only to estimate the variation of mean free path 
with kinetic energy for the K meson inside the nucleus. 
This was needed for the double scattering calculation 
given below. The usual linear and cubic momentum 
dependences of the phase shifts were assumed. 


2. Inelastic Scattering Distributions 


We proceed next to the analysis of the distribution in 
energy and angle of the inelastically scattered K mesons 


TABLE I. Results of the preliminary optical model analysis 


Ro J WwW 


21 Mev 
15 Mev 


With the assumption that these inelastically scattered 
mesons came from the scattering by a single nucleon, 
attempts have been made to determine the angular 
distribution for the K-nucleon scattering in the K- 
nucleon center-of-mass system by (a) neglecting the 
nucleon motion in the nucleus,’ (b) calculation of the 
most-probable center-of-mass angle for each event,'® 
and (c) transformation of various center-of-mass angu- 
lar distributions to the laboratory system by Monte 
Carlo techniques.* While the effects of the target- 
nucleon momentum distribution and of the exclusion 
principle on the nucleon final state have been included 
in (b) and (c) above, according to our study double 
scattering within the nucleus has been neglected or 
underestimated. 

In order to calculate the expected distribution of 
inelastically scattered K+ mesons for chosen A* meson- 
nucleon scattering cross sections we have used a square- 
well nuclear model with central potentials found in the 
preliminary optical model analysis. The nucleon mo- 
mentum distribution was taken to be that of a Fermi 
degenerate gas with maximum energy T= 25 Mev. 

* J. E. Lannutti, S. Goldhaber, G. Goldhaber, W. W. Chupp, S 
Giambuzzi, C. Marchi, G. Quareni, and A. Wetaghin, Phys. Rev 
109, 2121 (1958). 


” B. Bhowmik, D. Evans, S. Nilsson, D. J. Prowse, F. Anderson, 
D. Keefe, A. Kernan, and J. Losty, Nuovo cimento 6, 440 (1957). 
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Fic. 6. Mean free paths for two optical model radii as a func 
tion of energy—used in the double-scattering Monte Carlo 
calculations 


A Monte Carlo calculation was carried out in which 
individual K* mesons of initial energy 125 Mev were 
followed through the nucleus. Refraction at the bound- 
ary was neglected as justified by Grilli et al.,* but the 
K*+-meson energy was reduced by the repulsive optical 
model potential plus 11 Mev to take account of the 
Coulomb barrier. The first scattering was described by 
an averaged bound-nucleon cross section 


da/dQ= A+B cosé+-C cos’, 


where B/A and C/A are parameters to be fit. Second 
scatterings, which occurred in 25 to 30% of the cases, 
were taken to be isotropic. In any case scatterings for 
which the final nucleon energy was less than 25 Mev 
were excluded 

To determine the probability of a K-meson interaction 
in the nucleus an energy-dependent mean free path was 
used. It was evaluated from the expression A= (po#d)~' 
where po is the central nuclear density and é@ is the 
mean attenuation cross section per nucleon. The cross 
section é was taken to be the free-nucleon cross section 
determined from the preliminary phase shifts; # ac- 
counts for flux and exclusion principle effects and was 
taken to be the Sternheimer factor" ; #= 1—0.78(T ¢/T x) 
for K* energies above 40 Mev. At lower energies the 
expression fails and we have extrapolated 4 smoothly to 
zero (at the lower energies there is negligible scattering 
so that the extrapolation is not critical). The resulting 
mean free path used in the calculation is shown as a 


Taste II. Example of x* fit to the inelastic distribution. 


Predicted number 
Number of Single Double 
observed events scatter scatter Total 


I 10.6438 10.0 11.8 
il 21.244.6 13.6 18.9 
Ill 18.8+4.3 15.8 19.8 
IV 31.0+5.6 17.1 31.1 


Region 


Total 81.6 56.5 


81.6 


'R. M. Sternheimer, Phys. Rev. 106, 1027 (1957). 
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Fic. 7. Contours of constant x? on a C/A versus B/A diagram. 
In Fig. 7(a) the effect of double scattering has been neglected. In 
Figs. 7(b) and 7(c) double scattering effects have been taken into 
account for radius parameters 1.07f. and 1.20f. The x* value for 
each contour is labeled 


function of 7x in Fig. 6 for the two radii tried in these 
calculations. 

In order to facilitate comparison of the calculated 
inelastic distribution for a given B/A and C/A with the 
experimental observations, the inelastic scatter diagram 
of Fig. 3 was divided into the four regions labelled 
I, Il, 11, and IV, and a x? test was performed on the 
relative numbers of events in these intervals.” Several 
events of small final energy (A7/T near 1) give evidence 
of scattering in the diffuse nuclear surface. These have 
been redistributed to give the total numbers of events 
shown in Table II for comparison with the square well 
calculations. An example of x? comparison is also shown 
in Table II and illustrates the effect of double scattering 
at these energies. These results are for B/A=C/A=0 
and for radius parameter Ro= 1.07f. 

Contours of constant x? in the B/A, C/A space are 
shown in Fig. 7. In Fig. 7(a) double scattering was 
neglected. Good fits are found near isotropy although a 
fairly broad range of parameters is acceptable for the 
one degree of freedom. Although the internal momentum 


@\t should be noted that the region AT /7<0.2 and @<70° is 
excluded in order to preclude uncertainty due to pseudoelastic 
events. The boundaries of the four regions were chosen in order to 
achieve a maximum sensitivity of the test to the angular distribu- 
tion: the boundaries approximately follow loci of constant most- 
probable center-of-mass scattering angle. 
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the double 
scattering also has an important smearing effect. The 
appreciable backward peaking found by Grilli et al. 
gives a very poor fit when double scattering is taken into 
account. 


distribution contributes to this broadening, 


3. Adjusted Value of the Optical Model Potential 


The above analysis also permits one to calculate the 
number inelastic scatterings with A7/7'<0.2 and with 
Ais» < 70° for the best fit parameters B/A and C/A. This 
calculation showed that the number of inelastic events 
in this region had been overestimated in the preliminary 
analysis. Thus a final number of 118 inelastic events in- 
cluding the 18 ch irge ext hangé s was obtained corre- 
sponding to a reaction cross section of 275425 milli- 
barns. Minor 
scattering distribution were 
these results yielding the final value 


corrections to the preliminary elastic 


also made on the basis of 
shown in lable III. 


Pasce Ill 


Corre 


O iat 
interval 

24 400+ 

15 800+ 1810 

8300+ 1000 

4200+ 590 

1770+ 340 

1120+ 220 

6404 170 

2804 100 

350+ 110 

1004 23 

564 14 

954 9 


16+ 


5800 


ber af: 
predicted for 

The optic al model ana ysis was repeate d as described 
in reference 4. New values of V and W were obtained as 
shown in Table IV. The uncert 
tions such that the x? probability, P(x 


iinties listed give devia- 
1S reduced by a 
factor of three from that of the minimum x? value. These 


new values of V and W differ little from the old ones 


(Table I ,; aS a result if did not appear necessary to re- 


the inelastic 


lair agreement 
those of Igo ef al.2 For a radius parameter R 
obtained 1) =27+3 Mev and 
though the discrepency in } 
should be Igo fit 
tering cross section for angles greater than 10 
fitted the distribution for 
greater than 6° by means of a x? test 


veat the Monte Carlo calculations of 
] 


distribution. These results art with 
1.07f they 
10.3+1.6 Mev. AIl- 
could be statistical, it 
noted that ted the total elastic scat- 
, while we 


elastic scattering angles 


4. Final Charge Exchange Fraction 


From the revised number of 118 inelastic scatters, the 


ratio f=0.152+0.033 was obtained for the observed 
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fraction of charge exchange scatters among all inelastic 
events. Because of the poor statistics of this result, 
Lannutti’s result® of 23 charge exchange events (in- 
cluding four disappearances in flight) in 96.6 meters of 
K*-meson track followed at energies from 100 to 140 
Mev was combined with our data. The resulting fraction 
f=0.168+0.026 was used in the following phase-shift 
analysis. 


IV. K'-NUCLEON PHASE SHIFTS 


Since the energy of the K*+ meson is below pion pro- 
duction threshold there are but three A*+-nucleon scat- 
tering modes : 

(1) Kt+p—>Kt+p, 
(2) Kt+n— Kt+n, 
(3) Kt+n— K°+p. 


There is now considerable data on the first reaction 
from nuclear emulsion,” bubble chamber," and counter 
experiments with free protons. On the other hand, the 
scattering from neutrons must be obtained with bound 
neutrons since the more conveniently studied reactions 
that are equivalent through change independence (as 
found, for example, with pion scattering) are not avail- 


TABLE IV. Optical model potential based on the corrected 
cross sections 


R a V W 


1.07f 
1.20 


POé 
0.10 
0.09 


0.57 
0.57f 


2344 Mev 
14+3 Mev 


—9.7+1.3 Mev 
—6.4+0.9 Mev 


able. It is, therefore, instructive to inquire what in- 
formation may be obtained from the nuclear emulsion 
results derived in the previous section. 

The complex central potential V+iW may be related 
to the scattering phase shifts by means of multiple 
scattering theory. While more powerful and detailed 
techniques are available'® for such an analysis, the 
simplest form of multiple scattering theory"* will be used 


here. Correlation effects are estimated to have an effect ' 


on V+iW of less than 10% and will be neglected. Ex- 
clusion principle suppression of W will, however, be 
included following the method of Sternheimer.'' The 
kinematical effects resulting from the energy depend- 
ence of the potential’? are negligible because of the very 
slow variation of the K* potential with energy.?** 


Proceedings of the International Conference on Elementary 
Particles, Padova, Italy, 1957 (unpublished). 

“ L. T. Kerth, T. F. Kycia, and L. van Rossum, Phys. Rev. 109, 
1784 (1958). 

*K. M. Watson, Revs. Modern Phys. 30, 565 (1958 
references cited there 

'®R. M. Frank, J. L. Gammel, and K. M. Watson, Phys. Rev 
101, 891 (1956) 

17K. M. Watson and C. Zemach, Nuovo cimento 10, 452 (1958 

* D. H. Stork, Proceedings of the International Conference on the 
Nuclear Optical Model, Florida State University Studies, edited by 
A. E. S. Green, C. E. Porter, and D. S. Saxon (The Florida State 
University, Tallahassee, Florida, 1959), p. 216 
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Analogous studies of pions have had some qualitative 
in spite of the additional problems due to the 
presence of a pure absorption mechanism, a relatively 
short mean free path in nuclear matter, a strongly 
energy dependent potential and a lack of detailed 
diffuse-surface optical model studies. Similarly, analo- 
gous analyses for nucleons show striking semiquanti- 
tative success in spite of a much enhanced exclusion 


success’? 


principle effect and more serious correlation problems. 

The inelastic distribution and charge exchange results 
of this experiment can be related to the free nucleon 
scattering through the direct interaction model which 
has already been implied in the analysis of the previous 
section. While strict conditions for the impulse ap- 
proximation'® are not rigorously satisfied, it is worth 
noting that considerable success has been obtained with 
such a model in the case of nucleons'® under conditions 
where the impulse approximation seems less likely to be 
of value. 


1. The 7=1 Phase Shifts 


The scattering on protons occurs in a pure 7 = 1 state. 
The evidence’: for an isotropic scattering that is 
energy independent supports the assumption that the 
T=1 scattering is pure S wave. A survey of the experi- 
mental data available indicates a total cross section of 
14.4+1.7 mb which gives for the phase shift 


b:0= +20.24+1.2° 


at the average energy studied here (93 Mev in the 
laboratory system inside the nucleus). This value will be 
used throughout the following analysis of the T=0 
phase shifts. 


2. Phase-Shift Functions 


With the assumed T=1 phase shift above, there 
remains the determination of the T7=0 phase shifts. 
Since p/uc is 0.4 in the center-of-mass K*-nucleon 
system, only S and P waves will be considered. The 
scattering is then described by the four phase shifts 540, 
500, and 5o;, and 493 where the first subscript denotes the 
isotopic spin and the second is 0 for S states and 2J for P 
States. 

More convenient algebraic quantities are 


0), 1, 


kbo- Ze ‘os sindo3+ e'o sindo, 


kar eT sind; : T 


keo= e* sindy3— e sindgy, 


where & is the center-of-mass wave number of the K*t- 
nucleon system (1.00f-' at the mean energy in this 
experiment). 


From multiple scattering theory" 


- ‘ hee Pia ; 
V+iW= — 2rpo : (fe m (0°)), 
Ex lab Pe m 


4” G. F. Chew and M. L. Goldberger, Phys. Rev. 87, 778 (1952). 
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where pis and Ex are the momentum and total 
energy of the K meson in the nucleus, and (f..m.(0°)) is 
the forward scattering amplitude in the K meson- 
nucleon system averaged over reaction (1) and (2). 


Re( fe.m (0°))=0. 45[ Re(a;) \+ 0.55[4 Re(a;+ao+ bo) |, 


where the numerical factors 0.45 and 0.55 are the pro- 
portion of protons and neutrons averaged over nuclear 
emulsion species. In the expression for W it is convenient 
to use the cross-section theorem 


Im(¢ fe. m.(0° (k/4ar) 6 », 


where @, is the average K meson-bound-nucleon cross 
section 


& p= 0.4510; 4+-0.55 (qoa24+ 0303 


Here o;, o2, and o; are the total cross sections for 


reactions 1, 2, and 3, respectively ; 
tor ay 
ayer a ae 5 4 bo taf 3 Co 2% 


@\— ao|?+4| bo|2+4! co!?) ; 


o2,=rf{ 


o,=7{ 


and the n,’s are the Sternheimer factors" appropriate to 
the o, angular distributions. 

The parameters B/A and C/A of the inelastic dis 
tribution are also directly related to the phase shifts: 


A 0.45 ay} 2+ 0.554{ a, t ao 2+- | Cy i 


B=0.55{4 Re[bo*(a;+-ao) }}, 
bo |?— | co|?}. 


The fraction F of charge exchange for single scattering 
is 
F =0.55a04/ 6 v. 
The measured fraction, f, depends however on double 
scattering effects as well. We write 
f=tF, 


where é is a correction factor for double scattering. 
This correction factor was obtained from the relation 


f=F(1 a®)+at(1—F), 


is the fraction of A* mesons which scatter a 
second time by charge exchange and a’ is the fraction of 
The de pe nde nce of the frac - 


where a® 


double charge exchanges 
and a* on the phase shifts was obtained by 
Monte Carlo te« hniques analogous to those described in 
Sec. III-2. In the phase-shift region of the x? tests dis- 
cussed below, the correction factor, £ varied from 1.00 
to 1.27. 


tions a 


3. x? Fitting of the Phase Shifts 


For chosen values of the three T7=0 phase shifts 5490, 
501, 5o3, the five quantities f, V, W, B/A, and C/A were 
computed as described above. These were compared by 
means of a x” test to the values derived in Sec. III from 


STORK, 


the experimental data. This procedure led to the x’ 
contours shown in Fig. 8. The contours are orthogonal 
projections of the surface of constant x? on the ap- 
propriate planes; the  ’ labeled for each 
contour. 

The ratio (V+iW) / p: 
nation of the phase shifts in this approach is much less 
sensitive to the assumed radius parameter Ro than the 
potentials themselves (see Table IV). Also as shown in 
Fig. 7, the ratios B/A and C/A show little Ro depend- 
ence. As a result the phase shift fit does not depend 
sensitively on R 

There are two equally good best-fit solutions. These 
are shown in Table V; solution A is characterized by a 
predominant 69; and solution B by a predominant 4o3. 
P-wave phase shifts with 69,;=4 0° lead to an ex- 
ceeding poor fit. It is of interest to note that the presence 
of P waves is required by the fitting of f and W alone 


value is 


which is used in the determi- 


Fic. 8. Contours of « 


Inclusion of the real potential V in the fitting localizes 
the good fit regions to those called solutions A and B 
above. The contribution to x? from the fitting of 
parameters B/A and C/A is not sensitive to the phase 
shifts in the good fit regions. A fair way to put this is 
that the solutions above are determined by /, V, and W 
and that the inelastic scattering distribution described 
by parameters B/A and C/A with these 
solutions. The total K++ cross section is about 12.5 
mb with about 4 charge exchange for both solutions. 
Forward-peaking charge exchange is predicted with a 
front-to-back ratio of about three. The noncharge- 
exchange K++ scattering is backward peaking for 
these phase-shift solutions with a front to back ratio of 
about 4. These results are also insensitive to Ro. 


Is consistent 


V. DISCUSSION 
We have attempted in this analysis to consider with 
some care various details that have not previously been 
considered or have been neglected. Igo ef al.2 have 
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already pointed out the importance of an exact diffuse- 
surface optical-model calculation. Much of the weight of 
our results rests upon such a calculation. Grilli ef al.’ 
have demonstrated the need for a careful treatment of 
pseudoelastic events. Although they also used a Monte 
Carlo calculation for their analysis of the inelastic 
distribution, they did not extend it to include double 
scatterings which we find here to be important. To be 
explicit, Fig. 7(a), which neglects double scattering, is 
in essential agreement with the conclusions of Grilli 
et al., but Figs. 7(a) and 7(b) which include double 
scattering are not. Finally, the arbitrary, or in some 
cases unstated, choice of the radius parameter Ro has 
seemed to us to raise some question since some methods 
of analysis give results that are strongly radius de- 
pendent. Melkanoff et al.,‘ find good optical model fits 
for a broad range of Ro and we therefore have no a priori 
radius value. Our phase-shift results, however, are seen 
from Fig. 8 to be insensitive to radius. 

In the separation of elastic and inelastic events we 
have made no attempt to take into account the excita- 
tion of specific low-lying nuclear levels. If the typical 
effect in the nuclear species of nuclear emulsion is as 


TasLe V. Phase-shift solutions. 


Ro 
1.07 


500 

—6° 
Solution A 

1.20f —4° 

1.07f —8° 
Solution B 

1.20f 


—6* 


strong as that found for the 4-Mev level of C” and if the 
relative probability of excitation is determined essen- 
tially by the momentum transfer as found in the case of 
electrons,”® pions,” and protons,” then the total reaction 
cross sections would be increased by less than 10%. 
This would require some change of W, but little change 
in V since the major modification in the elastic scat- 


*” J. H. Fregeau, Phys. Rev. 104, 225 (1956). 

= W. F. Baker, H. Byfield, and J. Rainwater, Phys. Rev. 112, 
1773 (1958). 

#K. Strauch and F. Titus, Phys. Rev. 103, 200 (1956); H 
Tyren and Th. A. J. Maris, Nuclear Phys. 3, 52 and 344 (1957) 
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tering would be at large angles which receive small 
weight in the optical model analysis. In fact, a reduction 
of the large angle elastic cross section would lead to an 
improved optical model fit. 

Since the inelastic scattering distribution did not 
contribute important restrictions on the phase shift 
solutions, a discussion of the details of the model used 
becomes unnecessary. The Sternheimer correction factor 
appears explicitly, however, in the expressions for f and 
for W. In each case the effect of this factor is to reduce 
the calculated values by a factor of about 0.8 in the 
good-fit phase shift regions. This effect is small enough 
then so that a change of as much as 30% in the Fermi 
energy value would have little effect on the final results. 
It should also be noted that the approximations used by 
Sternheimer™ in his application of the Goldberger 
model” have been shown to lead to negligible error at 
the energies considered here.™ 

On the other hand the question of the basic validity 
of the multiple scattering theory and, for example, the 
Goldberger model is more difficult. Although correlation 
effects are estimated to be small, some of the severe and 
formal conditions required in the impulse approxima- 
tions are not well met. We remark, however, that 
qualitative and, where pursued, even quantitative agree- 
ment with experiments is obtained'?** under much more 
trying conditions for pions and nucleons where the 
elementary interactions are known directly from ex- 
periment. 
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The photoproduction of K* mesons in hydrogen has been measured with the purpose of exten 


ling the pre 


vious CalTech measurements to smaller angles, and obtaining better absolute values for the cross sections 
The technique of Donoho and Walker, using a magnetic spectrometer and a time-of-flight measurement to 


detect the K* 


mesons, was modified so as to achieve a better discrimination against pions ¢ 


scattered pro 


tons. The results obtained are in fairly good agreement with the more extensive measurements made at Cornell 


by a somewhat different method. 


I. INTRODUCTION 
: ] HE early work of Donoho and Walker'? at 
( 


‘alTech, and Silverman, Wilson and Woodward? 
at Cornell, showed that K+ mesons are produced in 
association with A hyperons by photons interacting 
with hydrogen, whereas the yield of K+ mesons from 
the strangeness violating reaction y+p— Kt+n is 
smaller by at least a factor of 20. Cross sections for the 
y+p— K*+A measured at several 
angles and energies by Donoho and Walker, using a 
spectrometer in which K* particles were 
identified by their time-of-flight and by the pulse 
heights produced in three scintillation counters. 

More extensive measurements, with better statistical 
accuracy, have since been made at Cornell*® using a 
magnetic spectrometer in which the K* particles were 
identified by stopping them in an aluminum absorber 
and observing secondary particles from their decay by 
means of “‘side’’ counters surrounding the aluminum 
block. 

The Cornell data,*® the final cross sections of Donoho 
and Walker,’ and the data from the present experiment 
are all in reasonably good agreement, although the 
Cornell numbers are consistently lower than the 
CalTech ones by roughly 25%. The cross section at 
photon energies 1010 Mev and below seems to be iso- 
tropic in angle, and to have an energy dependence pro- 
portional to the A* particle momentum in the c.m. 
system. Both indicate that the photoproduction occurs 


reaction were 


magnetic 


in an § state at low energies. These statements about 
the behavior of the cross section with energy and angle 
are generalizations, and some deviations from them may 
be seen in the data. In particular the Cornell cross 
sections at 980 Mev are much lower than the ones at 
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t Now at the University of Pensylvania, Philadelphia, Penn- 
sylvania 
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Switzerland 

1 P. L. Donoho and R. L. Walker, Phys. Rev. 107, 1198 (1957). 

2? P. L. Donoho and R. L. Walker, Phys. Rev. 112, 981 (1958). 

3 A. Silverman, R. R. Wilson, and W. M. Woodward, Phys. Rev. 
108, 501 (1957 

‘B. D. McDaniel, A. Silverman, R. R. Wilson, and G 
lessa, Phys. Rev. Letters 1, 109 (1958 

5’ B. D. McDaniel, A. Silverman, R 
lessa, Phys. Rev. 115, 1039 (1959 
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1010 Mev at th 
values do not show this behavior, although they are 
statistically less accurate. 


smallest angles investigated. Our 


The present measurements® 


of obtaining data at a smaller angle than previously, and 
improving the accuracy of the absolute values of the 
For these purposes the tec hnique of 
Donoho and Walker was modified as described in Sec. II 
to permit the taking of data at small angles, and to 
achieve a more reliable identification of the K particles. 
In addition, a 
section for producing K* 
ytp— Kt+2 
is very poor. 


were made with the aims 


cross section. 


measurement was made of the cross 
particles in the reaction 
, but the accuracy of this measurement 
The Cornell measurements,‘ which were carried on 
at about the same time, are more extensive and serve 
the same purposes. However, the systematic errors in 
the two methods art quite different, so that a compari- 


son of the results is useful. 


Il. EXPERIMENTAL METHOD 


The reactions having the lowest thresholds for photo- 
production of K+ mesons from hydroge n are: 


y+ p » Kt 
y+p > Kt 
y+p » Kt 


The second and third reactions conserve strangeness, 
whereas the first does not and has not been observed. 
These reactions have been investigated by bombarding 
a hydrogen target with the high-energy x-ray beam from 
an electron synchrotron, and observing the A+ particles 
produced at a given angle and energy. This information 
determines the incident photon energy in the usual way 
for a two-body process. Since the photon energy so 
determined is different for the three reactions, the 
individual cross sections for all three may be found by 
measuring the At different synchrotron 
energies, Eo. This procedure is described in detail in 


vie Id for 


the pre t experiment is given in 
L. Walker, Phys. Rev. 110, 
t tter were about 
an error in calculation concerning the 


*A preliminary report of the | 
H. M. Brody, A. M. Wetherell, and R 
1213 (1958). The cr 
15% too large | 1 rf 


ecause 
beam intensity 


Se 
8 sections reported in this le 
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references 2 and 5. It has been used both to show that 
reaction (1) does not occur'* with the sensitivity of 
about 5% of reaction (2), and to measure the cross 
section for reaction (3) at one point.‘ It is also the 
method used in the present experiment. 

K* mesons produced in a liquid hydrogen target with 
a given momentum and angle in the laboratory were 
detected by using a magnetic spectrometer and asso- 
ciated counters. The apparatus is shown in Fig. 1. The 
hydrogen target, spectrometer magnet, and three scin- 
tillation counters located near the focal point were all 
the same as used by Donoho and Walker and are 
described by them.? In order to make small angle meas- 
urements possible, the front time-of-flight counter 
located near the hydrogen target in the previous experi- 
ments was replaced by a thin “aperture counter” located 
at the entrance edge of the magnetic field, where it 
could also be used to help define the solid angle of 
acceptance of the spectrometer. The ‘‘singles’”’ counting 
rate of this counter was satisfactorily low at angles as 
small as 10° in the laboratory, because the fringe field of 
the magnet provided a sweeping effect, removing low- 
energy electrons which were the main cause of the 
singles rate. (The magnetic field reduced this rate by 
about a factor eight at small angles.) 

The change in position of the front counter had two 
disadvantages, unfortunately. An obvious one was a 
reduction in the flight path between this counter and 
the final one, which made the time-of-flight measure- 
ment less effective. The second disadvantage was an 
increase in the background arising from the outer Mylar 
vacuum jacket of the hydrogen target and from the air 
path of the x-ray beam. These sources of background 
had previously been fairly well eliminated by the 
“collimating” effect of the front counter when located 
near the target. 

Two improvements were made in the technique of 
discriminating against pions and protons which more 
than compensated for the decreased effectiveness of the 
time-of-flight measurement. The first was the addition 
of a Cerenkov counter, shown in Fig. 1, which was used 
in veto to eliminate fast particles, mainly pions. The 
properties of this counter are described in Sec. Ia. The 
second improvement was the elimination of most of the 
protons which scattered from the magnet pole pieces or 
lead shielding. Protons of the momentum selected by 
the spectrometer had ranges too small to traverse all 
the counters, and were not troublesome. However, 
higher energy protons could scatter from the magnet 
pole pieces, for example, and pass through the counters 
with almost the right velocity (and thus specific ioniza- 
tion) to be confused with K particles. Two methods, 
which are described below in Sec. IIb were used during 
the course of this experiment to eliminate these scat- 
tered protons. 


The characteristics of the bremsstrahlung beam,’ the 


OF K* MESONS 


APERTURE NUCL 6G seeenance 


tial COUNTER PR 


nek. } FAN COUNTERS 


3” DIAM 
LIQUID H, TARGET 








Oo 2 2 
eu 4s__v 
SCALE 








Fic. 1, The magnetic spectrometer and liquid hydrogen target 
showing the positions of the counters. The “fan counters” are 
strips of plastic scintillator which spread out over the surfaces of 
the pole pieces and are used to veto scattered particles. 


beam monitor,’ and the fast coincidence circuit used for 
the time-of-flight measurement were as described by 
Donoho and Walker.? During the measurements at 10°, 
the beam did not pass clear of the magnet, but buried 
itself in one coil and pole piece. The beam monitor was 
then located in front of the magnet coil, and its sen- 
sitivity in this position inter-calibrated with that in the 
normal position. 


a. The Cerenkov Counter 


The Cerenkov counter was a polished piece of U.V.T. 
Plexiglas 14 in. thick and 6X11 in. in area covering the 
region traversed by the particles. Tapered extensions at 
the small ends acted as light pipes leading to two RCA 
type 6810A photomultipliers. A charged particle of 
8=0.95 entering this counter normal to the face would 
produce light at 45° to its direction of motion. Plexiglas 
of refractive index 1.5 has a critical angle for internal 
reflection of 41.8° and consequently the light gathering 
efficiency was quite high. 

The counter was wrapped in black paper so that light 
which did not totally reflect, but escaped the Plexiglas, 
would be absorbed. This was done in an attempt to 
reduce the efficiency for particles of 8<0.9, since they 
produce light in a more forward direction which hits 
the large faces of the counter at angles less than 41°. It 
was hoped that the black paper would also reduce the 
efficiency of counting slow particles which might have 
induced the Plexiglas to scintillate weakly. 

A series of experimenta! runs was taken to determine 
the efficiency of the Cerenkov counter as a function of 
particle velocity under the conditions of gain and bias 
used in the experiment. At = 0.95 it was 98% efficient, 
while at 8=0.7 and 0.5 only 2% of the charged particles 
passing through it were detected. 


’ The absolute calibration of the total beam energy, W was 
based on a Cornell Quantameter designed by R. R. Wilson, 
Nuclear Instr. 1, 101 (1957). The number of photons of energy & 
within dk is n(k)dk = (W/E5)B(Eo,k/Eo)dk/k, where the “brems 
strahlung function,” B(/o,4/E,), was assumed to be 0.90 for k/ Eo 
near 0.93 in the present experiment 
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b. Elimination of Scattered Particles 


The first method used to eliminate scattered protons 
and other particles was the simple one of making the 
front aperture counter so narrow that no particle coming 
from the hydrogen region of the target and passing 
through this counter would hit the pole pieces or lead 
shielding. This scintillation counter was 32 cm long, 
0.64 cm thick, and was tapered from 1.6 cm wide at the 
top to 5.0 cm wide at the bottom. It defined the aperture 
completely and gave a solid angle of 0.00408 sr com- 
pared to the 0.0078 sr available with the full open 
aperture. 

This narrow aperture counter was designed to elimi- 
nate scattered particles originating from the hydrogen 
in the target. However, it was still geometrically possible 
for particles produced elsewhere, such as in the outer 
Mylar vacuum wall of the target, or along the air path 
of the beam, to pass through the counter and then 
scatter from the pole pieces into the other counters. 
Thus, scattered protons still appeared in the data, al- 
though they were removed by the subtraction of empty 
target background, within the statistical accuracy. 

In order to reduce the scattered protons in the back- 
ground and to increase the solid angle of acceptance, the 
narrow aperture counter was abandoned in favor of a 
second method of eliminating counts from scattered 
partic le 

The second method was to identify scattered par- 
ticles by a system of long narrow counters placed against 
in the manner shown in Fig. 1. These 
“fan counters” were made from 3-in. diameter scintil- 
lating rods flattened on two opposite sides to a thickness 
of 4 in., and joined at their bottom ends to curved light 
pipes. The four counters on each pole face were viewed 
by a single RCA 6810 photomultiplier, and the pulses 
from the two photomultipliers were added and placed in 
3K 10-* sec coincidence with counter C1. The coin- 
cidence pulse was then used to veto scattered particles. 


the pole plec es 


The positions and thickness of the fan counters were 
such that no particle produced in the hydrogen could 
scatter from the pole pieces and into the final counters 
without passing through one of the fan counters. Also, 
particles produced elsewhere and scattering from the 
pole faces would be similarly detected with high 
probability. 

In addition, the front aperture counter was replaced 
sufficient 
to cover the full horizontal aperture. With this arrange- 


by one of the same length, but 3 inches wide 


ment the vertical aperture was defined by the front 
counter, whereas the horizontal one was defined by the 


rear fan counters. The solid angle so determined was 


0.00619 sr. 


The arrangement of fan counters and wide front 


aperture counter was quite successful in eliminating 


scattered particles, as will be discussed in the next 


section. 
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Ill. EXPERIMENTAL DATA AND K-PARTICLE 
IDENTIFICATION 


The significant information from all of the counters 
was recorded on photographic film in the manner of 
Donoho and Walker,'? so that correlations between the 
various bits of information could be used in identifying 
the K particles. 
candidate 


An oscilloscope was triggered by each 
“event” defined as a coincidence (with re- 
solving time about 0.15 psec with 
between the output of the fast time of flight circuit, and 
the three final counters, C1, C2, and C3, 
with the Cerenkov counter in veto. (The Cerenkov 
counter was placed in coincidence with counter C1 and 
the output of this circuit used for the veto.) Several 


and low biases) 


scintillation 


pulses were delayed with respect to each other, mixed, 

and displayed on the oscilloscope. 

from C1, C2, C3, the fast time-of-flight circuit output, 

and, when the fan counters were used, the output of the 
The pulses thus 

displayed for each event were individually photo- 

graphed on 35-mm film, and 

described below 

Before and after eac} 
run was taken by setting the time-of 


These were the pulses 


C1 and fan counter coincidence circuit. 


were then analyzed as 


pion calibration 
flight circuit to the 
proper delay and placing the Cerenkov circuit in coin- 
cidence. Approximately 100 pion pictures were taken on 
each calibration run and in this way the time of flight 
circuit and the three scintillation counters were kept 
under surveillance as to efficiency and shifts in gain 
The photographed 

35-mm slide projector and the height of every pulse was 
recorded. The pion runs were analyzed by plotting 
histograms of the pulse height the three 
scintillation counters the known energy loss for A 


cope traces were viewed on a 


in eat h of 


and # mesons at a given n ntum, and because of the 
linearity of the electroni 
predict the limits of the 


in these counters 


then possible to 
‘son pulse height 

The pulse-height spectra from the time-of-flight 
circuit pion runs and a 
minimum pulse-height limit determined such that 85% 
of the pions gave pu in this limit. The way 
in which this “time-of-flight efficiency” 
is described in Sec. ITIb. In the 
which the fan counters wert 


were also examined for the 
es larger thi 
was determined 
second series of runs (in 
used) there was a small 
steady drift from day to day in the output of the time- 
of-flight circuit. Since each run was individually cali- 
brated, this drift wa lite ind 
pensated for. 

The K run ' 
All events containing a time-of-flight pulse below the 


easily com- 


pparent 


vere analyzed in the following manner. 


minimum value set by calibration runs, or a fan 


counter veto pulse liscarded. The remaining 


events were analyzed by making a “‘dot plot” of the 


for one run in 


pulse heights on log-log paper, as shown 


Fig. 2, for 


example " every event wa 


} 


represented by a nates of which were 
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Fic. 2. “Dot plots” for Data Group 3B of Table 1. Pulse heights 
from counters Cl and C2 are plotted for all events regardless of 
the pulse in C3. The left hand plot contains events with no fan 
counter pulse and shows the K-particle group in the boxed region 
and also a pion group. (For some of the other runs the Cerenkov 
counter was more efficient than in this run, and many fewer pions 
appeared in the dot plots.) The right-hand plot contains events 
accompanied by a fan counter pulse. Many of these events are 
protons scattered from the pole pieces, as expected. These events 
were not used as data, of course, and they were analyzed only to 
investigate the usefulness of the fan counters 


the values of the pulse heights in C-1 (first counter) and 
C-2 (second counter). 

The limits of the predicted pulse heights for K mesons 
in these two counters were indicated by dashed lines on 
the dot plots. Within these predicted limits there was a 
good grouping of points which were tentatively iden- 


tified as K mesons. Only rarely did an event falling 
within these limits have a pulse height in C-3 outside of 


the limits predicted for K particles. Only a small frac- 
tion of the events that were outside of the limits for C-i 
or C-2 fell within the C-3 limits. Some of the events that 
were minimum ionizing in C-1 and C-2, but larger in 
C-3 could be explained by the interaction of pions or 
electrons in a }-in. piece of lead placed between C-2 and 
C-3. Events having pulse heights within the proper 
limits in all three counters were counted as K mesons. 

Although the correlated pulse heights in all three 
scintillation counters were used to identify K particles, 
the Cerenkov counter, the antiscattering fan counters, 
and the time-of-flight requirements were sufficiently 
effective in eliminating pions and scattered protons, that 
the pulse height in one scintillation counter alone pro- 
vided almost enough additional information to make the 
identification. This fact, which gives confidence in the 
K-particle identification, is illustrated in Fig. 3, where 
the pulse-height spectra for a single counter are plotted, 
for two K runs and a pion calibration run. 


a. Scattered Particles 


In order to investigate the number of scattered 
particles and the pulse heights they produce in the 
scintillators, the fan counter pulse (C1+fan counter 
coincidence) was displayed on the oscilloscope rather 
than used to veto events electronically. The events 
producing a fan counter pulse could then be analyzed 
separately from the others. 
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Fic. 3. Single counter pulse-height spectra for counter C3. The 
upper histogram, a, shows the spectrum observed for the pion 
calibration runs associated with data group 1A of Table L. The 
central histogram, 6, shows the pulse-height spectrum for the A 
runs of data group 1A. The cross hatched histogram includes all 
events which would be identified as K* mesons on the basis of the 
pulses in counters Cl and C2, whereas all other events are added in 
the clear regions. Note that very few pions appear, because the 
Cerenkov counter was very efficient during this run. The lower 
histogram, ¢c, is the same as b except that it refers to the K runs of 
data group 3B. The Cerenkov counter was less efficient for these 
runs (which gave the dot plot in Fig. 2) and a pion peak appears in 
ihe pulse-height spectrum, as well as the A-particle peak. The 
events having pulses in the K regions in counters C1 and (2 
indicated by cross hatching) show only the K peak in C3 


In the pion calibration runs, about 20% of the events 
had a fan counter pulse. This was approximately the 
amount by which the solid angle was reduced by the fan 
counters, and thus most of these events were pre- 
sumably pions which passed through these counters 
without scattering. 

For the K runs, however, about 40% of the events 
contained a fan counter pulse. A little less than half of 
these were presumably unscattered particles, as in the 
pion runs, but the rest must have been scattered par- 
ticles. The large number of such events in the K runs 
resulted from the fact that the selection criteria dis- 
criminated strongly against unscattered pions and 
protons, whereas they did not discriminate strongly 
against some of the scattered protons, for example. 
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“Dot plots” of the events containing fan counter pulses 
indicated that many of these counts were scattered 
protons as expected. An example is shown in Fig. 2. 


b. Efficiency of the Time-of-Flight Circuit 


At the momentum used in obtaining most of the data, 
425 Mev/c, the difference in transit times for # and 
K mesons had an average value of 4 mysec, with some 
spread about this average. Since the coincidence resolv- 
ing time was comparable to this, a complete separation 
of x and K mesons was not possible and a compromise 
was made to reject most of the pions without losing too 
many K particles. 

This was done by choosing the lower pulse-height 
limit accepted for the time-of-flight circuit output at the 
value for which this circuit would be 85% efficient in 
counting K mesons. With this limit, the pion rejection 
factor was about 10 to 1, which, combined with the 50 
to 1 pion rejection of the Cerenkov counter, was 
satisfactory. 

The efficiency of the time-of-flight circuit in counting 
K mesons enters directly in the cross section, so it is 
important to determine it correctly. This efficiency was 
measured for pions or protons (with the delay set for 
the appropriate particle) and it was assumed that the 
efficiency for K particles (with the proper delay) would 
be the same. In support of this was the fact that the 
time-of-flight output pulse-height spectra were the same 
for the three kinds of particles. Also Donoho and 
Walker’ found that the efficiency for pions and protons 
was the same. 

During the first set of runs, in which the narrow 
aperture counter was used, the efficiency was measured 
for protons by constructing a lead slit slightly smaller 
than the counter so that all protons detected would have 
to pass through the counter. Counting rates with and 
without the time-of-flight coincidence requirement were 
measured simultaneously, and differed by only one 
percent. Thus 99% of the protons led to photographed 
events, and the pulse-height limit for which the time of 
flight circuit was 85% efficient was easily determined. 

During the second set of runs, in which the fan 
counters and wide aperture counter were used, the 
efficiency was measured for pions by installing a second 
and smaller aperture counter immediately in front of the 
normal one so that no pion could count in the smaller 
counter without also passing through the normal one. 
Again the counting rates with and without the time-of- 
flight coincidence requirement were measured simul- 
taneously to obtain the fraction of pions which would 
lead to photographed events, and from this fraction the 
pulse height giving 85% efficiency was determined. 
During this second set of runs the time-of-flight output 
spectra showed a steady drift from day to day, so that 
measurements of the efficiency were made several times. 
The fraction of pions giving photographed events de- 
creased from 99% to 90% during the course of the 


WETHERELL, 


AND WALKER 


experiment and the pulse-height limit 
efficiency changed correspondingly. 


giving 


IV. BACKGROUNDS 


Background counting rates without hydrogen in the 
target were subtracted from the full target counting 
rates to obtain the yield from hydrogen. This is ap- 
propriate if one has confidence in the K-meson identi- 
fication so that pions and protons make little contribu- 
tion to the A counting rate, and if there may be 
appreciable sources of background K particles such as 
the vacuum walls of the target and the air path of the 
beam. 

In the experiment of Donoho and Walker,'* back- 
ground from these sources was reduced by the collimat- 
ing effect of the front counter located near the target, 
but there was more chance of counting pions or protons 
as K particles. Thus it seemed more appropriate to 
subtract as “background” the counting rates observed 
from the full hydrogen target with the synchrotron 
energy Eo lowered just below the value required to 
produce K particles of the momentum and angle selected 
by the magnet. Two runs with Eo “below 
threshold” were taken in the present experiment, and 
indeed gave counting rates smaller than the empty 
target background with normal Ep. 

Data for the empty target backgrounds and also the 
runs below threshold are shown together with the full 
target data in Table I. It may be seen that the back- 
ground counting rates are quite large—being about 15% 
at 25° and 30% at 10° in the laboratory system. The 
amount of material in the beam (target walls and air) 
which is seen by the spectrometer increases as the angle 


such 


decreases, and this accounts for the greater background 
at 10° than at 25°. The number of K mesons observed 
in the empty target runs was actually somewhat larger 
than might be expected from the number of protons in 
this material compared to the number in the liquid 
hydrogen. This might be accounted for by A particles 
produced in the reactions y+ p — K*+° and y+n—> 
K*++z eliminated kinematically from 
hydrogen, but not for heavier nuclei because of the 
motion of the nucleons in these nuclei. This nucleon 
motion contributing to the A+A reaction might also 
account for the small counting rate observed at 10° with 


which are 


the bremsstrahlung energy ‘“‘below threshold.”’ 


V. RESULTS AND REMARKS 


The counting rates observed under various experi- 
mental conditions are given in Table I. Also shown in 
this table are the cross sections obtained after making 
several corrections. (Note that 
shown is for the reaction y+) 


the last cross section 
» K*+2", and is very 
inaccurate. It was obtained by subtracting Data Groups 
4B and 5B, following the procedure indicated in Sec. II.) 

The major correction made was for decay of the 
K mesons in flight. The fraction of K particles which 
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TaBLz I. Experimental data and results. The designations A and B with the data group number (column 1) refer to the two different 
arrangements used to eliminate scattered protons. A refers to the arrangement with narrow aperture counter, and B to that with the 
“fan counters.” Po and Eo are the spectrometer momentum setting and the bremsstrahlung end point energy, respectively. The target 
designation H; refers to results of subtracting empty target from full target data. & is the photon energy in the laboratory system, and 
9e.m. the K-particle angle in the c.m. system. Counting rates are given in counts per 10" equivalent quanta (E.Q.). The last column is 
the cross section “normalized” to 1000 Mev assuming that o(@) is proportional to the K momentum, /(&), in the c.m. system. 


Data Po Eo 
group Mev Piab Mev 


Target 


1A 514 10° 1072 Full 
Empty 
H; 
Full 
Full 
Empty 
1; 
Full 
Full 
Empty 
2 
Full 
Empty 
H, 
Full 
Empty 
H; 


900 
1072 


900 
1080 


1025 


1115 


?(1000)e (@) 


Counting 
rate per 


No. of 
+ 10" E.Q, 


K 10°" cm*/sr 


1.39+0.119 
0.43+0.086 
0.96+0.145 


0.18+0.07 


0.589+0.52 
0.071+0.025 
0.518+0.057 


0 0.00+0.02 


386 0.99+0.05 
23 0.20+0.04 
0.790.065 


115 1.15+0.11 
9 0.34+0.11 
0.81+0.16 


180 1.57+0.12 
20 0.55+0.12 
1.02+0.17 


1.60+0.23 1.60+0.23 


1.56+0.175 1.5640.175 


1.5140.12 1.51+0.12 


1.15+0.20 1.70+0.30 


y¥+p— K*+Z° (From subtraction of data group 4B from group 5B) 


H, 1073 Bau 


reached the last counter before decaying was 0.275 for 
momentum P»=422 Mev and 0.347 for Po>=514 Mev, 
assuming a mean life 1.22 10~-* sec. An estimate was 
made of the number of K-meson decay products which 
would be detected and identified as K particles, and this 
gave a correction of less than two percent. 

Other corrections were made for the time-of-flight 
efficiency, the fraction of K’s vetoed by the Cerenkov 
counter, scattering, and nuclear absorption of the 
K particles in the counters and }-in. lead absorber.* 

The cross sections obtained at 1000 Mev are plotted 
in Fig. 4 together with the results of Donoho and 
Walker’? at the same energy, and the Cornell cross 
sections of McDaniel et al.** at 1010 Mev. (Note that 
the Cornell values at 980 Mev, which are not shown, are 
significantly lower.) The angular distribution at 1000 
Mev is isotropic within the experimental errors, and this 
is one piece of evidence for believing that the K*+A 
production is mainly in an S state at energies not far 
above the threshold, 910 Mev. The other evidence is the 
fact mentioned in the introduction that as a function of 
energy the cross section is approximately proportional 
to the K-particle momentum in the c.m. system. 

Our data are described very well by these simple 
generalizations; namely that the cross section is inde- 
pendent of angle and proportional to the K-particle 

* The nuclear absorption was estimated from the cross sections 


measured by L. T. Kerth, T. F. Kycia, and L. Van Rossum, 
Phys. Rev. 109, 1784 (1958). 


0.2140.22 0.34+0.34 


momentum in the c.m. system. This is shown by the 
last column of Table I, which gives the cross section 
divided by this momentum, and multiplied by the 
momentum at k= 1000 Mev for normalization. This 
“normalized” cross section, [p(1000)/p(k)]o(@), is 
about 1.55 10-" cm*/sr for every point, well within the 
errors. 

The data of McDaniel ef al.*-* show some deviations 
from the above simple behavior of the cross section, al- 
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Fic. 4. The angular distribution of K mesons produced in the 
reaction y+) —+ K*+A at photon energies 1000 and 1010 Mev. 
Values of the differential cross section obtained in the present 
experiment are compared to those of McDaniel ef al. (references 4 


and 5) at Cornell, and those of Donoho and Walker (references 
1 and 2). 
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though most of their data are described fairly well by 
this behavior. The most notable deviation is the forward 
angle point (28° c.m.) at 980 Mev, for which the value 
of [p(1000)/p(k) jo(@) is (0.8440.11)K10-" cm*/sr 
compared to an average value of 1.25 or 1.3X10™" 
cm*/sr for their data at 1010 Mev, and 1.02 to 1.15 
x10-" cm?/sr for the other angles at 980 Mev. This 
rapid decrease in the forward angle cross section toward 
low photon energies was not observed in our experiment. 

The difference of roughly 25°% between the Cornell 
average for [p(1000)/p(k) ]o(@) and ours is presumably 
a measure of the difference in the systematic errors of 
the two experiments. 


A comparison of the experimental data with the 


rTHERELI 


AND WALKER 
available theories was discussed by McDaniel et al.*-* 
and we refer their article for this discussion 
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Experiment on Charge Independence in Interactions of Nucleons and Pions 
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The ratio (R) of the differential cross sections of the reactions p+d —» H'+x and p+d —> He® +r° has 


been measured at a bombarding energy E,=591 Mev. The He’ and H? nuclei are detected 
tion of magnetic deflection, time-of-flight measurement and pulse-height selectior 
+0.11, 2.10+0.14, and 2.05+0.09 at c.m. angles of the heavy particles of 52°, 67 
Che agreement with the predictions of charge independence is satisfactory wher 


corrections are taken into account 


1. INTRODUCTION 


INCE the hypothesis of charge independence of 
nuclear forces was first formulated, this principle 
has, by its simplicity and general usefulness, contributed 
decisively to the understanding of a great variety of 
The fundamental 
nature of this principle and the associated concept of 


phenomena in nuclear physics. 
isotopic spin was strongly confirmed by the success of 
its application to pion-nucleon interactions. 

The principle distinguishes between pure nuclear 
interactions which are assumed to be charge independ- 
ent and other interactions, dependent on the charge 
of the elementary particles, that are responsible for 
Coulomb forces and mass effects. Every conclusion 
derived from charge-independent theory has therefore 
to be amended for the effect of these charge-dependent 
interactions, before a comparison with experimental 
data can be made. Whereas it is often possible to make 
predictions on the basis of charge independence, which 
are independent of the model assumed in the theoretical! 
treatment of nuclear structure, such a specific model is 
in general required for the calculation of the Coulomb 

* Now at University of Kyoto, Kyoto, Japan 

+t Now at University of Birmingham, Birmingham, England 


t National Science Foundation Senior Postdoctoral Fellow on 
leave from Columbia University 1958-1959, New York, New York 


by the combina 
rhe results are R=2.26 
, and 143 


the Coulomb and 


, Tespectively 


mas 


corrections. The most critical tests are thus provided 
by those experiments for which the Coulomb corrections 
shown to be small. The 
number of pertinent experiments in pion physics which 


can be performed with 


can be calculated and be 


high accuracy is rather limited. 
Many of the proposed experimental tests involve the 


detection of neutral particles for which the techniques 
are not yet sufficie ntly deve lope d to reach high experi 
mental precision. It was recognized early that this 
difficulty can be avoided in the experiment which is the 
subject of the present paper. According to charge 


independence the angular distribution of the reactions: 


p+d— H*+-a%, (1) 


and 


are the same and the ratio of the absolute cross sections 


(R) is 2.' As the cross sections of 1] ese reactions may 
be obtained by detecting only the H* and He?® nuc lei, 
which are produced by the same proton beam for both 
reactions, no neutral particles are 


involved in the 
measurement. Experimentally the main problem is the 
small cross section of these processes compared to those 


1A. M. L. Messiah, Phys. Rev. 86, 430 (195 M. Ruderman, 
Phys. Rev. 87, 383 (1952 
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of competing reactions. Once this difficulty is overcome 
by the use of a very selective mass-three particle 
detector and a high-intensity proton beam, the experi- 
ment can be performed with an accuracy which is 
typical for all experiments involving charged particles 
only, i.e., 3-5%. 

The first studies of these reactions with a 
intensity 340-Mev proton beam were not sufficiently 
accurate to be considered as a strict test of charge 
independence, but the occurrence of both reactions was 
unequivocally established and the angular distribution 
of reaction (1) was measured.” 

In the present experiment with the £91-Mev protons 
of the CERN synchrocyclotron a final precision of 3% 
is obtained, which is equal to the uncertainty in the 
calculation of the Coulomb and mass corrections. In 
a similar experiment in Chicago* a precision of 7% 
was reached at E,=450 Mev. In this case the center-of- 
mass energy of the outgoing pions is 140 Mev, which is 
below the (3,3) resonance energy. The 591-Mev protons 
produce in these reactions pions of 220-Mev c.m. 
energy, which is on the downward slope of this res- 
onance. In this respect, the two experiments provide 
mutually supplementary information on the validity of 
charge independence. 

In this context it should be mentioned that a recent 
comparison‘ of the reactions p+p—d+-x* and n+p 

»>d+7° at 600 Mev shows consistency with charge 
independence within the experimental errors, which ave 
10% for the angular distributions and 20% for the 
cross sections. Further information on experiments 
bearing on the validity of charge independence may be 
found in a review paper presented by Pontecorvo at 
the Kiev conference.° 

The results which are presented in this paper were 
obtained in three cyclotron runs of about one week 


iow- 


each. In the first run, as has already been reported 
briefly,® the ratio (R) of the differential cross sections 
of reactions (1) and (2) was measured at a c.m. angle 
of the heavy particle of 52°. In the second run R was 
measured at a c.m. angle of 67°. In addition, a measure- 
ment was made of process (1) with the incident proton 
energy degraded by 10 Mev. From this measurement, a 
made for the difference in c.m. 


correction can be 


momenta of pions in (1) and (2) at the same proton 


*W. J. Frank, K. C. Bandtel, R. Madey, and B. J. Moyer, 
Phys. Rev. 94, 1716 (1954); K. C. Bandtel, W. J. Frank, and 
B. J. Moyer, Phys. Rev. 106, 802 (1957). 

7A. V. Crewe, E. Garwin, B. Ledley, E. Lillethun, R. March, 
and S. Marcowitz, Phys. Rev. Letters 2, 259 (1959); A. V. Crewe, 
B. Ledley, E. Lillethun, S. Marcowitz, and C. Rey, Phys. Rev. 
118, 1091 (1960). 

‘V. B. Fliagin, V. P. Dzhelepov, V. S. Kiselev, and K. O. 
Oganesian, J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 854 (1958) 
[translation : Soviet Phys. 35(8), 592 (1959) ]. 

*B. Pontecorvo, Report to 1959 International Conference or 
High-Energy Physics, Kiev (unpublisked). 

*D. Harting, J. C. Kluyver, A. Kusumegi, R. Rigopoulos, 
A. M. Sachs, G. Tibell, G. Vanderhaeghe, and G. Weber, Phys 
Rev. Letters 3, 52 (1959). 
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energy (resulting from the x*, #° mass difference), in 
order to determine R for emerging pions of the same 
c.m. momentum. In the third run R was measured at a 


e.m angle of 143°. 


2. EXPERIMENTAL METHOD 
(A) General 


As mentioned in the introduction, the differential 
cross section of reactions (1) and (2) is measured by 
detecting only the outgoing H*® and He’ particles. This 
is possible as these reactions are two-body processes, 
and therefore the particles produced at a given angle 
have a well defined energy. The overwhelming number 
of other reaction products (protons, deuterons, and 
pions) discourages the detection of the pions in coin- 
cidence with the heavy particle as additional evidence 
for the correct identification of reactions (1) and (2). 

To distinguish the H® (or He’) particles from p, d, 
and x’s, one has to submit the reaction products to 
some kind of mass analysis. In the present experiment 
this mass analysis is based on momentum selection 
through deflection in a magnetic field and velocity 
selection by measurement of the time of flight between 
two counters. The magnetic separation reduces the 
number of particles traversing the counter telescope 
and helps to avoid overloading of the coincidence 
system. Although, in principle, these two selection 
criteria are sufficient, additional information on the 
selected particles is derived from pulse-height analysis 
of the pulses in one of the counters. In runs 2 and 3, in 
addition to the electronic analysis, photographs were 
taken of oscilloscope traces, which displayed the pulses 
from presumed mass-three particles in two counters. 
he differential cress sections of the two reactions are 
measured one after the other with the help of a proton 
beam monitor. 

These general considerations lead to a layout of the 
experiment as shown in Fig. 1. The external proton 
beam bombards a liquid deuterium target and the 
emerging particles, that pass through the collimator 
and have the correct ratio of momentum to charge, 
are bent through an angle of 26.6° by the analyzing 
magnet. The particles are then detected in the three- 
counter telescope, and those with a _ time-of-flight 
between counters 1 and 2 (and 3) corresponding to 
nuclei of mass three are recorded as possible events. 

Deviations from the ideal situation of truly mono- 
energetic mass-three particles are introduced by energy 
loss in the target and the spread in the value of the 
production angle in the actual experiment. This 
spread is caused by divergence of the proton beam, 
the size of the proton beam spot and the dimensions and 
position of the collimator (K2). The distance between 
counters 1 and 2 was chosen to achieve complete time- 
of-flight separation between deuterons and tritons of 
the same momentum and between protons, He’ par- 
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ticles, and deuterons of the same momentum over Z. 
The counters were made slightly larger than the calcu- 
lated cross section of the beam (at the position of each 
of the counters) of He’ particles that pass through the 
collimator. Multiple scattering was kept to a minimum 
by using a thin first counter and hydrogen bags along 
the beam path. The parameters used in the experiment 
are listed in Table I. 

The H* and He’ particles have a c.m. velocity which is 
smaller than the velocity of the center-of-mass system 
itself. These particles appear therefore in the laboratory 
within a cone in the forward direction. At any angle in 
this cone, two groups of different energy are observed 
corresponding to H® and He’ produced either in the 
forward or backward direction in the center-of-mass 
system. As the properties of the partic les in the two 
groups differ considerably (see Table II), a check on 
systematic errors in the experiment is obtained by 
measuring the ratio for each of the two groups. 


(B) Proton Beam 


rhe proton beam is extracted by the regenerative 
method from the CERN synchrocyclotron. After 
leaving the cyclotron field, it passes in evacuated pipes 
through two quadrupole lenses and a wedge-shaped 
magnet, which deflects it over 26° into a channel in the 
shielding wall. The combined effect of this magnet and 


Fic. 1. General layout 
of the experiment 





the lenses is to produce a beam spot at the target 
position of approximately 2X3 cm*. The angle of 
divergence is less than 

From the extraction conditions the mean energy of 
the external proton beam is calculated to be 59143 
Mev. The energy spread is less than +3 Mev. 

The lower energy beam needed for the measurement 
of the energy dependence of the cross section was 
obtained by placing a polythene absorber of 3.6 g/cm? 
A second pair of 
was installed before the bending 
magnet to obtain a beam spot of 23 cm? similar to the 


full energy beam spot, without losing more than half of 


just before the quadrupole lenses 
quadrupole lenses 


the beam intensity. 

The proton beam is monitored by a secondary emission 
chamber’ placed after the target. The charge collected 
on one system of plates in this chamber is measured with 
a current integrator. The sensitivity of this monitor was 
measured several times during each run by comparing 
it to a carefully calibrated ion chamber using a proton 
beam of reduced intensity (10° p/sec). The sensitivity 
never varied by more than 2% during a run. The 
linearity of the chamber was 

2X10" p/sec to 10" p/sec 


checked 
against the carbon activity produced in polythene 


secondary emission 


over the range 
plates. No deviation from linearity was found within the 


2% precision of the measurements. The ion chamber in 


ras_e I. Parameters used in the present experiment 


larget thickness 
Collimator (K2) opening 
Thickness of tungsten jaws in K2 
Protons/100 monitor counts 
Counter 1 (H*) 
(He) 
Counter 2 (H® and He’ 
Counter 3 (H?) 
(He®) 
Distance between courters 1 and 2 
Pulse-height system connected to counter No. (H*) 
(He*) 


Bending angle of the analyzing magnet 


Run 1 


~2.5 cm 
2X3 and 3X2 cm? 
4 and 2 cm 
8.610" 
12 120.6 cm 
12 12X90.2 cm’ 
12 18X0.6 cm’ 
13 190.6 cm? 
13 190.6 cm’ 


x 200.8 
x 20«0.8 
x 20K 0.8 . 
390 cm 390 cr 250 or 150 cm 
1 1 l or 2) 
2 2 1 


26.6 


x 200.8 


26.6 26.6 


7G. W. Tautfest and H. R. Fechter, Rev. Sci. Instr. 26, 229 (1955). 





CHARGE INDEPENDENCE IN 


raBLe II. Some properties of the H® and He’® nuclei observed at 
is» = 14°. The range and energy loss are for plastic scintillator 


+ 
Forward groups Backward groups 
H? He® H* He? 


T (Mev) 270 271 117 

pc/Z (Mev) 625 819 

Time-of-flight /meter ‘ 8.1 11.9 
(nsec) 

Range (g cm?) ; 4.8 4 

Energy loss 31 15 
(Mev cm? g"') 


116 
407 
11.9 


1.0 
61 


2 
2 


its turn was calibrated with a beam of several hundred 
protons/sec by counting the number of protons with a 
scintillation telescope. Repeated checks with a Co® 
source showed a drift <1% in the sensitivity of the 
ion chamber over a period of one year. 

The maximum intensity of the beam is 10" p/sec. 
However, in general a lower flux had to be used to 
reduce accidentals and counting losses. The cyclotron 
produces 55 beam pulses a second with an average 
duration of about 50 ysec. This corresponds to a duty 
cycle of 1/400 for the external proton beam. 

After passing the monitor the beam continues in 
evacuated pipes until it leaves the experimental room. 
It is finally caught in a cave of concrete blocks 10 meters 
beyond this room. 


(C) Liquid Deuterium Target 


The liquid deuterium target was constructed accord- 
ing to a design of Whalin and Reitz.* Deuterium gas is 
liquified by passing it through a tube which is kept at 
liquid hydrogen temperature. The liquid is collected in 
a small reservoir and then descends into a cylindrical 
appendix, which is used as the target, with the proton 
beam incident along its horizontal axis. The appendix 
can easily be emptied by closing a remotely controlled 
valve in its gas exhaust line. Filling and emptying of 
the target takes 30 seconds. A frequent alternation of 
target full and empty runs is thus possible. 

In run 1, the appendix was made of a copper ring 2 
cm thick holding two Mylar foils 0.1 mm thick and 9 
cm in diameter. With such an arrangement it is difficult 
to estimate the thickness of the deuterium layer through 
which the beam passes, as the windows bulge outwards 
under the influence of the pressure in the deuterium 
system, which is one-third of an atmosphere. 

In runs 2 and 3 this difficulty was overcome by adding 
to the appendix two more Mylar windows, thus 
obtaining three separate compartments, and connecting 
the two outer compartments to the deuterium system 
in the gas phase (see Fig. 2). With this arrangement 
there is no pressure difference over the inside windows, 
which hold the liquid. The layer of liquid in this 
appendix is 0.80 cm thick and the diameter of the 
window is 10.5 cm. 


* E. A. Whalin and R. A. Reitz, Rev. Sci. Instr. 26, 59 (1955). 
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rhe target appendix as used in runs 2 and 3 


(D) Collimator 


The collimator which constitutes the entrance to the 
mass separator was placed 5 meters from the target. 
The dimensions of the collimator, which varied in the 
different runs, are given in Table I. The dimensions 
given in the following text serve only as an example. 
A 32-cm long copper collimator with an opening 
4X5 cm’ was provided with tungsten jaws leaving a 
3X4 cm? gap in order to reduce the scattering from the 
inner faces. Four-cm thick jaws are sufficient to stop 
both the He® and H? particles; two-cm jaws are thick 
enough to stop the He’ particles and to degrade the 
energy of the H* particles sufficiently for the magnet to 
bend them away from the counter telescope. The 
edge effects in the coilimator, that is the fraction of 
particles that hit the tungsten jaws and are still counted, 
can be calculated to lead to an uncertainty in the 
effective solid angle of 1% for the H* particles. For 
He’ particles these effects are negligible. 


(E) Analyzing Magnet 


The path of the particles through the magnet was 
studied with wire measurements before each run. The 
edges of the wedge-shaped pole faces were set at such 
an angle to the beam, that maximum double-focusing 
was obtained. In the horizontal plane it proved possible 
to produce an image of the target at the position of 
counter 2. The focusing in the vertical plane, which was 
less effective, was also checked by setting the magnet 
current for elastically scattered protons and measuring 
the height of the beam spot by moving counters 2 and 
3 up and down. The results from these vertical position 
curves, obtained with both a 34 cm? and a 4X1 cm’? 
collimator, agreed well with the predictions of the wire 
measurements. The dimensions of counters 2 and 3 
were based on the wire measurements, taking into 
account the energy spread of the particles leaving the 
target and the multiple scattering produced in the beam 
path. 
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Fic. 3. Block diagram of electronics 


(F) Counters and Electronics 


The counters were plastic scintillators connected by 
Lucite light guides to RCA-6810 A photomultipliers. 
The dimensions of the counters used in the different 
runs are listed in Table I. 

To minimize multiple scattering, counter 1 was kept 
as thin as the requirement of sufficient light for pulse- 
height analysis permitted. The absorption of He’ 
particles in plastic scintillator was measured by placing 
a 8-mm thick plate between counters 2 and 3. The 
reduction in the number of triple coincidences was only 
(0.4+1.2)%. From the slope of a range curve on 


tritons, it follows that absorption of tritons can also 


be neglected. 

A block diagram of the electronics is shown in Fig. 3. 
To achieve complete separation of mass three particles 
from protons and deuterons by time of flight, a coinci- 
dence circuit with a resolving time of a few nanoseconds 
(nsec) is needed. The coincidence circuit developed by 
Wenzel® meets this requirement. The circuits were 
tested by connecting them to a three-counter telescope 
in the direct proton beam of reduced intensity. Figure 
4 shows the ratio of the numbers of triple and double 
coincidences as a function of delay inserted in the 
cables to the third counter. A 100% counting efficiency 
was obtained over a flat top of 2 nsec and the width at 
half height is 5.5 nsec. A further reduction of the width 
could only be obtained by sacrificing stability. When a 
resolving time of 4 nsec was desired, two coincidence 
units were used, one with an extra delay of 1.5 nsec 
inserted in the connection to one counter and slow 
coincidences between the two circuits were counted. 

A drawback of this type of coincidence circuit is 
that also single pulses cause a dead time. As the 
clipping is done in the anode lines of the E 180 F limiting 
tubes, the input channel is blocked for the duration of 
the unclipped puls« . 

The high voltages on the photomultipliers were set 
such that the particles to be counted produced 4-volt 
pulses at the input of the coincidence circuit. This 


*W. A. Wenzel, University of California Radiation Laboratory 
Report UCRL-8000, 1957 (unpublished) 
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procedure minimizes the electronic bias in passing from 
H? to He’. 

Pulses are selected for pulse-height analysis by 60 
nsec wide gates of the pulse transformer type.”” When 
triggered by an output of the coincidence circuit these 
gates pass the pulses of one of the counters both to an 
integral: discriminator 
height analyzer 


and to a multichannel pulse- 

Pulses from the last dynodes of two counters are 
displayed with properly chosen delays on an Edgerton 
Type 2236 travelling-wave oscilloscope triggered by 
another output of a coincidence circuit. Variations in 
flight time of 1 nsec may be measured by scanning the 
films on which these traces are recorded 


3. MEASUREMENTS 
A) General 


Each measurement of the differential cross sections of 
the two reactions was preceded by a series of checks 
which established the correct measuring conditions. 
The length of cable to counter 1 was varied to find the 
exact time-of-flight, the field in the analyzing magnet 
was varied to bend the beams over exactly 26.6°, 
and the counters 2 and 3 were moved both vertically 
and horizontally to make the center of the beam spot 
coincide with the center of the counters. All of these 
measurements in which the counting rate is measured 
as a function of a certain parameter also serve a second 
purpose : to ascertain that all the H’® (or He’*) particles 
passing the collimator are counted, and that all counts 
correspond to H® (or He’) partic les. Ideally one hopes 
to find a clear separation between groups of different 


ratio triples to doubles 


\ 


10" 





Fic. 4. Delay curve of the coincidence circuit 
measured with 591-Mev protons 


°F. P. G. Valckx and A. Dymanus 
(1960) 


Nuclear Instr. 7, 19 
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_ counter width 


comc./100 
monitor counts 3 
' —+——_4+—~4 ial 


target full 


e ter get empty 








target full 


target empty 


vertical 
position 





b) 


particles in the delay and magnet curves, and the 
“‘marginal’’ counts with target full and target empty 
should cancel. Marginal counts are the counts obtained 
when counters 2 and 3 are displaced horizontally or 
vertically by their own width or height from the 
central position. 

Every measurement consisted of seven readings: the 
counts from the two coincidence circuits, from the 
mixed coincidence circuit, from the two integral dis- 
criminators and from the two pulse-height analyzers 
The readings of the last four were always equal to 
within 1% for measurements in the central positions 
after correction for counting losses in the kicksorters. 
The proper functioning of the electronics was checked 
continuously in this way. 

The pulse-height measurement supplies independent 
information on the identification of the He* particles, 
as only double-charged particles of the right velocity 
give the correct pulse height. Unfortunately, the pulse- 
height analysis does not distinguish tritons from protons 
and deuterons of the same velocity. Even for the H* 
settings the pulse-height spectra help to detect the 
presence of counts caused by accidental coincidences or 
by scattered protons and deuterons with a velocity 
different from the H* velocity, but still compatible 
with the resolving time of the coincidence circuit. 

The measurements were always made with the same 
counter connected to the pulse-height system, but 
during the initial checks each counter was connected 
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cone. /100 
monitor counts 
S 








Fic. 5. Number of triple coincidences per 100 monitor counts 
as a function of (a) horizontal displacement of counters 2 and 3 
for H* settings, (b) vertical displacement of counters 2 and 3 for 
He’ settings and (c) analyzing magnet current for He’. 


in turn to the pulse-height system to verify that the 
H* and He’ peaks came in the right channels and were 
well separated from other groups. 


(B) First Run 


A short report® on the results obtained in this run has 
been published before, but some more detailed informa- 
tion can be given here. Figures 5(a), (b), and (c) show- 
ing a horizontal position, a vertical position and a 
magnet curve, indicate to what extent the ideal situation 
of clean, uncontaminated H*® and He’ detection has 
been approached. The pulse-height spectra are presented 
in Figs. 6(a) and (b). 

A check on the flatness of the delay curve and thus 
the 100% efficiency of the coincidence circuit was 
made by making a measurement with the delay 
shifted 0.7 nsec from the central position. Also two 
different collimators were used to demonstrate the 
absence of ‘‘collimator effects.”” The results obtained in 
these three series of measurements are given in Table 
III. As no systematic deviations are observed, the data 
of the three series have been averaged to give the result 
(263.742.8) H* and (115.042.0) He’ particles per 
100 monitor counts and thus R),,p=2.29+0.05. To the 
statistical error a possible systematic error has to be 
added, which comes mainly from the uncertainty about 
the nature of the marginal counts (see reference 6). 
The total standard error thus becomes 5%. After 
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/ 1000 


monitor counts 


channe! no. 








eo 70 «660 


w/1000 
monitor counts 


channel! no. 





$0 0-460 700 «80 


ric. 6. Pulse-height 


spectrum in counter 2, gated by triple 
coincidences, for (a 


H? settings, (b) He* settings. The number of 
counts per channel is given for 1000 monitor counts. 


transformation to the c.m. system the final result of 
this run for the ratio of the differential cross sections of 
reactions (1) and (2) at @., 52° is: R= 2.26+0.11. 


(C) Second Run 


twofold: to measure the 
variation of the cross section of reaction (1) with energy 
and to repeat the measurement of R at a slightly 
different angle (@,= 14°) to check possible systematic 
errors. As during this run pictures were taken of all 
pulses on the travelling 


The aims of this run were 


wave Was 


beam intensity 


oscillos« ope, it 


considered unnecessary to reduce the 


ase III. Results of three series of measurements in run 1 
(see text). The number of counts is given for 100 counts of the 
beam monitor (8.6X 10" protons) 


H? target full 271 
target empty : 5 19.5 

He’ target full 
target empty 


134.94:3.2 
19.9+1.6 


until the number of accidentals became negligibly small, 


since a correction could be made for the number of 


accidentals on the basis of film scanning 

The production of a 581-Mev proton beam geomet- 
rically similar to the 591-Mev beam proved to be time 
consuming. As t] 


a const ere was no time left to 


on ind He? 


al d only 


quence 
alternate measurement 
in the first 


as had been 


done run, four series of measure- 


ments were mace 


p+ ; tp= 591 Mev; 
Mev; 
Me > 


(B) p+ oy = 591 
(C) pt a tp= 581 


(D) p+d— +, E,=591 Mev t of (A)] 


[repea 


uined 5‘ 


Runs a ind D ill cont 
target full and 1% with t 


> accidentals with 
arget empty, run 2B had 1% 
accidentals both with target full Table IV 
a ” tis repancy 
which 


and em 
and shows 

ind D is nearly 
discre pancy is attributed 
in the effective thickness of the 


gives the corrected results 
between the measurements A 
twice the standard error. Th 
to a decrease 
due 


deuterium 


larget, 
liquid 
large 
influence bec target used in this run was only 8 
mm thick. As there were equal time 
measurements A, B, C, and D, it 
calculate the ratio 
(4A+4D). Thus one 
+1.0)=2.14+0.12 
Just as in the first run, measurements were made with 
the counters displa ed by 
A study of 


shows that most of the marginal 


to an observed increase In 
This bubblix 


ause the 


bubbling in the 
g could have rather a 
intervals between 
seems preferable to 
comparison of B with 
Ria» = (57.8242.5)/ (27.0 


from a 
obtains 


their own width in four direc- 
tions. the « orresponding oscillos« ope traces 
scan be dis« arded 
H?® or 
found 
horizontal 
few percent ol what is found in the 
central position seem to remain both with target full 
and empty. Again it is preferred not to apply small 
corrections, which would cancel in the ratio, but rather 
to account for these dubious counts by assigning an 
extra error of 2° ptoR The accidentals mentioned above 
prevent the delay curve from going to zero between the 
triton and the 
number of accidentals to be subtracted is estimated to 
be 1% of the total counting rate. Finally an uncertainty 


count 


as due to accidentals or parti les other than 
or He 


He’. Actually no H 
) 


above and below counter a 


nuciel at all were 
whereas in the 


marginal positions a 


deuteron group. The uncertainty in 


of 3% is attributed to the interpolation procedure which 
was followed to account for th 


e increased bubbling in 
the target. The standard error in R is thus raised to 
7%, and the result after transformation to the center-of- 
mass system becomes R=2.10+0.14 for @,., 67° 
with a proton energy of 591 Mev 


for both processes. 

The energy dependence is calculated from a compari- 
run C with ($4+4D). A 10-Mev 
E, results in an increase in the cross section of reaction 


(1) of (4.94+2.2)/55.8 8.8+4.0)% 


son of decrease in 


Che experimental 
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TABLE IV. Results of the measurements in run 2. The number 


of counts is given for 100 counts of the beam monitor (5.6 10" " 


protons). 


Full 


69.94+2.6 
43.9+0.7 
74.6+1.1 
65.0+1.2 


Empty 


10.2+1.2 
16.9+0.7 
13.940.9 
11.14+1.0 


Full—empty 


(A) E,=591 Mev, H? 
(B) E,=591 Mev, He* 
(C) Ep=581 Mev, H? 
(D) E,=591 Mev, H? 


59.7422.9 
27.0+1.0 
00.7+1.4 
53.9+1.6 


conditions in the measurement at 591 Mev and 581 
Mev are identical, so that all systematic errors should 
cancel. The c.m. solid angle is, however, increased by 
2.3% when the proton energy is reduced by 10 Mev and 
thus the differential cross section in the c.m. system is 
only increased by (6.34.0)% for the 10-Mev change 
in proton energy. 


(D) Third Run 


This time the backward groups of H*® and He’ were 
investigated at 14° lab angle corresponding to 143° c.m. 
angle. The experiment has to be adapted to the much 
lower energy of these groups. For instance, the thin 
8-mm target has to be used to keep the energy spread in 
the He* beam within reasonable limits. Improvements in 
the radiation shield reduced the bubbling in the liquid 
deuterium compared to the second run. The larger 
energy loss per cm produces bigger light pulses in the 
scintillators, permitting the use of lower voltages on the 
photomultiplier tubes. The relative rate of single 
pulses above a certain voltage is correspondingly 
reduced and thus the number of accidental counts was 
always negligible during this run. This is especially 
helpful for the He* particles, since their range is so 
short that only a two-counter telescope can be used. 

Due to the lower velocities of the particles in the 
backward groups complete time-of-flight separation 
can be achieved with the distance between counters 1 
and 2 reduced to 2.5 meters. This reduction in distance 
compensates for the increase in multiple scattering in 
the first counter due to the lower energy of the particles. 
Successful measurements were made under these condi- 
tions for H*. For He’, however, the spreading out of the 
beam was somewhat worse than expected, about 10% 
of the particles being lost above and below counter 2. 
The distance was thereupon further decreased to 1.5 
meters, which reduced the loss of He* particles to 2%. 
The pulse-height criterium makes an unambiguous 
identification of the He?® particles still possible. 

A measurement was also made on tritium with 1.5-m 
separation between the first two counters. The films 
with oscilloscope traces make it possible to correct 
for the incomplete electronic time-separation between 
tritons and deuterons. These corrections amount to 
4.6% for target full and 9.8% for target empty measure- 
ments, whereas the film scanning revealed corrections 
of only 0.8% for target full and 1.4% for target empty 
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TABLE V. Results of the measurements in run 3. The number 
of counts is given for 100 counts of the beam monitor (5.6 10" 
protons). 


Distance between 
counters 1 and 2 
H? 250 cm 
He 250 cm 
He 150 cm 
H* 150 cm 
H* average of A and D 
He* average of B and ( 


for the tritium measurements with 2.5-m flight path. 
The results obtained after these corrections, given in 
Table V, lead to Ry»=2.06+0.05 and Re.m.=1.99 
+0.05. 

In the search for potential sources of systematic 
errors the tritium measurements have been made 
partly with counter 1 and partly with counter 2 con- 
nected to the pulse-height system. The results 404.4 
+4.5 and 408.9+5.1 agree well. The uncertainty as to 
whether all the H® and He’ particles and only those 
particles have been detected, is expressed in a 2% error. 
Another uncertainty of 2% stems from a discrepancy 
between two calibrations of the beam monitor. From 
direct observation there was no indication of a change 
in bubbling rate in the liquid deuterium during this run. 
In view of the difficulties in run 2, however, an error of 
2%, the maximum uncertainty that the consistency of 
the measurements permits, was assigned to R for varia- 
tions in the target thickness. 

In the two previous runs the tacit assumption has 
been made that the differential cross sections of these 
reactions vary little with angle in the region of interest. 
The 0.3° difference in the c.m. angle for He*® and H* 
could hence be neglected. The equality of the cross 
sections at 52° and 67° found in this experiment (see 
Table VI) and the measurements by Frank ef al.? at 
340 Mev support this assumption. The backward H? 
and He’ groups correspond to the forward pion groups 
and, for these angles, a strong dependence of the cross 
sections on angle has been observed.?**" From the 
data at 450 Mev and 660 Mev the change in cross 
section between the H* angle (142.7°) and He’ angle 
(143.2°) can be estimated as (3.04+2.0)% with sufficient 
reliability. 

The standard error in this run is thus 4.5% and the 
ratio of the cross sections of the two reactions for 
e.m.= 143° becomes R= 2.05+0.09. 


(E) Accidentals 


High single rates in the counters cause accidental 
coincidences and, due to blocking of the single inputs 
of the coincidence circuits, also counting losses. This 
problem is most serious for the H’ groups in the forward 
direction when high voltages on the multipliers are used. 

“Tu. K. Akimov, O. V. Savchenko, and L. M. Soroko, Joint 


Institute for Nuclear Research, Dubna, P—413, 1959 (un- 
published). 
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Fic. 7. Traces from oscilloscope film showing the pulses from a 
triton in counters 1 and 2. The third trace was triggered by an 
accidental coincidence as described in the text 


In the present telescope accidental triple coincidences 
are mainly produced by chance coincidences of a single 
in counter 1 with a true double in counters 2 and 3. In 
general, the beam intensity was reduced until less than 
1% accidentals could be expected from the measured 
singles and doubles rates. Accidentals will betray them- 
selves by having the wrong pulse height and by prevent- 
ing the delay curve from dropping to zero on its sides. 
Both facts were indeed observed during run 1, when the 
beam intensity was 8X10" protons/sec. A beam of 
only 10" protons sec had to be used for the H*® measure- 
ment in run 1. In runs 2 and 3 accidentals are also 
easily recognized in the film scanning. They show up by 
having wrong pulse heights in both counters and wrong 
timing. The complicated time structure of the beams of 
particles through the counters gives rise in run 2 to 
accidentals which are mostly of one special type (Fig. 7). 
\ proton and a deuteron produced in the same rf cycle 
of the cyclotron pass through the first counter. The 
deuteron has the momentum selected by the magnet 
and passes also counters 2 and 3. The time difference 
between the proton crossing counter 1 and the deuteron 
crossing counters 2 and 3 corresponds to the selected 
time-of-flight. Thus the coincidence circuit fires and 
opens the 60 nsec wide gate, which passes both pulses 
from counter 1. The slow pulse-height system sees these 
two pulses as one pulse of H® pulse height. The danger is 
that it is easy to obtain misleading results, since 
accidental coincidences of this kind disappear when one 
inserts an extra 60 nsec (the interval between two rf 
bursts) in the ce lay cable. 

The effect of accidentals is partly counteracted by 
counting losses, but in general the situation prevailed in 
which there were more accidentals than losses. 


(F) Absolute Cross Sections 


\s the sensitivity of the secondary emission chamber 
luring each run was compared to an absolutely cal- 
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ibrated ionization chamber, the absolute values of the 
differentia] sections calculated. The 
pertinent data are given in Table VI. The errors in 


the cross sections 


CcTOSS can be 


have been obtained by ¢ ombining 

error with a 3% uncertainty in the 
calibration of the error to account for 
errors in the identification of H*® and He? particles, and 
a 10% uncertainty in the effective thickness of the 


target in runs 1 and 2 and a 3% uncertainty in run 3. 


the statistical 


monitor, a 2% 


4. DISCUSSION AND CONCLUSIONS 


Che precision obtained in the measurements of the 
ratio R= da(p+d—H do(p+d— He'’+#") is of 
the same order of magnitude as the Coulomb and mass 
A strict test of the hypothesis of charge 

thus requires 


-"_ ) 


corrections 

independence a precise knowledge of 
these effects calculations by Kéhler,” 
of the CERN Theoretical Division, only four effects 
cause non-negligible corrections to R 


According to 
! 
: 


Che main correc- 
stems from the difference in triton and helium 
wave functions b) is based on the 
plausible but not indisputable assumption that the two 
reactions should be compared for the same momentum 
of the outgoing pions, thus reaction (1) at £,=591 
Mev with reaction (2) at E,=587 Mev. From the 
measured (6.3+4.0)% the cross section 
for a 10-Mev decrease in E,, a correction of 3.6% is 
computed. The difference in the phase space factors in 
the 


tion (a) 
A further correction 


increase in 


correction (c) of 
0.7&. The last correction (d), which accounts for the 
fact that the mesons come out at 


two reactions causes another 


slightly different c.m. 
angles in the two reactions, is only of importance for the 
backward groups the third run. The 


however, a more 


measured in 
available experimental data permit, 
It is evident that both 
the 
as been made of various 
the 


expressed in an 


direct estimate of this correction 


in the calculation of these corrections and in 


neglect of other effects, use I 


assumptions and models. The uncertainty in 


validity of these assumptions 1s 
estimated error of 3% in the results 

In the comparison of the experimental and theoretical 
the that has 
and Riheor thus includes 


only Kéhlers corrections (a), (b 


values of ratio follows, correction (d) 
already been applied to Rexp, 


and ( 


6. wm (H? ,He* Rens Rircor 


52 2.26+0.11 
67 2.10+0.14 
143 2.05+0.09 


21+0.07 
22+0.07 
18+0.07 


As the variation with angle of Rijeor is much smaller 


than the uncertainty in Riwor, one may also compare 
the values averaged over the three angles of observation : 


Rexp= 2.1340.06 with Ripeor= 2.20+0.07. 


2H. S. Kohler, Phys. Rev. 118, 1345 
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raBLe VI. Absolute differential cross sections of the reactions p+d —> H’+-x*(1) and p+d —+ He’ +-°(2) in wb/sr. The errors in the 
cross sections include statistical and systematic errors, the errors in the numbers of counts are statistical only. 


Run 1 


Lab angle @ 

C.m. angle 6,*(H*) 

C.m. angle 6,* (He*) 

Solid angle in sr 

Number of protons/100 counts of the monitor 
Number of D atoms/cm* 

Number of H?/100 counts of the monitor 

(do, (6)/dQ is» 

| da, (0;*)/dQ}, m 

Number of He?/100 counts of the monitur 
do2(0)/dQ)is» 

do; (6,*)/dQ}. m 


man WV 


263 


* The value of 14 wb/sr given in our preliminary report 


The present experiment thus confirms the validity 
of the hypothesis of charge independence with an 
experimental precision which is equal to the uncertainty 
in the theoretical prediction. Crewe e al? in a recent 
experiment measured the same ratio R with a somewhat 
different technique at a proton energy of 450 Mev. 
Using momentum selection and pulse-height analysis 
to identify the H® and He’ nuclei, and CD,—C as a 
deuterium target, they obtain R=2.13+0.15 at 
6..m.= 140°. Making the reasonable assumption that the 
Coulomb and mass corrections do not depend strongly 
on the energy of the incident protons, the good agree- 
ment between this result and that of the present experi- 
ment lends further support to the hypothesis of charge 
independence. 


2.8 59.742.9 
10.6+1.2* 
0.50+0.06 

115.04+2.0 
4.6+0.5 
0.22+0.02 


as 


reference 6) is ir 


Run 2 
14.0° 


67.2° 

66.7° 
2.3210 
56x10" 
4.0K 10" 


Run 3 


14.0° 
142.7° 
143.2° 
4.64 10-5 
5.6 10" 
4.0X 10" 
W8.4+3.8 
29.7+1.5 
2.924-0.14 
150.043.0 
14.4+0.7 
1.45+0.07 


11.541.4 
0.49+0.06 

27.0+1.0 
5.2406 
0.2340.02 
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Photoproduction of Negative and Positive Pions from Deuterium 
for Photon Energies 500 to 1000 Mev* 
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The ratio of the yields of negative and positive pions photoproduced in deuterium has been measured at 
six photon energies between 500 and 1000 Mev and at seven angles between 20° and 160° in the center-of 
momentum system of the photon and target nucleon. Pions were selected with a magnetic spectrometer and 
identified using momentum and specific ionization in a scintillation counter telescope. The spectator model 
of the deuteron was used to identify the photon energy. Statistical errors assigned to the x~/x* ratio range 
between five and fifteen percent. The results of the present experiment join smoothly with the low-energy 
x /x* ratios obtained by Sands e al. At high energies the x~/x* ratio varies from 0.5 at forward angles and 
energies near 900 Mev to 2.5 at 160° c.m. and energies 600 to 800 Mev. The cross sections for x~ photo 
production from neutrons have been derived from the #~/x* ratio and the CalTech x* photoproduction 
data. The angular distributions for x~ production are considerably different from those for x*; there is, 
for example, a systematic increase at the most backward angles. The energy dependence of the total cross 
section for x~ is similar to that for x*, although the second resonance peak occurs at a slightly lower energy, 


and at 900 and 1000 Mev the x 


cross section is smaller by a factor 1.6. A comparison is made of the cross 


sections for x* photoproduction from hydrogen and deuterium, although the accuracy of this comparison 


is not high. 


I. INTRODUCTION 


N experiment designed to measure the photopro- 
duction of negative pions from neutrons in the 
energy range of 500 to 1000 Mev has been completed at 
the CalTech Synchrotron Laboratory. The data ob- 
tained complement the recent measurements of the 
photoproduction of positive pions from hydrogen in the 
same energy range.'? 
Although the reaction 


ytn— «+p 


cannot be investigated for free neutrons, the use of 
neutrons bound in deuterium seems quite satisfactory, 
at least at high energies. Not only are the nucleons in 
deuterium loosely bound, but complications caused by 
the nuclear structure can be minimized by measuring 
the ratio, henceforth called the x 
sections for the reactions 


m* ratio, of the cross 


ytd—x+ptp, 


and 


yt+d— xt+n-+n. 


This ratio is identified directly with the ratio of the 
cross sections for the reactions 


ytn— «+p, 


and 


ytp— xt+n. 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

t Now on active duty with the Ordnance Corps, U. S. Army 

tNow at University of Pennsylvania, Philadelphia, 
Pennsylvania 

1F. P. Dixon and R. L. Walker, Phys 
(1958); 1, 458 (1958); and to be published 

?M. Heinberg, W. M. McClelland, F. Turkot, W. M. Wood 
ward, R. R. Wilson, and D. M. Zipoy, Phys. Rev. 110, 1211 (1958). 
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At energies near threshold, effects of Coulomb and 
nuclear interactions between the three particles in the 
final state are important, and sizeable corrections for 
these effects must be made in order to interpret the 
cross sections observed from deuterium in terms of 
those for free nucleons.’ However, at high energies, 
these effects are unimportant, and the main complica- 
tion from using deuterium is the kinematic one arising 
from the motion of the target nucleons in the nucleus. 
A possible exception to this statement is that at small 
angles the Pauli exclusion principle inhibits the yield 
from deuterium, and this effect may not be the same 
for x* and x~. This is discussed in Sec. VI. 

Extensive measurements of the ~/x* ratio at low 
energies have been made by the University of Illinois 
emulsion group.‘ Careful measurements of the reaction 
y+d—2x-+p+> in deuterium loaded emulsions are 
reported by Adamovich ef al.° and analyzed in terms of 
Baldin’s’ calculations concerning the final state inter- 
actions. More recent low-energy work is referred to by 
Bernardini in his report at the Kiev conference, 1959. 

The widest survey of the x~/x* ratio at energies up to 
500 Mev was made by a CalTech group using a magnetic 
spectrometer.® The present experiment was planned to 
extend these measurements to 1000 Mev. 


Il. EXPERIMENTAL METHOD 


experiment, charged pions were 
interaction of the bremsstrahlung 


In the 
observed from the 


present 


1958 
Stoppini, and L. Tau, 


3A. Baldin, Nuovo cimento 8, 569 

4M. Beneventano, G. Bernardini, G 
Nuovo cimento 10, 1109 (1958 

5M. I. Adamovich, G. V. Kuz’micheva, V. G. Larionova, and 
S. P. Kharlamov, J. Exptl. Theoret.Phys. U.S.S.R. 35, 27 (1958) 
[translation : Soviet Phys.-JETP 8 (35), 21 (1959) ] 

*M. Sands, J. G. Teasdale, and R. L. Walker, Phys. Rev. 95, 
592 (1954 
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beam of the CalTech Synchrotron with a liquid deuter- 
ium target. Negative or positive pions of a given labora- 
tory momentum and angle of emission with respect to 
the photon beam were selected using a magnetic spec- 
trometer. The magnet of this spectrometer provides a 
wedge-shaped, uniform field which deflects particles 
vertically and focuses those of the proper momentum 
at a line focus (single focusing). A system of three 
scintillation counters was located at the focus and, at 
high energies, a Cerenkov counter was added to help 
discriminate against protons. Some long narrow veto 
counters were placed against the pole faces of the 
magnet in such a way as to avoid particles which might 
scatter or otherwise originate from the pole pieces. The 
solid angle of acceptance was determined by these veto 
counters and by a thin front aperture counter located at 
the entrance edge of the magnet. The entire system 
of magnets, counters, and shielding is mounted on a 
rotating carriage which pivots about an axis containing 
the target, so that the angle may easily be changed. 

The spectrometer had two different geometric con- 
figurations; in the “medium-energy” configuration 
momenta up to 600 Mev/c were selected, while in the 
“high-energy” configuration momenta from 600 to 
1200 Mev/c were selected. In both configurations the 
momentum dispersion, AP/P, was approximately 0.1. 
The solid angle of acceptance was 0.006 steradian in 
the medium-energy and 0.002 steradian in the high- 
energy configuration. The corresponding angular resolu- 
tions were 1.6° and 1.0° (full width at half maximum), 
respectively. 

The instrumentation of the spectrometer has been 
described by Dixon and Walker' who used the same 
equipment to measure the positive pion photoproduc- 
tion from hydrogen; reference should be made to their 
article for specific details. The construction of the liquid 
target has been described by Vette.’ 

Pions were identified as those particles which passed 
through the spectrometer and produced minimum 
ionizing pulses in the scintillation counter telescope 
located at the focus of the magnet. Examination of 
pulse-height distributions from the counters indicated 
that with the biases used the counting system had an 
efficiency greater than 98% for detecting pions. Approx- 
imately 10% of the counting rate was produced in the 
walls of the target container; background counting rates 
were measured in separate runs and subtracted from 
full target counting rates. The positive pion counting 
rates were corrected by subtracting the counting rates 
(calculated) of pions produced from the free hydrogen 
contamination of the deuterium; this correction did not 
exceed three percent. . 

Electrons, if present, would also have been identified 
as pions. However, from the counting rates of negative 
particles produced in hydrogen under similar experi- 
mental conditions it was possible to conclude that the 


7 J. L. Vette, Phys. Rev. 111, 622 (1958) 
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electron contamination was less than about 2%, and this 
might change the x~/x* ratio by less than one percent. 
This conclusion is based on the assumption that positive 
and negative electrons are produced in approximately 
equal numbers, and the fact that negative pions from 
hydrogen would not be observed under these experi- 
mental conditions. 

A large number of protons were incident on the spec- 
trometer, especially at forward angles. Protons which 
would have been counted when the spectrometer was 
used in the medium energy configuration were always 
more than 2.2 times minimum ionizing, and these were 
easily eliminated by setting an upper bias on the pulse 
heights from the counters. (Protons with momenta less 
than 475 Mev/c were absorbed before reaching the final 
counter in the spectrometer.) At the higher momenta 
investigated, protons could not be distinguished on the 
basis of pulse heights. A Lucite Cerenkov counter sensi- 
tive to velocities greater than 0.7¢ was, therefore, incor- 
porated into the high momentum configuration. A small 
fraction (about 0.0075) of the protons traversing the 
Cerenkov counter were counted by it, so that a correc- 
tion, which was generally less than one percent and 
never exceeded six percent, had to be made for this 
proton contribution to the positive pion counting rates. 
To make this correction, the above fraction was meas- 
ured at several energies, and the number of protons 
passing through the system at each setting was meas- 
ured by placing the Cerenkov counter in veto. 

Data were taken so that differences in the measure- 
ment of positive and negative meson counting rates 
were minimized ; thus, many systematic errors present 
in absolute cross-section measurements were reduced or 
eliminated by measuring a ratio. Data were taken in 
runs of approximately one hour during which time a few 
hundred mesons of one charge were counted. Runs 
counting pions of different charges were made sequen- 
tially ; all controllable factors relating to the synchrotron 
operation, the experimental area, and the detecting 
equipment were unaltered between such runs. Thus the 
absolute calibration of the beam intensity was unimpor- 
tant and drifts over periods of a few hours could be 
neglected. The geometrical factors relating the cross 
section to the counting rate were the same for both 
positive and negative mesons and cancelled in the ratio. 
Likewise, detailed knowledge of the deuterium density 
and target geometry was unnecessary. Any counting 
inefficiency caused by bias settings or long period drifts 
in gain was the same for both positive and negative 
pions. Furthermore, data were taken which showed that 
the ratio was very insensitive to the synchrotron end- 
point energy for a range of hundreds of Mev. At least 
two runs separated by several days were made at each 
spectrometer setting and end-point energy. 

Since photomultipliers are sensitive to magnetic 
fields, measurements were made to determine whether 
a large shift in the magnetic field strength would appre- 
ciably change the counting efficiencies. Pulse-height 
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spectra obtained with the magnetic field at its maximum 
positive and maximum negative values were indis- 
tinguishable. Also, field changes from zero to maximum 
did not appear to change the gains appreciably. 

As an additional check, one point (spectrometer 
central momentum=580 Mev/c, laboratory angle= 
39.5°, synchrotron end-point energy = 800 Mev) was 
run with both the medium and the high-energy con- 
figurations. In the medium-energy configuration the 
central magnetic field of the spectrometer was 14.1 
kilogauss ; in the high-energy configuration this magnetic 
field was only 7.4 kilogauss. The #~/x* ratios obtained 
were 0.794+0.037 and 0.778+0.050, respectively. 

Corrections to the observed counting rates for scatter- 
ing in the counters and for r—y decays were calculated 
to be the same for positive and negative pions within 
two percent. 

The r-/x* ratio was measured at pion momenta and 
angles selected both to continue the ~/x* data pre- 
viously obtained by Sands e/ al.* and to examine the 
same range of angles and energies included in the r* 
photoproduction data obtained by Dixon and Walker.' 
Spectrometer settings were chosen so that if pions had 
been observed from free nucleons with a momentum 
equal to the central (not average) momentum of the 
spectrometer, the photon energy would have increased 
in steps of 100 Mev from 500 to 1000 Mev. If quite 
reasonable assumptions are made, it can be shown that 
this energy roughly equals the average energy of 
photons which produce pions accepted by the spec- 
trometer with a central momentum of P, from a 
deuterium target. 

The center-of-momentum angles from free nucleons 
associated with each of these photon energies were 
selected to increase in steps of either 20° or 30° from 
20° to 150°. An additional series of data was taken at 
the largest angle possible in the laboratory, 151.5°, which 
corresponds to a c.m. angle* of ~ 163°. 


Ill. KINEMATIC EFFECTS OF TARGET 
NUCLEON MOTION 


Although the measurement of the x~/x* ratio can be 
made very accurately, the interpretation of these data 
is complicated by the use of bound instead of free 
nucleons. Specifically, the appropriate initial photon 
energy, which was not measured directly, cannot be 
uniquely determined from a knowledge of the momen- 
tum and angle of the outgoing pion. These complica- 
tions are not really very important and should not be 
overemphasized. Thus, although a large amount of work 
was done to analyze the data in terms of the spectator 
model described below, the final results shown in Figs. 
3 through 10 would not look very different if the target 
nucleons had been considered free. Thus inaccuracies 
in the model are probably not important 

* The c.m 


momentum system of the appropriate nuc leor 
particle, and the incoming photon 


the center-of- 
treated as a free 


svstem as used here is defined to be 
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It is possible to calculate the energy distribution of 
those photons which contribute to the pion counting 
rate by using the following “spectator’’ model of the 
deuteron-photon interaction. In this model the photon 
interacts with just one of the nucleons in the deuteron, 
while the other nucleon remains a spectator and is not 
involved in the interaction. Furthermore, the spectator 
nucleon is assumed to have the same momentum distri- 
bution in the final state as it had while a bound particle 
inside the deuteron. 

The validity of the spectator model has been dis- 
cussed previously.’ The assumption that the incident 
photon interacts with only one nucleon is obviously 
poor for small nucleon separations or for high nucleon 
momenta. However, the deuteron is loosely bound and 
the average nucleon separation is large so that this 
difficulty is not serious 

An experiment which tests this model has recently 
been performed at Cornell University."° The reaction 
y+d—>x-+2p was observed in a deuterium-filled 
diffusion cloud chamber. Although the experiment was 
statistically poor, it had the advantage that the kine- 
matics were completely defined, since all the reaction 
products and their momenta could be identified. The 
momentum distribution of the spectator nucleons as 
determined by this experiment was compared to the 
distribution derived from the Hulthén wave function 
and was found to be in good agreement. 

Using the spectator model, it is a straightforward 
problem in kinematics to calculate the appropriate 
energy distribution of photons kinematically capable of 
producing pions which can be accepted by the spec- 
trometer." 

For each setting of the spectrometer a resolution func- 
tion F(K,P»,Eo) was calculated which gives the relative 
probability for a photon with an energy K to produce 
a pion acceptable by the spectrometer.” The spectrom- 
eter setting is described by the central momentum P» 
and the laboratory angle 9, ; Eo is the end-point energy 
of the synchrotron and for convenience K is measured 
in the rest system of the target nucleon. The counting 
rate at a given setting is proportional to the integral 
S F(K,Po,Eo)dK. Typical resolution functions F(K,Po, 
Ey) are shown in Fig. 1. For these calculations the 
Hulthén wave function for the deuteron ground state 
and the “thin target” bremsstrahlung spectrum were 


* See references listed in footnote reference 4 
”D. H. White, B. M. Chasan, G. Cocconi, V. T 
R. M. Schectman, Bull. Am. Phys. Soc. 4, 273 (1959 

communication. 

1 A fundamental ambiguity arises in that the specification of 
the momentum of a bound nucleon does not specify its velocity 
This means that the transformation to the c.m. system of a 
nucleon and the incoming photon is not defined. The present 
calculations were made assuming each bound nucleon to have a 
total energy of Mc* where M is the free nucleon rest mass, and a 
velocity P/M. In practice the differences caused by this choice 
were negligible. 

2 The calculationa! method used was similar to the one outlined 
in R. Smythe, R. M. Worlock, and A. V. Tollestrup, Phys. Rev 
109, 518 (1958 
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used. Account was taken of the finite momentum resolu- 
tion of the spectrometer and the finite size of the target. 

At pion laboratory angles forward of 60° the function 
F(K,P,,£o) for deuterium exhibits an asymmetry which 
favors higher energy photons. At backward pion angles 
the resoiution function becomes broader and the brems- 
strahlung end point cuts off the high-energy tail. At any 
given pion angle the width at half maximum is roughly 
a constant fraction of the average photon energy. 

The shape of the energy resolution curve for one 
spectrometer setting can be found experimentally by 
measuring the pion yield at that setting as a function 
of the synchrotron end-point energy Eo. Measurements 
were made of the x* yield at a laboratory angle of 64 
and a central momentum of 475 Mev/c which corre- 
sponds to photons of about 700 Mev and a c.m. angle 
of 90°. The experimentally measured yields for this 
setting are shown in Fig. 2 for a sequence of synchrotron 
end-point energies. Corrections have been made for 
empty target counts, pion absorption, and pion decays ; 
the errors shown are statistical. 

In order to compare the calculations of the resolution 
function with the measured yields shown in Fig. 2, 
F(K,P.,E0) was computed for the one spectrometer 
setting used and for end-point energies Eo going in 50- 
Mev steps from 600 to 1000 Mev. The shape of the 
function F(K,Po,£)) was then modified by folding in 
the measured positive pion cross sections from free 
hydrogen. Finally, the predicted relative yield for a 
given value of Ey was obtained by integrating the 
modified resolution function over K. The absolute 
values of the calculated yields were then normalized 
by setting the measured and calculated yields equal at 
Eo=850 Mev. The predicted dependence of the pion 
yield on Ep is given by the dashed curve of Fig. 2. 

Figure 2 shows that the measured resolution curve is 
slightly wider than the calculated curve. Some factors, 
however, such as the finite angular resolution of the 
magnet, have been omitted from the calculations. These 
factors would, in general, broaden the range of energies 
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Fic. 1. Resolution functions calculated using the spectator 
model for two of the experimental settings. F (K) is the 7 (K,Po,£o) 
of the text, and the units are arbitrary. The curve for 6... 162° 
shows clearly the effect of the bremsstrahlung upper limit cutting 
off the high-energy tail. 


GATIVE 


AND POSITIVE PIONS 


1729 





€00 700 800 900 
€,iNMEV 

Fic. 2. The yield of #* from deuterium at 6, =64° and P,=475 

Mev/c, corresponding to %& 90° and a photon energy 700 Mev, 

as a function of the bremsstrahlung upper limit, Zo. The experi- 

mental points are compared to a curve (dashed) calculated for 

deuterium by the procedure explained in the text, Sec. ITI. The 

units of yield are counts per equivalent quantum, and the calcu- 

lated curves have been normalized to the measured one at 850 

Mev. The rise at high energy presumably results from the contri 
bution of pions produced multiply 


of photons which produce pions which are detected 
experimentally. Furthermore, it can be seen that if the 
experimental determination of the end-point energy Ey 
were in error by one percent, the agreement between 
the calculated and experimental yields would be con- 
siderably better. Since no special precautions were taken 
in measuring Eo, such an error is not impossible. Thus 
the check on the validity of these calculations is felt to 
be satisfactory. 

The yields expected from a hydrogen-filled target are 
also shown in Fig. 2. These yields are a measure of the 
finite energy width caused by the equipment alone. 

At each setting of the spectrometer, a range of photon 
energies was sampled. The weighted averages of these 
energies, K, has been calculated for each data point 
using the relation: 


R= f KF(K,P,Eo)dK / f F(K,Po,Eo)dK. 
K A 


The production of a pion with momentum P» and 
angle 6, corresponds to a range of pion angles in the c.m. 
system. Rough calculations based on the spectator 
model indicate that the angular width is largest at 
backward pion angles, but is never much larger than 8° 
(full angular width at half maximum). The average 
angle of emission was found to be within 2% of the 
angle expected if hydrogen had been used. 

The spectator model permits calculation of the 
average photon energy and angle of emission assuming 
that the pions were produced singly. However, charged 
pions can also be produced through multiple production. 
Recent experiments at CalTech” and Cornell show 


4M. Bloch and M. Sands, Phys. Rev. 113, 305 (1959). 
“4 J. M. Sellen, G. Cocconi, V. T. Cocconi, and E. L. Hart, Phys. 
Rev. 113, 1323 (1959). 
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TaBLe I. Experimental conditions and results. Eo is the brems- 
strahiung end-point energy, Po is the spectrometer central momen 
tum, and 6, is the angle of the spectrometer in the laboratory. The 
second column gives the geometric configuration of the spectrom- 
eter, H standing for the high-energy configuration and M for the 
medium-energy one. 6. is the average pion angle in the center of 
momentum system of the incoming photon and the (moving) 
target nucleon. K is the average photon energy in the rest system 
of the target nucleon, and AK is an effective photon interval in 
this system defined in Sec.IV. #~/x* is the ratio of yields of x 
and w* under the given conditions. 
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Ey Con- Po Or Oe.m R AK 

Mev fig. Mev/c deg deg Mev Mev a /x* 

600 H 408 13.7 20 510 60 1.11+0.06 
600 M 447 27.8 40 510 60 0.98+0.05 
600 M 414 42.8 “ 510 00 0.89+0.04 
600 M 349 68.0 90 510 60 1.07+0.06 
600 M 284 98.5 120 500 70 1.74+0.12 
600 M 232 136.1 150 500 80 2.05+0.18 
600 M 222 151.5 161 500 80 2.21+40.24 
700 H 569 13.1 20 600 70 1.23+0.06 
700 M 542 26.7 40 610 70 =6©.0.88+0.05 
700 M 498 41.1 “o— 610 70 0.78+0.04 
700 Vf 414 65.7 90 610 70 1.03+0.05 
700 Vf 328 96.0 120 600 80 1.49+0.09 
700 M 262 134.5 150 590 100 2.3340.20 
700 VU 247 151.5 162 590 100 2.47+0.27 
800 H 669 12.6 20 700 80 1.08+0.05 
800 H 633 25.6 40 700 80 0.82+0.04 
800 H 580 39.5 60 710 80 0.78+0.05 
800 Vv 580 39.5 60 710 80 0.79+0.04 
800 Vl 475 63.6 90 700 80 0.80+-0.03 
800 VU 370 93.7 120 700 100 1.20+0.05 
800 vi 288 132.6 150 680 120 2.42+0.23 
800 M 268 151.5 162 680 130 2.39+0.27 
900 Hi 769 12.2 20 810 100 0.87+0.05 
900 H 725 24.6 40 800 90 0.82+0.05 
900 H 660 38.1 60 800 90 0.65+0.04 
900 M 534 61.6 90 800 9 0.69+0.03 
900 Vu 407 91.5 120 790 110 0.93+0.05 
900 M 310 130.9 150 770 140 1.80+0.15 
900 vi 286 151.5 163 770 150 2.86+0.33 
1000 H 866 11.7 20 900 110 0.62+0.03 
1000 H 817 23.8 40 900 110 0.55+0.04 
1000 H 740 36.9 60 900 110 0.49+0.04 
1000 Vf 592 59.8 90 900 110 0.56+0.04 
1000 M 443 89.5 120 880 110 0.61+0.05 
1000 Vf 331 129.3 150 860 160 1.51+0.14 
1000 M 301 151.5 164 850 170 2.17+0.25 
1080 H 648 55.0 85 950 120 040+0.04 
1080 H 966 11.4 20 1000 120 0.72+0.04 
1080 H 908 23.0 40 1000 120 0.64+0.04 
1080 H 819 35.7 60 1000 120 0.48+0.03 
1080 vi 590 67.0 100 990 120 0.66+0.05 
1080 Vf 478 87.5 120 970 130 0.50+0.05 
1080 VU 347 127.9 150 940 #170 1.27+0.12 
1080 M 314 151.5 164 930 200 1.73+0.16 


that the total cross section for multiple production from 
hydrogen is very small for photon energies less than 
approximately 200 Mev above threshold. Above about 
500 Mev, however, the cross section rises steeply and 
reaches a plateau of 40 to 60 microbarns; this value is 
comparable to the single pion photoproduction cross 
sections from hydrogen. 

In the study of positive pion photoproduction from 
hydrogen it is feasible to eliminate multiply produced 
pions by adjusting the end-point energy of the synchro- 
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energy for c.m. angles 20°, 40°, 60°, and 90°. The mean photon 
energy, A, is in the rest system of the target nucleon corresponding 
to the convention used in experiments with free nucleons of 
quoting photon energies in the laboratory system, which is also 
the nucleon rest system in that case. Some sample resolution 
curves are shown on a linear scale at the bottom of the graphs. 
The data shown as solid circles at low energies are taken from 
Sands e¢ al. footnote reference 6 


tron, because the threshold energy for these reactions is 
always at least 150 Mev greater than the photon energy 
required for single production deu- 
terons are bombarded, the may 


However, when 


nucleon momentum 


decrease the threshold energy required for multiple pro- 
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duction to a value even below the average photon energy 
required for single production. This difficulty is most 
pronounced at backward angles and at high photon 
energies. From calculations using the CalTech and 
Cornell multiple pion data it is possible, however, to 
conclude that at the worst configuration the contamina- 
tion of the singly produced pion counting rate by 
multiply produced pions is less than three percent. This 
leads to an error of less than two percent in the ratio 
due to multiple pion production. A check on these 
calculations was made by measuring the r~/* ratio as 
a function of the synchrotron end-point energy at two 
spectrometer settings. In both cases, the effect on the 
ratio attributable to multiple production was within 
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Fic. 4. The x~/x* ratio at 9%.m.= 120°, 150°, and 163°. 
See the caption of Fig. 3. 
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Fic. 5. The differential cross section at R =G00 Mev for the 
reaction y+n — # +), derived from the x~/x* ratio and the x* 
cross sections of Dixon and Walker, reference 1. For comparison, 
the x* angular distribution at the same energy is shown by the 
dashed curve. The cross sections are in the center of momentum 
system. 


the statistical errors assigned. Such a check is rather 
sensitive because the contribution from pions produced 
multiply is greatly enhanced by raising the synchrotron 
energy, of course. 


IV. RESULTS 


The experimental settings for each data point are 
given in Table I. The mean photon energy K is tabu- 
lated as well as the photon energy interval AK=K,—K, 
which is defined by the following: 


Ke £ 
f F(K,P.,Eo)dK= 0.68 f F(K,Po,Eo)dK, 
A 


rs 0 


Ky e 
f F(K,P., Eo ak= f F(K,Po,Eo)dK. 
0 Ke 


The x~/x* ratios obtained in this experiment are 
also tabulated in Table I and shown, as a function of 
energy, in Figs. 3 and 4 on a logarithmic scale. The 
earlier data of Sands ef al.* are included in the figures ; 
the agreement of the present data with the older results 
is seen to be excellent. The photon energy resolution 
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see Cantion of I iz. Oo 
function /(K,P»,£,) is also shown at the bottom, on a 
linear scale, for some representative points. 


+ 


The errors included with the #~/x* ratio are purely 
statistical. In most cases the corrections applied were 
negligible compared to the statistical errors; in fact, the 
largest correction was equal to the statistical error at 
only one setting 

Although the kinematic model used in the reduction 
of the data is obviously not completely correct, it is felt 
that the identification of the measured ratio with the 
ratio of negative to positive pion photoproduc tion from 
free nucleons is valid within the accuracy of the data 
lhe interpretation is most sensitive to the model at 
backward angles where the statistical errors and the 
energy spread are largest. The possible effects of the 


multiple pion production are also largest at those 


ettings for which the least statistical accuracy was 
obtained 

rhe data at different settings are generally consistent 
with each other. The close agreement with the results 


} 


of Sands e/ al. at the lower energies is reassuring. The 


data around 1000 Mev seem to be erratic; specifically, 
at some angles the ratio appears to reverse its down- 
ward trend while at other angles it decreases steadily 
with increasing energy. However, there is no reason to 
uspect that there are errors present in these data which 


would not also be present at lower energies. Further- 
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more, the agreement between the different runs taken 
on different days at a single setting is satisfactory. 
The absolute cross sections for the photoproduction 
of negative pions from neutrons can be derived by 
cross section for 
Che differen- 
calculation 
Dixon and 
are shown in Figs. 5 
150°, and 161° the ratios 
different from 
100-Mev 


multiplying the #~/x* ratio by the 
producing positive pions from hydrogen 
such a 


tial cross sections obtained from 


using the x* cross sections obtained by 
Walker! with the same equipment 
through 9. For 6, 120°, 
were measured at energies considerably 
the energies presented which are at even 
intervals. At these angles the value of the ratio at the 
desired energy was found by interpolation. The ‘1000 
Mev” ingles required an 
extrapolation of the x Since the 
slope of the data at the high-energy end is changing 


cross sections it backw ird 
r° ratio apparent 
‘. the resultiz g cTOSss Sec- 


it? 10° 


radically as a function of @ 
tions must be viewed cautiously. T] 


e data 
required an interpolation of the x* data 

Total photoproduction were 
calculated from the differential cross se 
the angular distributions with ; st s 
form 


cross sections for x 
tions by fitting 


juares fit of the 


For k 
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included ; for = 900 and 1000 Mev terms up to cos@, 
were included. These fits are shown in Figs. 5 through 9 
for both positive and negative pion photoproduction 
The total cross sections are shown in Fig. 10. The total 
cross sections at energies less than 600 Mev were derived 
from the x~/m* data (interpolated) of Sands et al.,° and 
the x* cross sections from the early CalTech work.'®"' 


The fitting of the data with a simple power series in. 


COS 9... was done merely to find the total cross sections 
easily, and the coefficients in this fit are not given, since 
they have no particular significance. A ‘‘Moravesik 
fit’? would perhaps be more significant, but this is also 
unreliable for extrapolation to angles smaller than those 
where our data exist, and would not give better values 
of the total cross sections. It differs from our fit only for 
angles less than 20°. 

The cross sections reported for negative pion produ: 
tion obviously contain any systematic errors which may 
be present in the positive pion cross sections. These in 
clude errors in the beam calibration, in the spectrometer 
solid angle and momentum interval, and in corrections 
made for nuclear absorption and x-u decay.’ Further 
more, the negative cross sections are sensitive to uncer 


. . . "Ba . . . . 
tainties in A and to the extrapolation or interpolation of 
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the data, especially at the higher energies. A crude esti- 
mate of the possible uncertainties which are thus intro- 
duced is included in the quoted errors. Other than this, 
the errors shown are mainly statistical. The values of the 
a* cross section were taken from the thesis of Dixon, and 
may, be slightly changed before final publication.' This 
would, of course, also change the x~ cross sections, but 
this will not alter the comparison of the x~ and x#* cross 
sections made in Figs. 5 to 9. It is clear from these figures 
that the angular distributions for ~ and x* are quite 
different, which simply reflects the fact that the r~/x* 
ratio varies considerably with angle and energy. An 
interesting feature is that the e~ angular distributions 
rise upward at the most backward angles for all energies 
investigated 

The total cross section for x shown in Fig. 10 shows 
a clear second resonance peak similar to that found for 
n+. The x~ peak seems to fall at a slightly lower energy 
than the w* peak. The fact that the two look quite 
similar is probably significant, since the shape and 
energy of the x* peak seems to be governed by inter- 
ference effects'* and these could be different for x~ and 
x’. At lower energies there are not enough data to 
obtain accurate #~ total cross sections, but the domi 
nance of the first resonance near 300 Mev is clear 


* A. M. Wetherell, Phys. Rev. 115, 1722 (1959). 
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Fic. 10. The total cross section for the reaction y+n — x~> +) 
as a function of photon energy, with the corresponding curve for 
x* shown for comparison. The ‘‘old CalTech data” refer to those 
reported in references 6, 15, and 16 


V. INTERPRETATION 


At present there is no theoretical treatment appli- 
cable to photoproduction in the energy range of this 
experiment. A phenomenological interpretation of the 
data was therefore attempted using the following simple 
model : 


(1) The pion-nucleon interaction is dominated by 
three resonant states; each of these is characterized by 
a definite total angular momentum, parity, and definite 
total isotopic spin. Only the characteristics of the first 
resonance at Rip 
established. 

(2) Nonresonant S 
term,” or 


300 Mev were accepted as well 


“retardation 
included for 


waves and the 
current term,” 
charged pions in the Born approximation. 


“meson were 


The necessity of including the retardation term,! 
which is caused by the direct interaction of the photon 
with the meson cloud, has been shown in the phenomen- 
ological analysis of the low-energy #* angular distribu- 
tions. Furthermore, the interference between the 
retardation term and the second resonance was used by 
Wetherell’’ to predict qualitatively the measured energy 
shift between the second resonance peaks in pion- 
nucleon scattering and positive pion photoproduction. 

Predictions of the pion angular distributions expec ted 
from the above model were calculated for many choices 


of assignments for the upper resonances. The calcula- 
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tions followed in detail the method used by Wetherell 
in which the resonance amplitudes and phase shifts 
were chosen to agree with the pion-nucleon scattering 


data and the total photoproduction cross sections. 


Unfortunately, with this simple model, we have been 
unsuccessful so far in reproducing even qualitatively 
ratio at high 
energies. It is interesting to note, however, that predic 


the observed cross sections or the 2~/z* 


tions at energies below 350 Mev based on this simple 
model agreed qualitatively with the measured 2~/* 
ratio. The agreement with experiment at these energies 
was approximately as good as that obtained by Watson 
el al. using small adjustable nonresonant terms in the 
photoproduction amplitude in order to account for the 
n/m ratio. 


VI. COMPARISON OF x* PRODUCTION FROM 
HYDROGEN AND DEUTERIUM 


From the yields of positive pions from deuterium 
measured in the present experiment, one may calculate 
the absolute cross sections for produc ing w+ from the 
proton bound in deuterium, o,*4(6 
with the corresponding cross 


, and compare these 
sections for free protons, 
a,*,(8). This comparison might show up effects of using 
target nu leons bound in deuterium. Since these effects 
1 re quire rather accurate data on 
alled the awtd a’ p 
values of this ratio ob- 


are not large, it woul 
the ratio of o,*4(@) to o- p(9), 
ratio), to measure them. The 
tained in this experiment have an accuracy of about ten 
percent, and are not sufficiently precise to lead to 
definite conclusions effects of 
structure. Therefore, we will merely try to summarize 


the results in a general 


about the the nuclear 
way without giving details.” In 
order to obtain the cross sections from the measured 2* 
yields, corrections were made for the purely kinemati 
effects arising from the 
in deuterium. These correct 
functions discussed in Sex 


motion of the target nucleons 
ions involved the resolution 
III and shown in Figs. 1 and 
2. They were calculated with the spectator model, and 
being largest at the back- 
Although the #~/x* ratio is practically 
independent of the kinematic corrections, the r*d/x*p 
ratio is not, and is subject to errors introduced by the 


ranged between 0 and 20%, 
ward angles. 


spectator model calculations. Such errors are not in- 


cluded in the results quoted below, 


where only the 
statistical errors are given 


(1) The r*+d/x*p ratio is, except possibly at photon 
energies of 1000 Mev, smallest at the most forward 
ratios at 20° vary 
energies 600 to 1000 Mev, 
4+~() OS 


angles measured. (6..m.= 20 The 
between 0.77 and 0.84 at all 
with statistical errors about 

(2) At angles 6 > 40° and energies 600 to 900 Mev, 


the values of the r*d 1 


T p ratio do not seem to show a 


’ K. M. Watson, J. C. Keck estr ind R. I 
Phys. Rev. 101, 1159 (1956 
*® More details are given in W. D. Wales, Ph.D. thesis, California 


Institute of Technology, 1959 (unpublished) 


Walker 
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significant variation with angle for a given energy, 
within the errors of about 10%. Thus, the energy de- 
pendence is essentially the same as that given for the 
total cross sections in (3) below. 

(3) The xtd/x*p ratios for the total cross sections 
from 500 to 900 Mev have an average value of 0.95+ 
0.05. The energy dependence, (which may not be signifi- 
cant) is shown in Table II. 

(4) At 1000 Mev, the r*d/x*p ratios found at 40° 
and 60° c.m. are anomalously low, 0.75 and 0.72, and 
since they are weighted heavily in gyo: because of the 
large cross section there, the x*d/x*p ratio obtained for 
the total cross sections is only 0.81. Because of this, and 
the erratic behavior of the x~/x* ratio observed at 1000 
Mev, it is clear that more work should be done at this 
energy and above. 

Some of the features found for the r*d/x*p ratio may 
be understood in a qualitative way. Thus, the fact that 
the ratio decreases at forward angles is presumably an 
effect of the Pauli exclusion principle inhibiting pro- 
duction from deuterium. This effect will be largest when 
the nucleon recoil is least, namely at forward angles. It 
has been discussed by Chew and Lewis,” and their 
predictions agree qualitatively with the observations, 
although no quantitative comparison is possible without 
knowing the probability of spin flip in the photopro- 
duction process. At 20°c.m. and 700 to 800 Mev, for 
example, the effect of the Pauli principle according to 
the results of Chew and Lewis is to reduce the pion 
yield from deuterium by about 13% if the nucleon spin 
flips and by about 40% if the spin is not flipped. Our 
data are not sufficiently accurate to determine the 
probability of spin flip as proposed by Chew and Lewis. 
At 0° the non-spin-flip part of the photoproduction 
amplitude vanishes, minimizing the effect of the exclu- 
sion principle in the exact forward direction. 

At the larger angles the Pauli exclusion is not impor- 
tant, but the x* production from deuterium still appears 
less on the average, than from hydrogen. This probably 
results from competition with another process, namely 
photodisintegration of the deuteron.” 

Neither of these effects is large enough to discredit 
the basic assumption made in this experiment, that the 


21 G. F. Chew and H. W. Lewis, Phys. Rev. 84, 779 (1951) 
™ See for example R. R. Wilson, Phys. Rev. 104, 218 (1956) 
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TABLE II. Ratios of the total «* cross sections from deuterium 
and hydrogen. The statistical errors are about 5°. 


600 700 
0.89 0.88 


Photon energy K in Mev 500 
«*d/x*p ratio 0.95 


800 
0.99 


900 
1.00 


x /x* ratio observed in deuterium is essentially the 
same as that for free nucleons. However, since the effects 
of the Pauli exclusion principle are apparently notice- 
able at the smallest angle, and since the relative proba- 
bility of spin flip may be different for x~ and x* produc- 
tion, the x~/* ratio observed at the smallest angle may 
differ slightly from that characteristic of free nucleons. 


Vil. SUMMARY 


The angular distribution of the #~/x* ratio has been 
measured at photon energies between 500 and 1000 Mev 
to an accuracy between five and fifteen percent; the 
ratio varies considerably as a function of the pion angle 
and the photon energy. 

At forward pion angles, the x~/x* ratio is generally 
less than unity and becomes as low as 0.5 at photon 
energies around 900 Mev between 40 and 90 degrees 
(c.m. system). At backward pion angles the ratio is 
consistently larger than unity and exhibits a maximum 
at photon energies roughly corresponding to the second 
resonance. At c.m. angles near 150 degrees this maxi- 
mum becomes as large as 2.5. The total #~ cross sections 
obtained in this experiment, when combined with the 
low-energy results, show a strong second resonance 
maximum at a photon energy about the same, but 
slightly lower than the corresponding peak in the #* 
photoproduction. 
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tarling trom the analytic struc 


ire of partial wave amplitudes predict: the Mandelstan 


| representa 


tion, relativistic formulas are derived for the energy dependence of the phase shifts for nucleon-nucleor 


scattering, neglecting inelastic processes 


(numerically 
in the nonphysical region 


and tk 


phenomenological constants representing the unknown contribution of multimeson and 
changes is given. The dependence of the phase shifts on these parameters is sufficiently simple 


These formulas depend on integrals « 
soluble integral equation whose kernel is determined from the absorpti 


he contribution from two-pion exchange is calculable 


ver functions defined by a 


ve part of the amplitude 


rhe contribution to this kernel from single-pion exchange is explicitly exhibited 
| ) 


A generalization of the formulas to include 


ther particle ex 


ple to allow the 


formulas to be used for the least-squares fitting of empirical data. Further, these constants can be varied 


independently, and as much empirical information as is desired can be incorporated into 
estroying this independence. In the case of coupled states, the phenomenological fort 


only approximately 


independence of the parameters for these states. Because of the neglect of inelast 
of the formulas is expected to be from 0 to approximately 400 Mev 


vahadity 


I. INTRODUCTION 


N order to make use of nucleon-nucleon scattering 

data at more than one energy to cut down on the 
multiplicity of phase shift solutions often obtained when 
analyzing data at a single energy, and to make use of 
the charge independence assumption to assist in the 
analysis of m-p experiments for the isotopic singlet 
phase shifts, it is necessary to make some assumption 
about the energy dependence of the phase shifts. It is 
clearly desirable that any formula used for this purpose 
should: (1) allow any phenomenological parameters 
introduced to be given a theoretical interpretation ; 
se parameters to be varied independently ; 
contain al] that is currently calculable from meson 
theory of the two-nueleon interaction; (4) be flexible 
enough to in orporate new theoretical and experimental 
information as it becomes available without requiring 
recoding of the machine calculation used to determine 
the phenomenological parameters from experiment. We 
believe that the 


allow the 


) 
> 
5 


formulas developed below meet all 
these criteria in a straightforward way. Although the 
practical necessity which led to their development was 
connected with the problem of using large electronic 
computers to scattering data, the formulas 
exhibit in a very simple way the structure of partial 
wave amplitudes predicted by the Mandelstam repre- 
We will see that, although we deal with a 
veloc ity-de pe ndent interaction, its 


analyze 


entation. 
structure is ex- 
pressible in terms of a simple function which in various 
regions corresponds to the exchange of systems of 
different mass, and which therefore can be roughly 
pictured as giving both the strength and the localiza- 
tion of the interaction energy in configuration space. 
We therefor: that 


may be of interest to those concerned with the two 


believe this simplified discussion 


* This wor rformed under the auspices the | 
\tomic Er 


ergy ( 


; this approximation can be removed by a subsidiary calculati 


the formulas without 
nulas satisfy unitarity 
which 


lestroys the 


the range of 


rocesses 


nucleon problem, even though some may not be di- 
rectly interested in the problem of data analysis. 
Il. THEORY 


It ha 


particle scattering amplitudes 


Mandelstam' that two- 
can always be written 
in terms of a double spectral representation whose 


be en Conjec tured by 


density functions are nonzero only in certain regions 
which can be determined from the mass spectrum of 
strongly interacting particles. Although this repre- 
sentation has yet to be derived from the postulates of 
local field theory, it is valid to at least sixth order in 
perturbation theory’ and many of the necessary con- 
ditions for its validity have been proved to higher 
orders.’ It is rigorously valid for the Schrédinger equa- 
tion witl any potential which can be represented by a 
superposition of Yukawa potentials.‘ If one projects 
out a particular partial wave amplitude from a system 
of two equal mass particles 
dicts’ 


this representation pre- 
that this amplitude is a real analytic function 
of g*, the center-of-mass momentum, except for two 
cuts on the real axis. For g>0 the discontinuity across 
the cut (twice the imaginary part of the amplitude) is 
known from unitarity up to the lowest threshold for 
the production of an additional particle. Above this 
threshold the unitarity couple this 
amplitude to amplitudes for multiparticle systems 
which we are at present unable to calculate. The funda- 
mental approximation made in this approach is to 
ignore this coupling. Fortunately we know from 


will 


condition 


Mandelstan 
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ENERGY DEPENDENCE OF NU‘ 
Phillips® that for the two-nucleon system the experi- 
mentally determined inelastic amplitudes are small 
enough so that the elastic amplitude may be accurately 
described by real phase shifts up to about 400 Mev, 
which gives us a useful range of applicability. It should 
also be noted that if inelastic processes are consistently 
ignored, the Mandelstam representation is rigorously 
true to all orders in perturbation theory.’ 

For g<0, the Mandelstam prescription tells us that 
the cut will start at @= — E*/4, where E is the lowest 
energy state of the particle-antiparticle system with the 
same quantum numbers as the scatvering state we are 
considering. If, as in the case we consider, this system 
is a single particle, the discontinuity is just twice thé 
imaginary part of the relativistic Born approximation 
with the coupling constant interpreted as the renor- 
malized coupling constant. Additional cuts will start 
according to the same prescription whenever more 
massive states can be reached from the particle 
antiparticle system. In our case, the lowest state is th 
pion; the next is the two-pion system, which can also 
be treated by means of the Mandelstam representation 
Explicit formulas for the two-pion discontinuity have 
been derived by Goldberger, MacDowell, Grisaru, and 
Wong.*® The three-pion state which comes next is a 
function of five relativistic invariants and is beyond the 
reach of present techniques unless we approximate it 
by the bound state suggested by Chew® or the neutral 
vector boson proposed by Sakurai."® We conclude that 
for the present the portion of the cut beyond = —9y?/4 
will have to be treated phenomenologically. This has 
the comforting aspect that it is only this region of the 
complex plane for wnich reasonable doubts still remain 
as to the validity of the Mandelstam representation. 
Further, for fixed angular momentum states and equal 
masses, Bjorkén" derived the analytic structure just 
described to all orders in perturbation theory, without 
restriction to elastic processes. Consequently, we con- 
sider the present application to be largely independent 
of the ultimate status of the more general theory. We 
can also hope that this region may be represented by a 
reasonably small number of phenomenological con- 
stants for the calculation of scattering amplitudes over 
an interesting range of energies—but this remains to 
be seen. 

In order to apply our knowledge of the analyti 
structure just described to the calculation of partial 
wave amplitudes, we need to know precisely which 
partial wave amplitudes possess only the Mandelstarm 
singularities. This has been discussed in detail by 
Goldberger, MacDowell, Grisaru, and Wong.’ They 


*R. N. J. Phillips (private communication 

7S. Mandelstam, Phys. Rev. 115, 1752 (1959) 

*M. L. Goldberger, S. W. MacDowell, M 
Wong (to be published 

*G. F. Chew, Phys. Rev. Letter 4, 142 (1960 

J. J. Sakurai, Ann. Phys. (to be published) 

J. Bjorkén, Bull. Am. Phys. Soc. 4, 448 (1959 
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conclude that it is true for [(¢+M*)/¢@ te“ sind = h(q*) 
Since, according to our fundamental approximation, the 
phase shift is real for @>0, we have immediately that 
Imh = —g/(¢+-M"*)* for this cut. We also know that 
Imh= rr(¢’) for ¢@<—y*, where r is some function to 
be computed from meson theory. Since Mandelstam 
has shown® that for a function with this structure (i.e., 
real phase on the right and a left cut), we can always 
make the decomposition A(g*)= N (¢*)/D(q*), where N 
has only the left cut and D the right cut, we see that 


gN (q") 


ImD(q*) = — —, 
(g?+M?)! 


g>o: 


ImN (q*)=ar(g)D(g), g@<— tw. (1) 
If we can assume that A vanishes at infinity (see below), 


we can immediately write down the dispersion relations” 


‘xt (p)D(p*) 
{fee 
7 -q 


(2) 


Dig)=1—" fap - - —, 
rio b(p?+ M*)*( p?—¢’) 


where we have made use of the arbitrary constant given 
us by taking a ratio to make a subtraction in the D 
equation. Substituting the expression for N into the 
equation for D, we obtain" 


(3) 


D(g)=1+¢ J dpK (py? r(p)D(p), 


a 


where 


© 


Ki 7 


1 1 
f ds* _ 
rv, s(s*+- M*)4(s?— g*)(s*— p?) 


{T(p*)-T(¢)], 
ni 


2 tan~'[(p?+ M*)/(— p*) }! 
PP + My) 


(6) 


Although at first sight there might be singularity at 
g?=—M?, the kernel and its derivatives are in fact 
continuous at this point, and Aé has only the re- 
quired Mandelstam singularities. Making the useful 
change of variable @= —y?/4y, D(¢’)=f(y), and r(¢*) 


2S. Mandelstam (private communication) 
“H. P. Noyes and D. Y. Wong, Phys. Rev. Letters 3, 191 
1959) 

* This kernel differs from the similar expression given by G. I 
Chew and S. Mandelstam, Phys. Rev. 119, 467 (1960); and 
University of California Radiation Laboratory Report UCRL 
8728 (unpublished), in their discussion of the pion-pion problem 
because the scattering amplitude is normalized at a different point 
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iG’yR(y), we obtain 


Gy f' t(z)— 
fa R(z) f(z) 
4M J, 


22(M/u){tan-'[4(M/p)*z—1 })} 
m[4(M/y)*z—1 ]). 


f(y)=14 


{(z) 


Here G is the renormalized pion-nucleon coupling con- 


=f 
(q?+M?)! 4J, 


tand= ~ 


q GP c' Rly) f(ytly) ' Ry) f(y)dy 
CT EOC, 
0 14+4yq*/p? 0 


Mw 


Our theoretical problem is therefore reduced to com- 
puting as much as we can of the function r(q*) 
=—}yG’R(y), specifying the rest phenomenologically, 
and solving Eq. (7). Experience shows that this equa- 
tion is readily soluble numerically, so that in the future 
the specification of a meson theory for nuclear forces or 
of a phenomenological model could be considered to 
consist of the specification of R(y) for each angular 
momentum state. From the above discussion, we see 
that the ranges of the variable y can be directly related 
to the mass-energy of the quanta being exchanged; 
therefore, by the uncertainty principle, they can be 
roughly considered as specifying the range of the 
interaction, while the magnitude and sign of this 
function tells us the effective strength of the interaction 
at that range and whether it is attractive or repulsive. 
Thus, although we have abandoned the static potential 
picture of the interaction, we still have a model with 
intuitively descriptive physical properties. 

So far we have not discussed the convergence of the 
integrals in our dispersion relations. Since we know that 
5, must go to zero as g**', we can always make / sub- 
tractions to guarantee this property ; as one subtraction 
insures convergence, even if the phase shift goes to a 
constant value at infinity, the problem arises only for 
S waves. The paper already referred to* shows that the 
full triplet amplitude requires no subtraction for con- 
vergence, and, if known, determines the value of the 
singlet amplitude at g?= —M?. Therefore we can make 
a subtraction at this point and determine the singlet 
amplitude with no arbitrary parameters. This clears up 
a puzzle which has existed about the relativistic Born 
approximation. Since the cne pion interaction function 
for S waves is given by" R(y)=1, the Born approxima- 


tion to Eq. (9) Lobtained by letting f(y)=1 and d=1] 


gives 
(g+M?*)! iT. 4¢° 
tando* = }G*— Inf 1+ i 


q 4¢° M 


PIERRE 


NOYES 
stant, M the nucleon mass, and yu the pion mass. Since 
for q’>0, gT (¢’ ig TT M*)} T L(q’) 


. (8) 


we can write 
in terms of 
f(y) as 


down the phase shift in the physical region 
the solution of the integral equation for 


'R(y)f(y)dy 
1+4yq?/p? N(¢ 
d q° 


1+ 4yq° Ts 


rather than the relativistic Born approximation'® 


4g? 

n( 1 : )-1 . (11) 
pe 

If we make the —M?*, using the 
Born approximation for the value of the triplet ampli- 
tude at this point, we obtain Eq. (11). Whereas Eq. 
(10) gives an S phase which goes to zero as g (and in 
fact is just the Born approximation for a static Yukawa 
potential), Eq. (11) has the unreasonable threshold 
dependence ¢*. From the above discussion, however, we 
see that this is due to taking an unrealistic value for 
the amplitude at g?= — M°. In practice, since the point 
g’= — M? is well beyond the region where we can calcu- 
late r(g*) from theory, we will make the subtraction 
instead at zero kinetic energy, fitting the empirically 
known singlet scattering length and insuring correct 
threshold behavior. 

We can also clear up another question by this dis- 
cussion. In configuration space, the static approxima- 


(g?+M?)! 
tandy? = 4G? 
q tg" 


subtraction at g 


tion to single pion exchange gives a repulsive delta 
function at the origin (the Fourier transform of the 
term) in addition to the Yukawa potential. 
It has been conjectured that this repulsion might be 
spread out by relativistic effects to form a “hard core.” 
However, since we now set clearly that this repulsive 


constant 


interaction can only be revealed (roughly speaking) by 
particles of sufficient energy to explore dimensions of 
the order of a nucleon Compton wavelength, it is much 
too small to account for the physical effects that the 
hard core has been used to explain. Consequently we 
expect that effects 
dynamical feature of the system, such as the three-pion 
state or the appropriate boson of 
Sakurai, rather than coming from kine- 
matics. We wish to emphasize in this connection that 


the present treatment includes effects ex- 


these have their origin in some 


neutral vector 


relativistic 
relativistic 


%R. Cziffa, M 
Stapp, Phys Rev 
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MacGregor, and H. P 


330 


114 





ENERGY DEPENDENCE Ol 
actly, insofar as inelastic processes and electromagneti 


interactions can be ignored. 


III. PHENOMENOLOGICAL EXTENSION 


We have noted that present techniques allow the 
function r(g?)= —jGyR(y) which specifies the two- 


1 
4 


nucleon interaction to be calculated only for y> 
Therefore we could introduce phenomenological pa- 
rameters simply by specifying R{y) below this value 
e.g., by series). This has the practical dis 
that whenever a parameter is changed, a 
new solution for the integral equation must be calcu 
lated, placing the least squares adjustment of the 
parameters beyond the reach of any electronic com 
puter likely to be developed in the near future. But 
note that in practice the solution of the integral equatior 
is achieved by replacing the integral with a finite sum. 
This is equivalent to replacing R(y) by >) .A,R(y 

X6(y—y,), or replacing the continuous cut by a finit« 
number of poles. Therefore, if we wish to introduce a 
finite number of parameters for the unknown part of 


- power 
advantage 


the cut, we can rewrite Eq. (7) as 


A,D(—p?/4y) (tO, 


G*u 
.- 


4M. 


G*z ¢' t(z)—1(y) 
f exes c~ €82 
0 


D(—p?/4y)=1-+4 
: ae 


4M t—y 


where the points y, must be less than §, and R(y) is 
now to be interpreted as that part of the interaction 
which we can compute from meson theory. Since the 
points y, are arbitrary, we can equally well take our 
parameters to be a,= R,A,D(—y’*/4y,). Then the func 

tion D becomes a sum of independent terms 


D(—p*/4y) = f(y) +X agi(y), 
where f(y) is still the solution of Eq. (7) [with the new 
interpretation of R(y) |, and the g; are defined by the 
equations 


lyi)—tly) Gy f' t(z)—1y 
gi(y) + fa R(z)g,(z) 
Wry 4M J, y 


(13) 


The phase shift is then given by 
(M?+¢° E(¢@)+DL ial i(g 
tané= 


q G(q?)+> aH (gq 
R(y) fly 


y , 
1+4y9"/u 


' Rey)giy 
T ef dy ’ 
0 | 1+4y9?/u? 


R(y) f(ytly) 
dy — Lig )E(q’), 
1+4yq"/u? 


1+ 4y.¢° uu 


G(e)=1 Guy f 
7\ q) = + 
My’ J, 
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4q°t(y,)/u® Geng’ fr Rly)gi(ytly) 
Hig)= + [ 


1+ 4.9" /p? Vu? 1+ 4yq? Te 


dy—Lig)F (q). 


We see that this equation has the desired properties 
a) the parameters a, are indepe ndent and (b) the 
functions £, F,, G, H, can be computed prior to and 
independent of the least squares adjustment of the a 

Ot course the positions y, are still arbitrary, except for 
the requirement that they lie in the range O0< y<} [or 
| if we have not computed the two-pion R(y) ]. If it 
is indeed true that over some finite range of energies 
the scattering amplitude is sensitive only to some aver- 
age feature (or features) of the multiparticle cuts, our 
predictions should be insensitive to these values. How 
good this approximation is can only be tested by actual 
calculation. We note that since the parameterization 
corresponds to an even number of subtractions, we 
have assumed that the phase shift goes to zero at 
infinity. We can, however, obtain the case of a constant 
phase shift at infinity by simply taking one of the y, 
to be zero. 

One feature of this choice of parameterization should 

be stressed. If we consider the integrals in Eqs. (15) 
and (16) to be replaced by finite sums, we have N poles 
in the physical sheet of the Riemann surface and 2.V 
parameters, (i.e., their positions and residues). At 
least in the nonrelativistic limit, there can only be V 
poles on the unphysical sheet. If we had chosen instead 
to determine the parameters directly by making sub 
tractions using empirical values of the phase shift, we 
would have no such guarantee, and might end up with 
more poles on the unphysical sheet than on the left 
cut. Then, if we let the interaction go to zero, some of 
these would remain, giving a finite scattering amplitude 
and violating our physical assumptions. This situation 
would correspond to the ambiguity pointed out by 
Castillejo, Dalitz, and Dyson'*; our parameterization 
insures that this cannot happen. We do, however, have 
to check that the values of a; determined from experi- 
ment predict no poles other than those we have intro- 
duced. These would be either ghosts or bound states, 
depending on the sign of their residues, and would not 
be consistent with our assumptions. [Of course we 
hould get the deuteron pole automatically if R(y) is 
physically correct; in practice we could either intro- 
duce this pole explicitly, or obtain it by our phemeno- 
logical parameters. | Note that since we have achieved 
independence of the a; by not taking them to be simply 
the residues of poles in A(g*), we will have to calculate 
these residues if we wish to find out what approximation 
to the multimeson cut our parameters imply. 

It is perhaps of interest to point out the connection 
of our formula with the at-first-sight entirely different 


‘6. Castillejo, R. H. Dalitz, and I 
453 (1956) 


J. Dyson, Phys. Rev. 101 
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TABLI 


I. Contribution of single pion exchange to the interaction function R 


NOYES 


¢ )/ryG? 


for OS yS1; y= —w8/4¢ 


3/5 
61(9 5) 6'(2 

12/5 2 

36/7 30/7 
34(108/7) 34(300/7) 
60/7 180/7 
10/3 20/3 
54(20/3) 54(100/3) 
20/3 ~169/9 
180/11 480/11 
30*(135/11) 


315/11 1680/11 


approach through dispersion relations at fixed angle 
given by Cini, Fubini, and Stanghellini'’ in the first 
application of the Mandelstam representation to 
scattering. Since L(g?)—>0 in the 
nonrelativistic limit, our formula states that q coté is a 
rational function of g’, which was the practical approxi- 


nucleon-nucleon 


mation they used. In fact, if we represent the one- 
meson cut by a single pole at y= 4 with the appropriate 
(y-average) residue, and the multimeson cut by a 
single pole adjusted to fit the scattering length and 
effective range, we obtain exactly their formula for the 
‘So phase. Fubini and Stanghellini'*® have also given 
similar expressions for the *P phases. While this method 
is quite useful for giving simple formulas valid over a 
limited energy range, we find that it is computationally 
simpler to solve integral equations than the equivalent 
algebraic equations if more than three or four poles 
are used. 

So far we have done nothing to insure that tané; goes 
to zero as g'*", If we knew R(y) exactly, this property 
would be guaranteed. Since do not, are at 
liberty to determine | of our phenomenological pa- 
rameters a; by this requirement. As this is equivalent 
to making / subtractions at g?=0 in our original dis- 
persion relations, this will correspondingly suppress the 
contribution of the (unknown) portion of the cut for 
large g*. This is equivalent to the well-known fact that 


we we 


higher angular momentum states are sensitive only to 


M. Cini, S. Fubini, and A 
1959 
Fubini and A 


Stanghellini, Phys. Rev. 114 


1633 
8S Stanghellini 


private communication 


304( 1050/11) 


Coefficient 


34(30 

30/7 

35/9 

5$(490/9 5*(28 
2380/9 14 

840/11 378/11 

304 (2640/11 30# (3396/11 
3780/11 3780/11 


30* (126 
1386/11 


the longest range part of the inter- 
action. We can also determine additional a; by requir- 
ing the phase shift to take on empirically determined 
values at specific energies. This amounts to a redefini- 
tion of the functions FE, F, G, H in Eq. (15), and reduces 
the number of parameters without destroying their 
independence. Explicit are given in the 
Appendix. The values of R(y) for single-pion exchange 
through J=5 are given in Table I. We note that if we 
use only the / conditions at 0 and leave no free 
parameters, our formulas give a straightforward answer 


lightest quanta 


formulas 


to the question of what unitary expression should be 
used for the scattering amplitude due to single-pion 
exchange. 

We have so far ignored the coupling between triplet 
but different /. In terms of the 
“nuclear bar” phase shifts defined by Stapp” with the 
simplified notation 6;., = é. 
the amplitudes 


states of the same 


we must discuss 


hs (¢ 
in2e)(M*+-¢*)'/g. (17) 


We see that if we neglect the coupling parameter e¢ as 
a first approximation, the 4,(g*) are precisely of the 
form already considered, so we can compute 6, and 6 
by the method de veloped above 


Wong,” the 


As has already been 


noted by Stapp form for the coupling 


"HH. P. Stapp, 1 ps tis N 


105, 302 (1957 
*1D. Y. Wong, Phys. Rev. Letters 2 


Metropolis, Phys. Rev 


$06 (1959 
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amplitude then tells us this function has a known cut and are real on the left, so following Omnés" we can 
on the left and a known phase on the right. But our D immediately write down an exact expression for ho(q"), 
functions have the negative of this phase on the right and sin2e: 
(g?+M?) (¢° *+M") sind, sind_ a,” 'R(y)D*(—.? 4y)D (—p*/4y) 
- sin2e= | : cf iy| 
q gy, WV i 14+4yPq*/y? 
(g?+M?*) siné, sind a?’ 


gN,N- 1+4yq?/u? 


1+-4yq?/u? 
+ EQ) atk (G)+E aH Eg) 
+E astay- Hy ri] (18) 


In this expression N* or D* are defined by Eqs. (13) which can be solved by iteration, assuming we know « 
or (15), and E°, F°, G°, H® by and the residues of the phenomenological poles in 
 R(y)f+(y) f-(y) r(g*). Knowing 6, and 6_, we mm then compute sin2e 

(gq?) ef ——_—_———— dy, from Eq. (18), and repeat the procedure until con- 

0 1+4yq?/u? vergence is obtained. However, for the least squares 

 R(y)e*( Y adjustment of the a; we must clearly remain content 
of YEON yy with the first approximation given above if these pa- 
. ‘ 1+-4y¢2 elena rameters are to be varied independently. After the 
adjustment to experiment has been carried out, we can 

' R(y)f*(y) be (y) then carry through the iteration procedure just de- 
Gg) = ef dy, scribed and discover whether further adjustment of the 
parameters to conform to the unitarity condition is 


F (¢*) 


0 1+4yq’/ uw 


Hi} (¢)=}C - at g=0 and can fit the phase shifts and coupling 
1+4yq°/u" parameter at specific energies by a redefinition of 
E, F,G, H (see Appendix). 

For single-pion exchange it is possible to include 
static Coulomb effects, the charged-neutral pion mass 
difference, and differences between the renormalized 
charged and neutral coupling constants, as will be 
Imhs~"(q") discussed in a separate paper by Wong and Noyes.” 


q | 4 sin*2¢ 


a = T+ 
(e+M") We have shown that it is possible to give explicit 
to compute a new kernel for the D* equations, namely, formulas for the nucleon-nucleon phase shifts in terms 
} sin?2e of functions which are readily calculable from an in- 
K'(p?,¢?)= -f ds? /|1+ sins ieee tegral equation. This equation depends on meson theory 
cos26 cos2e— 1 through a single function for each partial wave, which 
is exhibited for single-pion exchange and calculable for 
s(s*+M")'(s*— p*). (21)  two-pion exchange. Phenomenological parameters may 
The equations can then be solved to obtain better be incorporated to fit threshold behavior and empirical 
values for 6_. Since Imh,— diverges as g/sin’e as g@—+ 0, Phase shifts; the formulas can stil! be expressed in 
we cannot use this method as it stands without a terms of functions which can be calculated without 
mathematical investigation of the meaning of the con- knowledge of the parameters. The parameters are 
tour integral defining K. Alternatively, for either 6, or therefore suitable for a least squares adjustment to 
6_ we can use the nonlinear integral equation empirical data. The formulas are relativistic and uni- 
Reh, (¢°) =3(¢+M")! sin, cos2e/¢ tary, onsofar as inelastic processes are negligible. Any 
field-theoretic description of the two-nucleon inter- 
-f a A -f dp’ action compatible with the Mandelstam representation 


f R(y) git (y)g.-(y) required. As before, we can insure the correct behavior 
0 


Having now a first approximation for the phase shifts 
and coupling parameter, we can make use of the exact 
unitarity condition for the coupled states. For 6_ we 
can use 


1 
dpoukt a , g>O (20) CONCLUSION 
cos*6 cos2e—1 


can be incorporated into this framework. 
- P-GP ro Pp 


; _ ) 
x P+ M” a (cos26 cos2e— 1 2 RK. Omnés, Nuovo cimento 8, 316 (1958) 


’ =D. Y. Wong and H. P. Noyes, Bull, Am. Phys. Soc. 5, 50 
(p- 7) 1960). 





H PIERRE 


ACKNOWLEDGMENT 


This parameterization scheme is the outcome of 
lengthy discussions with D. Y. Wong and G. F. Chew, 
and leans heavily on their work. I am also deeply in 
debted to them for permission to include many hitherto 
unpublished results of theirs in order to make this 
discussion reasonably self-contained 


APPENDIX 


Assume that (q°+M?*)! tané/q is to go as q*!*! as 
g’— 0 and to take on A—/ values X, at energies 
ge(l+1<k<K). Assume further that we have intro 
duced / phenomenological poles, I<K. Then we can 
rewrite Eq. (15) a 
kK 
(g2)+35" 3.(¢" 
(q? , WE 1 ] aS Bb, { 
tano 
q me 
( (g’)+> a,D,(q") 


where R K and 


t ps B.F (q"), 


kK 
)-+ : Birk s(q° : 
l 
A 


G(g + » & BH (g°) Lig )A(¢ 
1 


K 
D(g)=H Ag) +d Bill. (g?) — L(q?) B-(q’). 
l 


Che coefficients 8; and Bir are given by 


kK 
p Be 5 } xf X KG (ge E(qx*) 


NOYES 


where the matrix S;; whose 


(A-3) is defined by 


inverse appears in Eq. 


(A-4) 


and E*" F} 
E(q*) and Fy (¢ 


FE i ef $y bh R VTty dy, 
A-5) 


LG by/u R(y)gily)dy. 
The expression for the coupling ] 


Iplt p Eq. (18) | 
can be similarly redefined to insure that sin2e goes to 


ce note 


eval 


ty, / pu 


irameter 


] 
‘ 


zero as g**! and to fit experimenta 


values of sin2e 
siné, siné_. In this case, we must a 
8.*, Bis 


given above 


ume that the values 
method 
are lengthy and 

Explicit equations in- 
difference effects 


ipplied by the 


have already been obtained by the 
The resultir 
not particularly ill 


cluding Coulomb 


ig formulas 
uminating 
and ma 
being prepared, and will be 


are now 
author on 
request. 
The 
amplitudes contain an additional defect 
approximate 


above approximate formulas for the coupled 
beside the 
unitarity. Although the 
uncoupled amplitudes have only the Mandelstam singu- 
larities, as asserted, Goldberger ef al.* find that the 
coupled amplitudes have an additional kinematic 
branch cut starting at ¢ VM’, if one goes beyond the 
This not 
1e above formulas, but in practice 
requires that the iteration which is needed to make the 
phenomenological poles consistent with unitarity would 


treatment of 


one-meson exchange 


approximation does 


1 


alter the validity of tl 


also have to include a calculation of this additional 
contribution to R(y). Under these circumstances it 
would be more elegant to use the helicity amplitudes, 
which do not the 
The above parameterization could 
equally well be used for the helicity amplitudes, but the 
unitarity condition would take a different 
iteration scheme for this case is giver 
MacDowell, Grisaru, and Wong.* 


suffer frm defect, rather than 


Stapp amplitudes. 


form. An 
by Goldberger, 
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Maximal Extension of Schwarzschild Metric* 
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There is presented a particularly simple transformation of the Schwarzschild metric into new coordinates, 


whereby the “spherical singularity” 
exhibited 


HE well-known 
the metric around a center of mass m/(g) or 


*= (Gm/c*)(cm) is 


m 
ds*= — (1—2m*/r)\dT*+ (1—2m*/r)'dr?+rdu*, (1) 


with 
du? = dF +-sin*é d¢’. 


Kasner, Lemaitre, Einstein and Rosen, Robertson, 
Synge, Ehlers, Finkelstein, and Fronsdal have shown’ 
that the singularities at r=0 and r=2m* are very 
different in character (Table 1). Their conclusion—that 
there is no real singularity at r= 2m*—can be demon 
strated by a choice of coordinates seemingly simpler and 
more explicit than any introduced so far to this end. 
One way to find it is to seek a spherically symmetric 
coordinate system in which radial light rays everywhere 
have the slope dx'/dx°= +1: 


ds?= j?(—dv’+du?)+rda*. 


Identifying (3) with (1) and requiring / to depend on 
r alone and to remain finite and nonzero for u=»=0, 
one finds the following essentially unique equations of 
transformation between the exterior of the “spherical 
singularity,” r>2m*, and the quadrant u> ‘1 
plane of the new variables (Table IT). 

The new coordinates give an analytic extension, &, 
of that limited region of space-time, £, which is 
described without singularity by the Schwarzschild 
coordinates with r>2m*. The metric in the extended 
region joins on smoothly and without singularity to 
the metric at the boundary of £ at r=2m*. That this 
extension is possible was already indicated by the fact 
that the curvature invariants of the Schwarzschild 
metric are perfectly finite and well behaved at r= 2m". 


in the 


* This work was reported in abbreviated form by J. A. Wheeler 
on behalf of the author at the Royaumont Conference on Rela- 
tivistic Theories of Gravitation, Tune, 1959. 

t On leave 1959-60 at Max-Planck-Institut ftir Astrophysik, 
Aumeisterstrasse 2, Miinchen 23, Germany. 

1K. Schwarzschild, Sitzber. Preuss. Akad. Wiss. Physik.-math 
Kl. 189 (1916) 

2 E. Kasner, Am. J. Math. 43, 130 (1921); G. Lemaitre, Ann 
soc. sci. Bruxelles A53, 51 (1933); A. Einstein and N. Rosen, 
Phys. Rev. 48, 73 (1935); H. P. Robertson, lecture in Toronto, 
1939 (unpublished), cited by J. L. Synge; J. L. Synge, Proc. Roy 
Irish. Acad. A53, 83 (1950); J. Ehles, thesis, Hamburg, 1957 
(unpublished); D. Finkelstein, Phys. Rev. 110, 965 (1958); C 
Fronsdal, Phys. Rev. 116, 778 (1959). 
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Schwarzschild expression' for 


is removed and the maximal singularity-free extension is clearly 


The extended space, &, moreover, is the maximum 
singularity-free extension of £ that is at all possible, for 
the following reason : As may be seen by direct examina- 
tion of the geodesics (perhaps most simply carried out 
mainly in the familiar r,7 coordinates, with special 
attention to geodesics on which r= 2m* either isolatedly 
or everywhere), every geodesic, followed in whichever 
direction, either runs into the “barrier” of intrinsic 
singularities at r=0O (v—x#?=1), or is continuable 
infinitely with respect to its “natural length.” (This is 
measured in terms of the number of parallel transfers 
of an infinitesimal tangent vector, is determined only 
up to an arbitrary scale factor, and not only accords 
with the proper time or distance along time-like 
or space-like geodesics but is defined even for null 
geodesics.) But it is obvious that if there were a trans- 
formation (no matter how wild at the boundary) 
between & and a subregion &’ of a still further singular- 
ity-free extension 5, there would have to be one 
geodesic (to say the least) running from 8’ into $— 8’, 
in contradiction to the aforementioned property. 

The non-Euclidean 
topology (Fig. 1) and therefore falls into the class of 
topologies considered by Einstein and Rosen, Wheeler, 
Wheeler.’ It is remarkable that it 
presents just such a “bridge” between two otherwise 


maximal extension & has a 


and Misner and 


Euclidean spaces as Einstein and Rosen sought to 
obtain by modifying the field equations. It may also 
be interpreted as describing the “throat of a wormhole”’ 
in the sense of Wheeler, connecting two distant regions 
in one Euclidean space—in the limit when this separa- 
tion of the wormhole mouths is very large compared to 
the circumference of the throat. The length of the 
wormhole connection may of course be exceedingly 


Pase I. Singularities in Schwarzschild metric, real and apparent. 


Singularity in 
Schwarzschild 
coordinate 
system ? 


Invariant 
representation 
of curvature 


Singularity 

in metric? 

Infinite as Yes Yes 
m* /r* 

Finite Yes 


*J. A. Wheeler, Phys. Rev. 97, 511 (1955); C. W. Misner and 
J. A. Wheeler, Ann. Physik 2, 525 (1957) 
3 
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TABLE II. Relation of new coordinates to Schwarzschild coordinates 


New coordinates in terms of Schwarzschild coordinates Schwarzschild coordinates in terms of new coordinates 
' 7 
exp cosh 
2m* 4m* 4m* 


exp sinh 
2m* 4m* 4m* 


{2 = (32m*/r) exp(—r/2m*) =a transcendental function « 





Fic. 1. Two interpretations of 
the 3-dimensional ‘‘maximally ex- 
tended Schwarzschild metric” at 
the time T7=0. Above: A connec 
tion or bridge in the sense of 
Einstein and Rosen between two 
otherwise Euclidean spaces. Be 
low: A wormhole in the sense of 
Wheeler connecting two regions in 

ne Euclidean space, in the limiting 

use where these regions are ex 
tremely far apart compared to the 
limensions of the throat of the 








wormhole 











Fic. 2. Corresponding regions of the (r,7) and (u,v) planes. In the latter, curves of constant r are hyperbolas asymptotic to the lines 
r= 2m* while T is constant on straight lines through the origin. The exterior of the singular sphere, r > 2m" corresponds to the region 
The whole line r=2m®* in the (7,7) plane corresponds to the origin «=0=0, while two one dimensional 

nts u= |r| >0 


+ 2m* and T —+ + © correspond to the remaining boundary poi . 
1 between the two branches of the 


are: 


v| <u (the hatched areas 
families of ideal limit points with r 
In the (u,v) plane the metric is entirely regular not only in the hatched area but in the entire a 
hyperbola r=0. This comprises two images of the exterior of the spherical singularity and two of its interior. (The expressions in Table 
To obtain formulas valid in the left-hand quadrar e u and » by their negatives 

| *—1 by its negative every 

e purely radial (d0@=dge=) 
tinction, but still a global one: if a test 


t back out but must inevitably hit the 


} 
t replac 


II are valid in the right-hand quadrant u> |?}|. 
everywhere. To obtain formulas valid in the upper or lower quadrant replace u by +2, 0 by a, and r/2m 
rh 


where. Note that the formula for and the final formula for T remain invariant under these subs 
The points with r=2m* have no local topological dis 
particle crosses r= 2m* into the interior (where r is time-like and T space-like), it can never ge 

that one cannot violate ordinary causality 


titutior 


null geodesics are lines inclined at 45 
irremovable singularity r=0 (curvature invariants infinite). This circumstance guarantees ‘ 
in the “‘main universe” by sending signals via the wormhole effectively faster than light 





MAXIMAL EXTENSION Ol 
short compared to the distance between the wormhole 
mouths in the approximating Euclidean space. However, 
as seen in Fig. 2, it is impossible to send a signal through 
the throat in such a way as to contradict the principle 
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of causality ; in effect the throat “pinches off” the light 
ray before it can get through. This pinch-off effect 
presents fundamental issues of principle which require 
further investigation. 
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A vertex closely related to the Bethe-Salpeter amplitude is discussed in the one meson exchange approxi- 
mation by dispersion theory methods. Both scalar and spinor cases are treated. The relation between 
anomalous thresholds and the Schrédinger equation is discussed in some detail. It is shown that dispersion 
methods can be used to determine bound state parameters. An estimate is made of the asymptotic (D—S) 


ratio for the deuteron. 


1. INTRODUCTION 


T has been customary in the field-theoretic discus- 

sions of bound states to introduce the multiparticle 
amplitudes of Gell-Mann and Low' and Schwinger.’ 
In the case of the two-particle bound state, which we 
shall call a deuteron for definiteness, the relevant 
amplitude is 


CO T@w(N)vp(p)) D). (1.1 


This type of amplitude and the integral equation 
that it satisfies? have been used in discussions of the 
relativistic corrections to the binding energies‘ and to 
the electromagnetic structure’ of bound states. The 
amplitude in which the deuteron has been replaced by 
a scattering state has been used in deriving, from field 
theory, the interparticle potential to be used in a 
Schrédinger equation discussion of nucleon-nucleon 
scattering.* This latter problem has not been satis- 
factorily solved, due in part to the ambiguities con- 
cerning the treatment of the relative time dependence 
of the amplitudes. 

The Fourier transform of the two-particle amplitude 
depends: on two variables, the center-of-mass and 
relative momentum. Wick’ and Cutkosky* have dis- 
cussed the analytic structure of this amplitude in terms 
of both variables and were able to solve the problem of 
two scalar particles interacting via massless mesons in 
the ladder approximation. The problem of scalar 
nucleon and antinucleon system and massless mesons 

* Supported in part by the Air Force Office of Scientific Re 
search, Air Research and Development Command. 

1M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951) 

2 J. Schwinger, Proc. Natl. Acad. Sci. (U. S.) 37, 452, 455 
(1951). 

sE. 4 and H. Bethe, Phys. Rev. $4, 1232 (1951) 

‘E. E. Salpeter, Phys. Rev. 87, 328 (1952). 

*R. Blankenbecler (unpublished). 

*M. M. Levy, Compt. rend. 234, 815 (1952) 

7G. C. Wick, Phys. Rev. 96, 1124 (1954). 

*R. Cutkosky, Phys. Rev. 96, 1135 (1954). 


has been solved by Okubo and Feldman.* It has proven 
very difficult to extend this approach to more realistic 
problems, although Wanders” has given a discussion 
in the ladder approximation of the case with mesons 
of finite mass. 

We would like to point out that many of the prop- 
erties of the bound state can be examined in terms of 
an amplitude much simpler than (1.1). This new type 
of amplitude allows the use of the powerful methods of 
dispersion theory. In order to apply this approach to a 
large class of problems it is necessary to know how to 
handle dispersion theory in the presence of anomalous 
thresholds. This problem has been recently clarified by 
the work of Mandelstam and Nambu and Blanken- 
becler.""* The spinor amplitude which we wish to 
consider is 


(N| f,(0)|D), (1.2) 


where f,(0) is the proton current operator. This vertex 
is a function of only one variable and satisfies a dis- 
persion relation in that variable. It will be shown that 
if one considers an unsubtracted dispersion relation 
for this amplitude, then the deuteron parameters are 
determined in terms of the masses and interactions of 
the neutron and proton. Renormalization effects are 
easily dealt with. Thus, this work complements the 
recent work of Haag,"* Nishijima,'* and Zimmerman"® 
on the bound-state problem. 

This vertex will be shown to be very simply related 
to the Schrédinger wave function. The work of refer- 


*S. Okubo and D. Feldman, Phys. Rev. 117, 279, 292 (1960). 

” G. Wanders, Helv. Phys. Acta. 30, 417 (1957). 

" S. Mandelstam, Phys. Rev. Letters 4, 84 (1960); Y. Nambu 
and R. Blankenbecler (to be published). 

"Fora a theory discussion see R. Karplus, C. M. 


Sommerfield, and E. H. Wichmann, Phys. Rev. 114, 376 (1959); 
Y. Nambu, Nuovo cimento 9, 610 (1958) 

BR. , Phys. Rev. 112, 669 (1958). 

“ K. Nishijima, Phys. Rev. 111, 995 (1958). 

16 W. Zimmerman, Nuovo cimento 10, 597 (1958). 
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ences 11 and 12 on dispersion relations and anomalous 
thresholds will be clarified by showing that the wave 
function for a bound state has nothing but anomalous 
thresholds and that these two different approaches 
yield very similar results in the anomalous region. This 
vertex allows an unambiguous definition of the nucleon- 
nucleon potential for the calculation of bound state 
properties. This potential is chosen so that when used 
in conjunction with the Schrédinger equation, it will 
yield the exact vertex (1.2). While there seems to be no 
overwhelming argument to support this definition of 
the potential, there to be no overwhelming 
arguments against it either. This potential is very close 
in spirit to the potential of Charap and Fubini,'® but 
small differences occur. 

Finally, a rough calculation of the asymptotic (D—S) 
ratio for the deuteron will be carried out using dispersion 


seem 


methods in the lowest approximation 


2. THE DEUTERON VERTEX FUNCTION 


In this section dispersion relations for a vertex 
function closely 
amplitude will be ‘discussed 
dispersion 


related to the covariant two-body 
We shall see that these 
provide integral equation 
analogous to the Salpeter-Bethe’® equation and to the 
Wick’-Cutkosky*® parametrization; in fact, these rela- 
tions lead to the determination of the bound-state 
parameters. In order to clarify the physical ideas 
underlying our calculations and illustrate our 
treatment of the anomalous threshold, the cases of 
scalar and spinor particles will be treated in detail. 
The algebraically simpler scalar case will be treated 
first 


relations an 


to 


A. The Scalar Vertex 


In the following we will treat the neutron, proton, 
and deuteron as scalar partic les. Consider the vertex 


I(x) = (2D°2N°)KN f,(0)| D), (2.1) 


where /,(0) is the current operator for the proton, and 
we consider this a function of the scalar 
variable x, 


vertex as 


' (D—N (2.2) 


If the neutron is ¢ ontracte d, we are led to the expression 


(x) =1(2D° fay e~'* “0! [ fv(y), f(O) J@(yo) | D). 


This form suggests that ['(x) is an analytic function in 
the lower-half x-plane, and the absorptive part of I(x) 
is given as 


ImI' (x) = —2(2D°)' &, (O} f,(0)|s 


X(s\ fy(0)!| D)d(s+-N—D), (2.3) 
where s is a complete set of states. The lowest mass 


46 J. Charap and S. Fubini, Nuovo cimento 14, 540 (1959 


State ol interest is that ol a nucieo! 
restrict } 
absorptive part Is 


and pion, and if we 


our attentio particular state, the 


feu k(O, f,(0) Lk 


D)i(l+-k-—D +N), 


r( 2D 
ImI'(x 


flO (2.4) 
In discussing the second matrix element in (2.4), it 


is convenient to introduce the invariant function, 


M = (2D°2P2k°) kl) fx (0)| D (2.5) 
If the nucleon /7 is contracted and the equal-time 


commutator neglected, M becomes 


0) \6 y D). 


M =i(2D°2k°)! fay. 


The absorptive part of M |} 


(0) D 
D)i(l+S—D)} 


ImM = 4(2D°2k)! > s{(k| f:(0 S| fs 
x5(1+k—S)—(k! fx (0)' SKS) f,(0 
By neglecting rescattering corrections in the inter- 
mediate state, we may then introduce the pion mass, 
u, and the coupling constant, g, defined by the following 
matrix elements on the energy shell 
gu (2P2k°) 0 fp(Q) lk), gu 2p°2P)Xp J, (0 l). 
If only the one-nucleon states are retained, correspond- 
ing to the graphs in Fig. 1, and the vertex ['(x) on the 
energy shell, ['(M*)=To, is introduced, then one finds 


1 1 
Vl 


+pgl'o . (2.6) 
(l+k)*+ M* V+k)?+M* 


n become >, 


The absorptive part of (x) the 
ImI (x) 7 dld*k 
be f 5(-+k 
wel’ ae)? 


2P2k 


D+ AN 


1 1 
x - -— 
l+k)?+M? (N+k)?+M? 
Introducing relative and center-of-mass coordinates 
according to 
P 
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leads one to 


ImI (x) " 
=— fareo 
wel (2xr)* 


XK O(1o)0( ky)b(4 P?+20°+ M*+ py’) 
M?— | 
xi(-P O- )or-ps v 
2 M?—x 


1 
b(x—M p?+M?—2y?)+2N—2N-Q 


x Q | 1 1 
— fa + | 
4(29)*\/x M?*—x A-—-2N-Q 


r\Q —1 
(29)*\/xlx—M? 

1 A+2!N\/Q 
eo) 
4,N 'Q) A-—2\N/|Q 

Qo= (M?—y?)/2y/x;  No= (M?+N*)!, 
4x|Q/*=(«— (M—p)*)(x— (M+y)’), 
4x N a= (x- (Mp—M)*)\(x- (M p+ M) pr 

A=43(x—M p?+ M?— 2p?) +2N 


where 


The deuteron binding energy is ¢. In the following we 
will neglect « whenever possible. 

It is seen that | N! is pure imaginary in the unphysical 
region and the discussion given in reference 11 instructs 
one to analytically continue the absorptive part from 
the physical region. Thus, defining |N in, the 
absorptive part becomes 


gulf — Q 1 2n\Q 
—+— tan ( | 2.8 
Rary/xix—M? 2n A 


At approximately x=3M?*, A vanishes, and the ar 
tangent passes through 2/2. This is the signal which 
tells us that there is an anomalous threshold present,” 
since for x<3M?, the arctangent must be continued up 
onto its second branch. 

If there were no anomalous threshold present, the 
dispersion relation would be of the form, 


eg ImI (x’ 
f dx’—— ; 
TJ msy)? x’ —x+Ie 
rhe procedure in the case of an anomalous threshold is 
to deform the path of integration until the integra! is 
taken along the contour shown in Fig. 2. The anomalous 


threshold is determined by requiring that the argument 
of the logarithm in (2.7) vanish, i.e., A?7=4'N/?'Q 


Im? (x) = — 


DISPERSION RELA 


TIONS 


Fic. 2 
for the dispersior 
integral with ar 
anomalous threshold 


Contour 





The final result is 


Fs ImI’,(2’) 

(a | dx . 

, : 

x, x —x+t 

where, a~M?+ Qu lu + 2a), a? = Me, and 


Q af x (M+ )? | 


Sry x — VM? 


gel 
ImI.(a 


T 
6(x—a)Ol (M+p)?—x } 
2n 


1 2n\Q 
+— tan ( ocx (at +a) b 
2n 1 


This value of the anomalous threshold is the same both 


(2.10) 


numerically and physically, as one finds in perturbation 
theory." The branch of the arctangent is chosen so 
(M+)? 

For later comparison, let us consider ImI(x) in the 


that it is w at x 
anomalous region, 
gu ly 
32M[(x— M?+2a’)/2 }! 


gel 
ImI.(a 


(2.11) 
l6\/xin 


It will be shown that this form is extremely close to 
the value predicted by the Schrédinger equation with 
a simple Yukawa potential! 

It is also noted that (2.9) leads to an eigenvalue 
condition if (x) is evaluated at «= M?, since I» cancels 
from both sides of the equation. In the present case, 
this is a condition on g, M, and yw for a bound state of 
energy ¢. Since only the one pion exchange diagram 
has been kept, this eigenvalue condition is, of course, 
very approximate. However, there is every expectation 
that if enough intermediate states were retained, this 
condition would allow one to calculate accurate binding 
energies in the dispersion theory formalism. 


B. The Spinor Vertex 


We turn now to the more involved spinor case before 
returning to a further discussion of the connection 
between this approach, anomalous thresholds and the 
Schrédinger us consider the spinor 
amplitude, 


equation. Let 


P(x)Cucv) = (2D9°N°/M)XN  f,(0)|D), (2.12) 


where C is the charge conjugation matrix; the other 


quantities are defined as before.'? The matrix structure 


'7R. Blankenbecler, M. Goldberger, and F. Halpern, Nuclear 
Phys. 12, 647 (1959) 
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of T’ will be discussed later. In order to analyze I(x), 
we contract on the neutron, and 


2D fay e'*N vu NV) 


x (O| Df Cy), fp(O) JO(yo) | D); 


C(x)Cul.V)=1 


the equal-time commutator makes no contribution. 
This form for (x) suggests that it is analytic in x, and 


the dispersion relation is 


(2.13) 


We will make the bold assumption that no subtractions 
are necessary in this dispersion relation for T(x), 
show that this lead 
deuteron mass 

The absorptive part of calculated in the canonical 


way 1S, 


and 
to an eigenvalue condition for the 


Im (x)\Ca(V)=27(2D)'>, 


«K U(N)s 


() f,(O) § 
fy (0)! Db(N+S—D). 


Again keeping the lowest mass state of a nucleon and 
a pion, we must evaluate 


d*kd'l 
n(2D°)§ > ff 
I-spin « (29) 


Im (x)Ca(N) 


x (0) f,(0 lkyu( N)(OLk\ fx (0)| D 


x6(D—N—Il—k). (2.14) 
The pion-nucleon vertex is readily evaluated. Since 
the state (Lk( must be a P;, state, and since the 
rescattering effects should be small, this matrix element 
will be approximated by its value on the mass shell, 


0} f,(0) Lk +ig( M/P2k°)ys(r-T*)u(l), (2.15) 


where 7 and 7 are the isotopic spin operators of the 
nucleon and meson, respectively. The structure of the 
vertex, expressed in terms of the P;, phase shift 
be taken into account later. 

the matrix element 
contributes to the absorptive part of Ta 


, will 


In discussing second which 
, it Is again 


convenient to introduce the invariant amplitude 


M (Rk LD) = (2D°22/ M) aN) Uk f. (0)! D (2.16 


Contracting the nu led to 


VM =1(2D°2k if as ( Va Natl 


x(k { fi(x), fv (O)}O( x9) | D), 


icon, we ar°re 


2.17) 
and then, 

ImM =27(2D°2k")' >, {a(N)(R! fy (0) 

x (5 i,(U Dé l+S -]f) 

x \ b) ivi 


s)u(l) 


+u(l)ik £,(O))s 
D\6(1+k-—S)} 


40 
‘ (2.18) 
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R AND |! COOK 
As before, this matrix element will be approximated by 
retaining only the one-nucleon state g. Thus 


ImM = 2(2D°2k)' >, V)h 
D)6(1+e—D 


xX u(N)\¢a' fy(O)' Dé 


{a 
Kg f () 
(2.19 


Introduc ing the cf upling constants following 


matrix elements on the energy 


(2k°q?/ M ta(N)(R! fx (0 


(2D°q?/M)'a(N)(g 
we find 


ImM - 


Rm 2 

XTo(DCa(Ds(4 
Y 

An evaluation of I'g() has been performed in reference 

17, to which the reader is referred for a discussion of the 

deuteron spin in terms of the rhe 

matrix form of I'o(.\ 


pse udove: tor e. 


to be 


was found 
o(\ 

and Fy and G 

relativistic deuteron parameters 

VM is analytic in 

l-plane, and by making use of the 

we may infer that 


were evaiua 
Since (2.6) shows that the upper-half 


Dirac equation, 


u( A 
VU 


and finally 


ImI'(a 


Cal\ 


The first lization term 
and the 
State 

It is ' 
matrix form of [ t is clear that it must have 
structure 


term 1s recogniz 
second contains bound 
general 
the 


now an €a 


(x)= F(x)i7 


+[M+iy:(D—N 


EtG(A 


> 21 


which reduces to 
We shall be primarily 1 

on the mass shell where D 

case the terms H(x) and / 

in the following we will restri 


P)T (2 
Mw 
ontribute, and 


ttention to F(a 


will not 


ura 
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and G(x) exclusively. Formally, we can writ Returning to (2.24), and using (2.21) and the 


: ; definitions 
ué(D—N) ImP(x)CaLNV) 


r : ’ N. N 4 3 ; 
a(D—N)[{ ImF (x)ty-&+ImG(x)N -E JCaAN Q Q's, B(x)=A(x)/2|N]/QI, 


arg’ &kd'l we obtain Y 
- f 5(1+k—D+A srg? dQ 
3 


(29) 2 p92) a(D—N) Im?;(x)Ca(N)=-4 . f 
[“— —p )Po( V)CH(N) 


8(29)*\/x|N B-z 


x #(D—N)LS+V-Q+Q-T-Q)Ca(N), (2.29) 
(l+k)?+ M?* 4 
where 
i(D—N)iy- kT o())iy- RCH N 
et A Bs nt te | (2.24) S=—[wiv-§+4MN-§-MEQo—WAON-t 
(N+R)+M? + Dyok de? Fro— [hut -E+u*Ooko Go, 
We will denote the contribution of the first term in /= —[ME+iN - Ey— 21Doy— 2yMok Fo (2.30) 
(2.24) to Im by the subscript 1, and the second by 2 +p*Gok, 
Thus r 


srg’? d*kd*l 
u(D—N) ImP\(x)Ca(NV)= f The 


(2m)? J 24021 


— 2ivEF o 


result of the angular integration in (2.29) is 
conveniently expressed in terms of the quantities 
a(D—N)Po(N)Ca(\ ee ae ; 
<5(I-+k—-D+N)- a=S+4/Q/2(TrT)—4'Q/2(N-7T-N)/| N/2, 
1+k)?+M? 8=|Q/V-N/(NI, (2.31) 


_— UN. ON rie —_ 
Introducing center-of-mass and relative momentun y=3/Q/7(N-7T-N)/|! 1/Q)°(TrT). 
variables as before, we must evaluate r 

en 


+3mq°y? 39g? (D— N) 
u(D—N) Im? (x)CalVv) farce a(D—N) ImPy(x)Ca(\ + 
a 4(29)*\/x!N 


(LT) 


x5(P—D+N)5(4P?+20°+ M?+-u2)0(k)0(° 


B+1 
<1 (a+ BB+y7B* in - ) 
a(D—N)Py( N)C&CLN) B-1 


<5(— P-O—4M?*+}y’) 
P?+ M? 
; ; ; 77 “oe 
Comparing with (2.24), we find 2(8+7B) ICa(N). (2.32) 
ImF,(x) ImG,(x) 


In order to obtain expressions for ImF, and ImG, we 
F G must express (2.31) in terms of (iy-&) and (V-£). The 


3g*u? necessary results are 


O(x— (M+ y)*), (2.26) 
8ay/x(x— M?) 


M 206 3 
S=—p'Foty-&—A r ( : ) Fy 
. 2 Vx 
where |Q/?=(x— (M—y)*)(a— (M+-u)*)/4x. A calcu- 


lation of F,(M?) and G,(M?*) will require the integral 


200 
+ wGo( 1+ )} 
> | Lee — (Mw) = (Mt) }! \/x 
dx 
vu 


(2.33 


T 


+m)? ? (x’ — M?)? V-N=N- —2MF.(1+No/+/x) 
 (1—206/4/ x) +w?Go(1+No/s/x) |, 
Tr7 2F iy -§—(2M/x)F oN -é, 


N-T-N=—2MFo(14+No/s/x)*N -E. 


Using J, we have, therefore, 


F,(M*) G,(M?) 37" 
: . = " a J; Finally, the combination of (2 23), (2.32), and (2.33) 
3g su? M yields expressions for ImF; and ImG>. 

+ ) in( : ) 2.28 


The total imaginary part of F(x)[=F,(x)+F2(x) |, 
32e°\M 


2u denoted by ImF,(x), is obtained by performing the 
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analytic continuation to the physical Riemann sheet, 
#\Q; AQ 
Vv 4n? 


37h 


ImF’,(x) O(x—(M+uy)*) 


Sax/x | 


v 
A(x 
Qn 


+fy?-+|Q/2(1 -a)0((M+y 


2_ v) 


2n\Q 


O0(x— (M+y)’) 2.34) 


2n 
as before, A in and a 


where, M?+-2u(u+ 2a). OF 


course, an analogous expression can be obtained for 
ImG,(x). 

In the foregoing discussion, we have neglected pion 
nucleon rescattering effects in the intermediate states 
It is a simple matter to include these rescattering 
at least in 


an as 


corres tions, 
It that 


and isotopic spin state 1 


approximate manner, 


follows. is clear only one angular momentum 

relevant, the ?;, state. An 
approximate expression which satisfies unitarity and 
retains the structure of: the Born approximation is 
obtained by replacing g 


in the absorptive part by 
g exp[ 2 ReA(a 


‘ whe re. 
dx'd( y 


Vf 


le 


and 6 is the 
In 


convergent, due to the term 


shift 
(2.34) 


and thus does 


relevant 
contrast tl 


plon-nue¢ leon phase 
» the scalar case, Eq 
A\Q) /4n? 


not provide an eigenvalue condition for determining 


not 


Is 
the binding ene rgy This is not surprising since it is 
well known that a zero range wave function will lead to 
divergences for the expectation value of the Hamil- 
tonian. It will be shown that our approximate expression 
for the absorptive part of T is closely related to a zero 
range approximation in Schrédinger theory. We would 
therefore expect that such difficulties would disappear 
if P'(/) rather than To(/ (2.22), 


SINCE 


were inserted into Eq 
this is equivalent to keeping some of the higher 
exe hange effects 


meson This should then permit a 


consistent calculation of the binding energy 
the one 


However, 
pion exchange approximation allows a determi- 
the (D-—S 
In particular, the dispersion relation for G(a 
will pe rmit us to express G(x 
Fy and Go, and thus obtain the 
directly related to p 


nation of asymptotic ratio p for the deu- 
teron 
as a linear function of 
ratio Gy F 
This calculation will be presented 


the of the 


which is 


after a discussion of nonrelativistic limit 


vertex, 


3. THE NONRELATIVISTIC WAVE FUNCTION 
rhe 


Schrédinger wave 


the vertex I(x) and the 
function @ has been discussed in 


reference 17 and more generally by Blankenbecler.'* 


connection between 


18 R. Blankenbecler, Nuclear Phys. 14, 97 (1959 


COOK 


In particular, it has been aside from trivial 


normalization differences 


1 . 
+ cy? @\\ { a | p qo g° ’ 
VU 2 yra  - 
Me 


ected to have a cut for y< 


where, 2 he square of the relative 
momentum, and a 
for (x), d(y iS EX] 
It 


class of potentials 
It is clear that the t 


From the dispersion relation 
(uta). 


a restricted 


will be shown that this is the case for 
ype of potential yielding results 
in closest agreement with field theory is the Yukawa or 
a linear supe rposition Therefore, let us try to 


(34 


the reof 


solve the Schrédinger equation with a 


function and potenti il of the form 


wave 


Im? 


Defining Im. 
3.4) 


where the asymptotic normalization 


\ ( dy’ J y’ 


V has been defined 


as 


his relation will yield the eigenvalue condition for the 

Schrédinger equation 
Substitution of (3.4) into 

the angular integration yields 


(3.1) and performance of 


£ 


2m | dy’ a yf asf lg 


I'(y) 


(3.6) 


which shows that 
(3.2). Thus it 
function has a pol 


has the representation 


t} 


he bound-state wave 


ind a cut from (— £?*) 


to { x 


The equation for s easily determined to be 


x 


yily —a*)a(y)O(y— 8? wr [ dy 


Xa(y’) {Cy 


It is clear that B=yu-+a, a result ir 
anomalous threshold 


It 


agreement with the 


found in the field theory case 


is interesting to note that one car derive a 


very 





BOUND S171 AND 
similar field theoretic equation if in the evaluation of 
the scattering matrix M, Eq. (2.6), Io is replaced by 
the appropriate I'(x) in each of the two terms. The 
resulting dispersion relation is analogous to the Bethe 
his 
replacement also. improves the convergence properties 
end of 


Salpeter equation in the ladder approximation 


of the dispersion relations as discussed at the 
SEC ) 


It is possible to determine the solution to (3.7) in a 
simple iterative form. It turns out that in order to 
calculate o(y) on the left-hand side of (3.7) for, say 
CV+1)yu4 a>y'> Vuta, V=1, 2, --+-+, itis sufficient to 
know a(y) integral for y! Thus 


in the lowest region in y enables one to 


under the Vuta 
knowing a(y) 
calculate it in successively higher regions by simpl 
quadratures. 
on a(y) are obviously that it must be chosen to be 
continuous and to suffer discontinuities in slope at 


The boundary conditions to be imposed 


v Vuta. Physically, of course, this would corr 
spond to the anomalous threshold for the exchange of 
V mesons 

For (2u+a)>y'> (uta), we have 

vy—a*)o(y)=rrN /y! (3.8 
Comparing this relation with Eq. (2.11), which e 
presses ImI(x) 
of identical form for small y. An analogous result holds 
for the Thus the one-pion exchange 
contribution yields just the Yukawa potential in the 
nonrelativistic 
discussed shortly. 

It is to be noted that the bound-state wave function 
¢ agrees with the field theoretic result in the anomalous 
region and further, @ has nothing but anomalous 
thresholds. This should be the case, since the Schréd 
inger equation is expected to be a valid description 
only if real particle production (or physical thresholds 
are unimportant. Thus, the fact that the 
Schrédinger wave function is purely anomalous is to 


for scalar particles, shows that they are 
spinor case. 


limit. Corrections to this result will be 


bound-state 


be expec ted 

Nambu has pointed out a very interesting exampl 
of the importance of anomalous thresholds in assuring 
a Schrodinger or Dirac des« ription of a system. If one 
tries to calculate the electromagnetic structure of the 
hydrogen atom by the usual dispersion approach, there 
exists an anomalous threshold until the hydrogen atom 
mass My, the proton mass M,, and the electron mass 
M, are related by M:?= M,Z7+M. - This requiré s that 
the charge on the proton be 137e, in the static limit 
Thus the breakdown of the Dirac 
disappearance of the 


equation and th 


anomalous threshold are two 


ways of describing the same phenomena. Therefore it 


would seem that a hydrogen atom with Z>137 must 
be described field theoretically. It is tempting and 


perhaps not unreasonable to infer from this discussion 


that the vertex description would provide a calcula 
tional scheme for all Z. 
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The boundary condition stating that T° of infinity 
must vanish does not permit the complete neglect of 
the negative cut." It is interesting to see what happens 
if one approximates the effect of the negative cut in 
the wave function by an appropriately placed pole 
Ac ording to (3.4 ,@ then bec omes 


V(y?—a)[ (y+a*) (y+7’) | (3.9) 
which is recognized as the well-known Hulthén deuteron 
model. It is found for this model that one must choose 
pole at the onset of the 
two pion cut, a most reasonable result. One 
generalize this to the relativistic 
by repla ing the cut in x bya pole chosen to agree with 
3.9) in the nonrelativistic limit, thus yielding a 
Hulthén model. An obvious im 
would be to take the one pion cut into 
account exac¢ tly and to simulate the effects of the higher 


a 


y=7a, which places the 
could 


attempt to case 


covariant deuteron 


proveme nt 


meson €X¢ hange 5 by a pole 

Thus it is possible by this scheme to calculate the 
deuteron wave function, and hence, the triplet potential, 
by dispersion methods. This formulation provides not 
only the potential but also the equation in which it is 
to be used, at least for the calculation of bound-stat« 
properties. There 
cerning a velocity-dependent force if one accepts (3.1) 


seems to be no ambiguities con 
as a definition of the potential. Hence we are proposing 
a potential which is chosen to yield the bound-state 
properties, not the low-energy scattering properties, of 
field theory 

In detail, one would calculate the potential as 
follows. From dispersion theory the absorptive part of 
I(x) is calculated, which involves the analytic continu- 
ation process described in reference 12. Then from the 
definition of o(y), we have 


ImI’'(— y) =4(y—a’)o(y). (3.10) 


If it is assumed that the potential can be written in 
the form suggested by Charap and Fubini,'® 


1 " v(M?) 
} dM? , 


ytur Ju: y+M? 


(3.11) 


then the Schrédinger equation for y'>2yu+a leads to 
[ compare with (3.7 


* 


yily at )a(y)/arA=N +f dM? vo( M?) 


4u 


¢)2 


xf dM? v(M*)}. (3.12) 


Y ty 


” P. Noyes and D. Wong, Phys. Rev 
have also noticed a similar cx 
1 


tering ar plitudes 


Letters 3, 191 (1959), 
mdition for the partial wave scat 











— 
~ 
un 
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If we restrict our attention to the two-pion cut, (3u+a) 
> y!> (2u+a), then this reduces to 


y 
y3(y—a*)a(y)/arAN +f 
* 


“ 


f 7] u)* dy’ 
a)" (y’)4 y’—a’) 


pre 


4 2 


dM*v( M") 


y ImI'(—y)/wAN. (3.13) 

A calculation of Im? in this variable range then 
determines the triplet potential weight function »(M?) 
in the two pion exchange region. Because of the effect 
of the normal threshold at «= (M+y)?, which occurs 
in the two-pion anomalous region, this 
definition of the potential would be expected to yield 
physically different results from the CF potential. 
This difference should be small except for small dis- 
tances, where, of course, an evaluation considering 
only two-pion effects is poor. Apart from this small 
effect, which tends to weaken the one-pion force at 
small distances, the potential considered here is very 
close in spirit to the CF potential. The essential point 
is that one subtracts from the V-pion exchange contri- 
bution, the iterated effects of all smaller number of 
exchanged pions. Finally, if one were to approximate 
the higher meson exchange contributions by a pole, 
the effect on the potential is easily calculated 


exchange 


4. CALCULATION OF o PARAMETER 


In order to iliustrate that the preceding discussions 
leads an evaluation of the various 
parameters, we shall obtain the asymptotic 


to bound state 
(D—S) 
ratio, p, for the deuteron. As mentioned at the end of 
Sec. 2, if we had evaluated the higher meson exchange 
contributions, we could also calculate the binding 
energy, but in the present approximation this would 
not be a meaningful result. 

As pointed out earlier, we begin by determining Gp 
as a linear function of Fy and Go, and thus the ratio 
Go/ Fo, which is related to p by'® 


(4.1) 


Go/f 3p/2€+ (p’) 


Rather than working with the entire expression for 
ImG(x), we propose to evaluate p by keeping only the 
Schrédinger limit. This means we take the nonrelativ- 
istic limit of ImG(x) in the anomalous region and 
extend it to infinity. The renormalization effects will 
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be retained, however, because they tend to compensate 


for the errors incurred in taking the nonrelativistic 
limit. Returning to (2.32) and (2.33), we find for the 
terms contributing to G 
(a+8B+~yB?*)¢ 
fe 3 (yt)? y— 
MF, + u2Go 4.2) 
y : 2y 


where «= M?*+2(y—a’*). We will neglect certain a? 
terms, and thereby commit a small error. Thus, setting 
u=3a, 


—_ 3g” “ dy 3 | yt iV )? Va 
Gn f | ur . 
32Mr 5u"/3 y! 4 y , y 
y~H 1) 3g” fu M 
+py?Go — ( ) Go n( ), (4.3) 
2y J) 32m? Qu 
or 


Go — 1.40 g° 


Fo Su 


(4.4) 


Finally, 


p= +0.030 (4.5) 


for g?/4r=14. This result is in rough agreement with 
other estimates of the p value based on investigations 
of the two nucleon scattering problem.” 

A more accurate evaluation of the dispersion integral 
using the relativistic absorptive part leads to a p value 
approximately ten percent smaller than that obtained 
above. The rescattering corrections of Eq. (2.36), on 
the other hand, tend to increase this value by about 
five percent for a reasonable phase shift. Therefore the 
net effect of these corrections is a slight reduction of the 
asymptotic (D—S) ratio given above 

It is interesting to note that the result (4.4) depends 
only on fundamental parameters describing the pion- 
nucleon system, and the deuteron binding energy. This 
is to be compared with the results of reference (20) 
which explicitly contain experimentally determined 
nucleon-nucleon scattering parameters 
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Dispersion Relations for Pion-Hyperon Production and a Possible 
Pion-Hyperon Resonance* 


Laboratory of Nuclear Studies, Cornell University, lihaca, New York 


Approximate P-wave dispersion relations are derived, but not proved, for the processes K+N — x+Z 
(or A) under the assumption that all pion-baryon and K-baryon interactions are of the odd intrinsic-parity, 
Yukawa type. By comparing these equations with the analogous equations for pion-hyperon scattering, it 
is shown that a low-energy resonance is likely to occur in a particular combination of the isotopic spin one, 
Py, x+A and +2 scattering states, and this resonance should be recognizable in the x+Y production 
processes. Despite complications associated with the unphysical region in the x+-}¥ production dispersion 
relations, and with the fact that the K interactions are moderately strong, the resonance should occur in 
the production process in a direct and simple way. Measurements of the cross section for production of this 
resonance state can give information about the strengths of the strong interactions, particularly the pion 
baryon interactions. The present experimental evidence concerning the existence of such a resonance effect 
in r+ Y production is favorable, but inconclusive. A short discussion is given of the additional experimental 


information needed to test the resonance hypothesis 


I. INTRODUCTION 


NUMBER 5 SEPTEMBER 1, 1960 
RicHarp H. Cappst 
(Received April 18, 1960) 
respect to the pion-hyperon interactions.' Unfor- 


F, as is generally believed, the primary mechanism 

for the binding of A particles in light nuclei is the 
exchange of virtual x mesons between the A and the 
nucleons, the interactions of pions with A and 2 par 
ticles must be among the strongest of all particle inter- 
actions. Hence, a knowledge of the wAX and the r= 
interactions is essential to understanding the strange 
particles. One of the best ways of investigating these 
interactions is to study the processes K+N — #+Y 
(where Y denotes either a 2 or A hyperon), since these 
are the only reactions involving a two-particle r+Y 
state that can be produced copiously with present ex- 
perimental techniques. The interpretation of these 
x+Y production processes depends on the general 
nature of the pion and K-meson strong interactions; in 
this paper it is assumed that all meson-baryon inter- 
actions are of the odd intrinsic-parity, Yukawa type. 
It is further assumed that the spins of K particles and 
hyperons are zero and one-half, respectively, so that 
the initial and final orbital angular momenta are the 
same in the r+ Y production reactions. 

The #+Y production amplitudes have poles at un- 
physical values of the center-of-mass system energy 
below the reaction threshold ; the residues of these poles 
involve the product of one of the pion-baryon coupling 
constants (F yw, Frsx, or F,z) with one of the K-coupling 
constants (Gaw or Gzy). Approximate values of the 
K-coupling constants may be obtained from the analy- 
sis of other processes, such as A-nucleon scattering. 
Hence, if the x+Y production amplitudes satisfy dis- 
persion relations, it may be possible to determine Fr: 
and Fx: by applying these relations to experimental 
hyperon-production data. Many authors have dis- 
cussed the implications of the S-wave K~— p data with 

* Supported by the joint program of the Office of Naval Re 
search and the U. S. Atomic Energy Commission 


+ Present Address: Northwestern University 
Illinois 


Evanston, 


tunately, it is difficult to relate the size of S-wave 
amplitudes to the strengths of coupling constants, be- 
cause of the subtraction that must be made in deriving 
S-wave dispersion relations. In this paper we are con- 
cerned with the P-wave amplitudes for r+Y produc- 
tion. The strong pion-hyperon interactions are likely 
to lead to a low-energy resonance in some P-wave state 
of pion-hyperon scattering. Such a resonance should 
appear in the corresponding pion-hyperon production 
amplitude, in much the same way that the pion-nucleon 
P, resonance appears in photopion production. The 
measured characteristics of pion-hyperon production in 
the resonance region would yield information concern- 
ing the pion-hyperon coupling constants. This pro- 
cedure for measuring F,y and Fz: has been suggested 
previously by Capps and Nauenberg.? 

In Secs. II and III of this paper approximate P-wave 
dispersion relations are derived (but not proved) for 
pion-hyperon production by generalizing the procedure 
used for pion-nucleon scattering by Chew, Goldberger, 
Low, and Nambu.’ The starting point of the derivation 
is the fixed momentum-transfer hyperon-production 
dispersion relations of Jin.‘ The P-wave relations are 
static in the sense that the particle center-of-mass 
momentum is considered small compared to the aver- 
age baryon mass; however, it is not assumed that the 
K-meson total energy, #-meson total energy, or the 
baryon mass-difference is small. 

Methods of solving the P-wave equations are dis- 
cussed in Secs. IV through VII. Since crossing sym- 
metry relates the processes K+ N — #+Y and +N — 


See, for example, D. Amati and B. Vitale, Nuovo cimento 9, 
895 (1958); Ken Kawarabayashi, Progr. Theoret. Phys. (Kyoto) 
22, 451 (1959); R. H. Ca Ops, Phys. Rev. 118, 1097 (1960). 

2 R. H. Capps and M. taal Phys. Rev. 118, 593 (1960). 
This paper will be referred to by the symbol CN. 

3G. F. Chew, M. L. Goldberger, F. E. Low, and Y. Nambu, 
Phys. Rev. 106, 1337 (1957) 

“,Y. 5S. Jin, Nuovo cimento 12, 455 (1959) 
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K+Y, and since unitarity relates r+Y 
x—Y scattering, and A —.V scattering on the one hand, 
and A+Y scattering, and K-—Y 


scattering on the other, the dispersion relations are 


production, 
production, T V 


coupled integral equations for all the above processes 
Fortunately, approximate solutions for the x+Y pro- 
duction amplitudes may be obtained by considering 
only these amplitudes and the pion-hyperon scattering 
amplitudes. These P-wave r+Y production dispersion 
relations will be useful only if a resonance exists in 
P-wave state. The theoretical possibility 
VI and the 


experimental evidence concerning the possible presence 


some m—Y 


of such a resonance is discussed in Sec. 


of a resonance effect in #+Y production is discussed 


in Sec. VIII. 


II. THE COVARIANT DISPERSION RELATIONS 


We first ¢ 
persion relations in terms of Lorentz-invariant combina- 


xpress the reaction amplitudes and dis 
tions of the momentum variables; later the relations 
will be specialized to the center-of-mass Lorentz system 
We consider any strong reaction in which both the 
initial and final states consist of one spin-zero meson 
} baryon. The four-momenta of the 
initial and final mesons are denoted by &; and k;, those 
of the baryons by p; and p 


transfer squared g’ and the covariant energy parameter 


and one spin 
The four-momentum 


v are defined by the relations, 


P= (pi-P 


4 (ki +k,) (pit p 


the scalar product of two four-vectors is defined 
ay8o. The constants # and « 

If the relative parity of the re- 
covariant reaction amplitude 7 


where 
by the relation a-B=a-$ 
are set equal to unity 


} 


action is even, the 


may be written in the form, 
T=A+4y- (ki +k) B, 


where y is the Dirac gamma-matrix four-vector, and T 
is considered as operating between initial and final 
The gamma-matrices and spinors are 


Bethe, and de 


baryon spinors. 


defined in the manner of Schweber, 
Hoffmann 

Crossing symmetry relates the process M,+B,— 
M.+By, to the process M.+B,— M,+Bo, where M, 
and B, represent definite charge states of the mesons 
and baryons, respectively, and M, is the antiparticle 


x, K+=K-, A°=K°). Hence 


crossed amplitude 7 corresponding 


of M; (i.e. # Y.¢ 


we define the oO 


T by the relation, 


T(M.+B, 


the amplitude 


T*(M,+B,— M.+B, > M,+B,). 


If the amplitudes 7 are defined for complex values of 
v in such a way that T is analytic in the entire upper 


»S. S. Schweber, H. A. Bethe 
elds (Row, Peterson, at 
Vol. 1, pp. 17-20, 46-59 


and I 


| Company, Evanstor 


de Hoffmann, Mesons and 
Illinois, 1956 


H CArrs 
half »-plane, it may be shown by well-known methods 
that the crossing symmetry for the covariant ampli- 


tudes 4 and B is* 


Be (vg B*(—v, 
In order to express the crossing symmetry in terms of 
hyperon-production amplitudes corresponding to defi- 


nite isotopic spin states, it is useful to consider the 


following three processes: (a) A~+p—2°+ 2°, (b 
K-+p— #°+A, and (c) K-+n— #°+2-. The ampli 
tudes for these three processes are given, respectively, 
by 6-'T x, 2-'T 14, and 2-!7 vhere the first subscript 
denotes the isotopic spin, and the second denotes the 


$y considering these 
} 


nature of the hyperon involved.* 


show €a 


processes, one can ly t the crossing rela 
tions for the different } yperon-pro luction implitude Ss 
are 

] ba H (27 z 1 

_ 2 : 

T 14 ($)?T 4s 
where Tyx, Tyzx, and T,, refer to the processes r+.V > 
K+Y. 


The residues of the poles of the hyperon-production 
amplitudes explicitly depend on the nature of the inter- 
parti les. We the usual 
five local, pseudoscalar meson-baryon interactions; the 


actions between the assume 


dependence of these interactions on the charge states 


of the partic les is represented by ine equation, 


H=Fyn-(Ne\ iFsx- (X= , 
+[Fan- A+G,(KIN)A+Gz(K4N)-E+Hx ) 


The quantities F and G are the # and K coupling con- 
represent the 2 


stants, x and = isotopic vector x and X 


field operators, and < and 1 are the 1Isolopl spin and 
unit operator that operate between two isotopi spinors. 
Jin‘ has derived the fixed momentum-transfer disper- 


relations for Y and A production, though these 


sion 
relations have not been proved Expressed in terms of 


the quantities defined in this section, the +Y pro- 
duc tion dispe rsion relations are 
ReA ;(»,g 
2(ma—m)Gi(A 2(mzs—m)C;(z 
t Va r rs 
2(m—mn)Gj(\ “f Im ;(»',q*)d1 
VTYN WH vr, y 
P f* ImA;*(v’,¢*)di 
(4a) 
TY wNe v-Tv 


phases of the different 
ynd to the Clebsch 
only in that the =* 


* Throughout this paper the relative 
charge states differ from that 
Gordan coefficients of Condon and Shortley 


those orrest™ 


and * phases are chosen opposite to those of this reference. See 
FE. U. Condon and G. E. Shortley, Theor) {tomic Spectra (Cam 
bridge University Press, New York, 1935 








DISPERSION RELATIONS FOR 
2g,(.N) 
ReB,(v,¢*) = - 


V+Vy 


P ImB;(v’,g*)dv’ 
=) 
T y—y 


P fe ImB;"(y',¢°*)dv’ 
— f , (4b 


TNs vty 

where P denotes the principal part of the integral, and 
j denotes the nature of the hyperon and the total 
isotopic spin. The quantities ma, my and my are the 
masses of the A, Z, and nucleon, while m is the average 
of the initial and final baryon masses. The values of 
the energy parameter at the poles (¥4, vz, and vy) are 
functions of momentum-transfer and are given by the 
formula, v¢=2m,’—m?—m/?—pe—ur—¢ where m, is 
the mass of the baryon denoted by a, and m,, my, u;, 
and yy are the masses of the initial baryon, final baryon, 
initial meson, and final meson. The coefficients G; in 
the Born approximation terms (pole terms) of the dis- 
persion relations are given in terms of the renormalized 
coupling constants of Eq. (3) by the equations, 


Goz(A) OF 1G, Goz(Z) 0, Goz-V) OF yGs, 
Giz(A) = 0, Giz(Z) —2F Gy, Giz V) -2F yGs, 5 
GialA) =(), Gia(Z) 2'F Gz, Gil) 22°F wGa 


The limits of integration va, and vy, in Eqs. (4) are 

given by the formula vee=2(mat+yu,)?—m?2—m/e—p? 
—y’—g’. It should be noted that the lower portions of 

the dispersion integrals refer to unphysical energy regions 

below the thresholds of the K+.V — #+¥V and r+.\ 
sd K+ y proc esses. 

If one takes the energy parameter v in Eqs. (4) to be 
negative, and makes use of the crossing relations [Eqs 
(1) and (2) ], then Eqs. (4) become the dispersion rela 
tions for the processes r+.V — K+Y. 


Ill. THE P-WAVE EQUATIONS 


In order to write approximate dispersion relations for 
P waves we must express the various quantities in 
terms of center-of-mass system parameters. We use the 
following notation for the particle center-of-mass mo- 
menta and energies in any of the various meson-baryon 
production and scattering reactions: k,; and ky, three 
momenta of initial and final mesons; ko;, oy, and ko, 
initial, final, and average meson energies; E,, E,, and 
E, initial, final, and average baryon energies ; W = E+ ko, 
total energy. Henceforth k; and ky denote the magni- 
tudes of k,; and ky, rather than four-momenta. The 
most important energy parameter to be used (denoted 
by w) is defined as the average meson total energy plus 
the average baryon kinetic energy, i.e., 


w= W—m. (6) 
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rhe center-of-mass pion-hyperon production ampli- 
tudes may be expressed in terms of the baryon spin 


matrices by the relation, 
T=T,(W, cosé)+ TW, coséja- kyo k,, 


where @ is the angle between the directions of k,; and 
ky. The expansions of 7, and 7, in terms of partial 
wave amplitudes are’: 


© 


Ta=khiky & ty Pins (cos0)—>¥ ti_Pi1'(cos8), (7a) 
l=@ l=2 
T=). (Se by, )P 1’ (cos@), (7b) 
l=1 


where the P,; are Legendre polynomials and the prime 
denotes differentiation with respect to cos@. The fi, 
are the r+ production amplitudes for orbital angular 
momentum / and total angular momentum /+4. The 
partial wave amplitudes / for all processes discussed 
in this paper (x+Y production, r— Y scattering, etc.) 
are normalized in terms of the corresponding matrix 
elements of the unitary S matrix by the equation, 


2it= (S— 1) (kk), (8) 


where 1 is the unit, diagonal matrix. This normalization 
is not the most common one; it is convenient for P- 
wave amplitudes, however. 

We now give the relations between the covariant 
quantities of Sec. II and the center-of-mass quantities 
defined relations, for the covariant 
momentum-transfer and energy parameter, are‘: 


g pepe tT 2koskos— 2k, ky, 
y= 2W?—m?—m/?—pi—up—¢. 


The relations between the covariant and center-of-mass 
amplitudes may be found by well-known methods,’ and 
are given by the equations, 


above. These 


(9a) 


(9b) 


(E.+m,)' (Ey +-m,)' 


Te To; 
2m 
m 
t= [A—B(W—m) ], (10a) 
W 
2m 
T; = Th, 
(Ee+m,)*( Ey+m,)) 
1 
Th [-A—B(W+m) }. (10b) 
4mW 


One may write fixed momentum-transfer dispersion 
relations for the center-of-mass amplitudes 7, and 7, 
by taking the real parts of Eqs. (10), expressing ReA 

? These equations are equivalent to Eqs. (2.18) and (2.19) of 
reference 3 


* See R. H. Capps and G. Takeda, Phys. Rev. 103, 1877 (1956), 
Appendix A 
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and ReB in terms of the covariant dispersion relations, 
[ Eqs. (4) ], and then using the inverses of Eqs. (10) 
to express ImA and ImB back in terms of Im7, and 
ImT>. A variety of dispersion relations for different 
combinations of the partial wave amplitudes may then 
be derived by multiplying by different Legendre poly- 
nomials in cos@ and integrating over cos#. However, in 
order to obtain simple equations involving only P-wave 
amplitudes, some sort of static approximation must be 
made. Since the A-meson mass is not small compared 
to the baryon masses, the usual procedure of neglecting 
all terms of order w/m is not satisfactory here. We 
follow an alternate procedure, choosing as expansion 
parameters the two quantities, 


6:= (kR2+kf)/(2wm) and e= (Rkiks)/ (wm), 


of the same order. (The 
symbol e will often be used to denote either of these 
quantities.) These two parameters remain fairly small 
in the low-energy region for the reactions K+V — 


which are considered to be 


a+Y,e.g., at 420 Mev/c lab K-meson momentum, each 
of the two parameters is about 0.14 for +2 produc- 


ms, CAPFS 

tion, and about 0.17 for +A production. The approxi- 

mation of neglecting « and ¢ compared to unity will 

be termed the “‘small-momentum approximation.” 
The parameters v’ and v’+v occurring in the disper- 

sion integrals of Eqs 

the center-of-mass 


4) can be expressed in terms of 
variables w’, w, k,-k, by the 


and 
relations: 


4(m+w’)dw’, (11a) 


2 (w’ —w) (2m+w'+w), (11b) 


|+4k, ky, (11c) 


$9 (w’+-w)[ 1 +(e) 


where O(e) denotes a quantity of order ¢€; or €, that 
depends only on w (i.e., is independent of cos@). In 
deriving Eqs. (11), explicit use is made of the fact that 
the momentum-transfer is fixed. We write the 
fixed momentum-transfer dispersion relations for the 
x+Y production amplitudes by following the procedure 
described above, i.e., by making use of Eqs. (4), (10), 
and (11). For simplicity the relations are given for the 
amplitudes 7, and 7» of Eqs. (10) rather than for 7, 
and 7;, and the isotopic spin index 


now 


j is suppressed. 


des’ (m+w") Im[(2m+w+w') ro(w") + (4m? 


B.A. 


Rer,(w) 


(w’ —w)(2m+w+w’)(m+w 


x 


J 


te +™mN Mm 


dus’ (m+w') Im[(2m+w+w’)ra(w’) +4? (w— w') r5(w 


B.A.4 


Rer,(w) 


deo’ (m+w') Im (2m+w—w’ Ti (w )+ 


4n* 4m+wtw )ra™ | 


{ (w’+w)[1+0(€) ]m+k,-ky}2(m+e 


; 


(w’ —w)(2m+w+w’)(m+w 


ds’ (m+w') Im[ (2m+w! —w) ra" (w 


where the amplitudes are all evaluated at a fixed 
momentum-transfer g. The Born approximation terms 
in these equations (denoted by B.A.) have not been 
written out; they may be computed easily from the 
Born terms of Eq. (4), by making use of the following 
relations, 


2[w 
2[ w+ (my—m) \[m+my—w \[1+0(6) } 
+4k,- ky, 


) ‘ 
y— vy (my—m) \[m+my+w), 


vty 
(14) 


where Y denotes either the = or A particle. Nothing has 


been neglected in writing down Eqs. (12), (13), and 
(14); the only small terms not written out explicitly 
are represented by the symbol O(e). 

In the small-momentum approximation the ampli- 
tudes rt. and r» in the dispersion relations may be 
replaced by 7, and 7». In order to obtain simple equa- 
tions some assumption must be made concerning the 
relative magnitudes of the 4:4. We shall use the Born 
approximation as a guide in making such an assumption. 


4m? (w’ 


{ (w’+w)[1+O0(«) |m+k,-ky}2(m+u 
It is easily shown from Eqs. (4) and (14) that in Born 
approximation, tix is proportional to the /th power of 
L.e., Rikptiz ~FGm(e)'. 
Hence, we assume that the actual amplitudes for all 


the expansion parameters e, 


angular momenta greater than one are smaller than the 
P-wave amplitudes by at least one power of «. We 
further assume that the imaginary parts of the D 
amplitudes are smaller than the imaginary parts of the 
a amplitudes by a factor of &, since this condition is 
true in perturbation theory 

Similar assumptions are made concerning the partial 
wave amplitudes /,,° that refer to the “crossed” 
processes x+.V — K+Y. The threshold for K+Y pro- 
duction is sufficiently high that the small-momentum 
approximation is not accurate in the physical region for 
these processes. However, in the low-energy dispersion 
relations for r+ Y production, the only large contribu- 
tions to the crossed dispersion integrals are expected 
to come from the K+Y production amplitudes in the 
low-energy part of the unphysical region, where the 
small-momentum approximation is valid. We further 
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assume that the S-wave quantity $k klo"/m* is small 
compared with /,,, since this quantity must be small 
compared to a large P-wave amplitude, and only large 
P amplitudes are expected to contribute appreciably 
to the “‘crossed”’ dispersion integral. 

In the small-momentum approximation the dis- 
persion relation for the P-wave spin-flip amplitude 
tis= (é:-—ti4) may be derived simply by neglecting all 
terms of order ¢ in Eq. (12), and making the above 
assumptions concerning the relative sizes of the fi. 
The result is 


Ret; 1,(w) 


G;(A) 1 


4(mmy;)'(m+w) [w— (ma—m) | 
Gi(=) 1 


4(mm;)!(m+w) [w— (my—m) | 


Gi(N)(3m—my+w) 1 


4(mmy)*(m+w)(m+-my—w) [w+ (my —m) | 


P 7” dw’ Imt;.1,(w’) 
ef = 
rT Mer +MmA m ow 


x 


~f dus’ Imt;,1,° (w’) 
T st+mN—m w’+w 


(15) 


we 


where j again denotes the nature of the hyperon and 
the total isotopic spin, and the G; are given in Eq. (5). 

The dispersion relations for the amplitudes /,, may 
be derived by multiplying Eq. (13) by cos@, integrating 
over cos@, and dividing by 3k,k;. Terms of order € may 
then be neglected. In carrying out the integral it must 
be kept in mind that @ (the angle corresponding to w’) 
and @ refer to the same momentum-transfer ¢ and 
hence are related to each other by the equation 


kk,’ ( os6’ = koi Roy’ = kiky ( os6 — Roikoys. 


The resulting small-momentum approximation dis- 
persion relations for 4, are, 


Ret; 14 (w) 


2(mmy;)'G)(N) 1 


3(m+w)(m+my—w)* [w+ (my—m) | 


~f dos’ Iml;.14.(w’) 
+ —— — 
er tma—m 


, 
T @w--W 


dus’ Im[E;,14°°(w’) + 2¢;,1- ogy") | 


3(w’+w) 


Te! ue + 


(16) 


If the energy w lies in the unphysical region 
(w<yx-+my—m) for the process /;, a slight modifica- 
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tion of the above procedure is required. In this region 
the momentum in the K+.N state is positive imaginary 
kx=i\kx|, so that the P-wave term of 7, is equal to 
i kx | k,(3 cos@)l;,,. Hence, one writes the dispersion 
relation for —i7 4, rather than for 7,4, multiplies by 
cos@ and integrates over cos# and then divides by 
3\ kx | k,. The result is identical in form to Eq. (16). 
Equations (15) and (16) also apply to the r—YF, 
«—N, K—Y, and K—\N elastic scattering processes if 


> 


the constants Gj, intermediate baryon masses (my, ma, 
and mz), and the limits of integration are suitably 
modified. If the equations are applied to r—N scatter- 
ing and w/m is neglected, the equations become identical 
with the usual static equations, except that the energy 
variable is w= W—~m rather than the meson energy.’ 


IV. THE UNITARITY CONDITIONS 


The approximate P-wave dispersion relations of Sec. 
III can be used to study the possible behavior of the 
hyperon-production amplitudes only after the real and 
imaginary parts of the various amplitudes are related 
by means of the unitarity condition. In applying uni- 
tarity to inelastic processes, we assume that the phases 
of the various states are so chosen that the scattering 
natrix is symmetric in the angular momentum repre- 
sentation; the time reversal invariance of the strong 
nteractions assures that this can be done.” This phase 
choice already has been made implicitly in the original 
derivation of the covariant dispersion relations in 
reference 4 

We denote by t.s the amplitude for the process a — 8, 
normalized as in Eq. (8), (@ and 8 may refer to the 
same state). Multiple meson processes and all weak 
processes are neglected, so that a and @ and all states 
coupled to them are two-particle P-wave states. It may 
be shown directly from Eq. (8) that the unitarity con- 
dition in the physical region for the process a — 8 is, 


Imt.s= >. ky tay"tey, 


where the sum is over all open channels, and k, is the 
momentum in the state +. All amplitudes refer to the 
same total energy. 

We will assume that this unitarity condition remains 
valid in the unphysical energy region below the thresh- 
old for the process a — 8. This assumption has not been 
proved. However, a similar condition, used in the un- 
physical region of the process N+N — 2 by Fraser 
and Fulco," has been justified by Mandelstam on the 
basis of a few plausible assumptions and the known 
analytic properties of Green’s functions and reaction 
amplitudes.” 

If a and @ differ, and if only these two states con- 
tribute to the sum over y, Eq. (17) implies that the 


(17) 


*G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). 

” F. Coester, Phys. Rev. 89, 619 (1953). 

“W. R. Frazer and J. R. Fulco, Phys. Rev. Letters 2, 365 
1959) 

2S Mandelstam, Phys. Rev. Letters 4, 84 (1960) 
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phase of the inelastic amplitude t, is equal (within an 
additive factor of w) to the sum of the real parts of the 
phase shifts for elastic scattering in the channels a and 
8. Such a phase relation applies in the physical region 
of the /=0, r+ Y production amplitude, and is approxi- 
mately valid for production in the /=1 state also, pro- 
the two / 
such a way that the amplitude for transitions between 
them is small. In the unphysical region below K+ 
threshold the K+N state does not occur in the sum 
over , in which case no K—N phase shift appears in 
the phase condition 

Pion-hyperon production, r— Y scattering, and K—.\ 
scattering are coupled by the unitarity conditions, as 
are K-hyperon production, r—.V scattering, and K—Y 
scattering. Hence one must write dispersion relations 


vided that 1,w+J) states are chosen in 


for all these processes in order to geta closed system of 
equations for the P-wave amplitudes. All these P-wave 
dispersion relations may be written in the form of Eqs. 
(15) and (16) if the Born approximation terms and the 
limits of the dispersion integrals are changed appro- 
priately. The Born approximation terms are given for 
pion-nucleon scattering by Chew, Goldberger, Low, and 
Nambu# and for pion-hyperon scattering in CN. 


V. OUTLINE OF METHOD FOR 
SOLVING EQUATIONS 

When the unitarity conditions are all specified, the 
dispersion relations for the various P-wave processes 
are a closed system of coupled equations for the ampli- 
tudes. If explicit values are assumed for the coupling 
constants of Eq (3), some type of successive approx1- 
mation procedure can be used to seek approximate 
solutions. For illustrative purposes we outline below 
an iteration method that is useful if the ratios of K- 
coupling constants to m-coupling constants are small. 

The pion-hyperon and pion-nucleon scattering equa- 
first the contribution of K- 
partic le processes negle¢ ted in the unitarity conditions. 
1, +A and 


x+ states are chosen so that the r—Y scattering is 


tions are solved, with 


Appropriate linear combinations of the / 


diagonalized, approximately. One then solves the equa- 
tions for r+¥ and K+Y¥Y production, neglecting the 
K—N and K—Y scattering phase shifts in the uni- 
tarity conditions. Since the unitarity conditions specify 
the phases of the hyperon-production amplitudes, the 
method of Omnés' should be convenient for solving 
Because of the crossing terms, even 
one first 
solves for the r+ ¥ and A+Y production amplitudes 


these equations 
this step involves an iteration procedure, i.e., 


by neglecting crossing terms; these amplitudes are then 
inserted into the crossing terms and the equations are 
solved again, etc. The result of this sub-procedure gives 
the first approximation to the general iteration method 
for the r+ VY production amplitudes. 

The second approximation is carried out in the fol- 
lowing way. The results of the first approximation for 


>R. Omnées. Nuovo cimento 8. 316 (1958 


H 


m+Y production are now included in the unitarity 


conditions for the r— Y scattering equations, and these 
equations are solved again to give a second approxima- 
tion to the r— Y scattering amplitudes. A simultaneous 


solving of the A 


including in 


step is the V scattering dispersion 
relations, 


K+ 


the unitarity condition only the 


first ap- 
proximation (ne then hese K \ phase shifts, 
} 


and the improved r—Y e shifts, in the hyperon- 


>4+V amplitudes calculated in the 


production dispersion relations to calculate the second 
approximation for r+Y One could con- 
this higher approximations. The 
effective expansion parameter 


production 
tinue in manner to 
n this general procedure 
ratios G/F 
Lsee Eq. >) that the procedurt Is exper ted to be 


are the squares ot the upling constant 


convergent if pion-hyperon interactions are of 
comparable strength to the 
The fact that the A+.V re 


m+Y rest mass also help 


pion-nucleon interaction 


mass is larger than the 


the convergence. 


The existing experimental data is so sparse 
t 


that a 
lengthy calculation using the above-outlined method, or 
some similar method, is not justified at present. Fur- 


thermore, because of the neglected high-energy con 


tributions, the solutions to the disperison relations are 


expected to be reliable only for a channel in which a 
low-energy resonance occu! The considerations of 
Sec. I\ 
they can be used to show that 
should produce 
K+N—r4+YV 
of unphysical 
and many coupled channels. In 


and this section are useful primarily becaus« 
a P-wave r+ Y resonance 
the 
despite the complications 
regions, moderately strong K coupling, 
the next section we will 


and th 


easily recognizable effects in 


amplitudes 


discuss the possibility of such a resonance 
information obtainable if one exi 


VI. A POSSIBLE RESONANT AMPLITUDE 


We now consider the uestions of whether or not a 
r+Y P-wave scattering resonance exists, and in which 
angular momentum state it may occur, using as a guide 
Y scattering dispersion relations of CN, 
and neglecting A-meson effects. Throughout the 
A mass difference 
and the hyperon mass taken as the ge 


\ masses 


the static x 
rest 
of this paper, the = will be neglected, 
of the ex- 
perimental > and 


1 


In order for a low-energy resonance to exist, it Is 
necessary that the Born approximation terms for the 
ion be positive, i.e., 
The the 
Born contributions to many of the x— Y amplitudes de- 
pend on the value of the coupling t ratio Fs/F4; 
listed tl ari tates 
ratio." If 
the coupling constant rati the range $< (Fs/F, 


elastic scattering amplitude in quest 


attractive interaction signs of 


represent an 


several authors have which 


may be resonant for different 


“4 Michael Nauenberg, P é Lette 351 
A. Komatsuzawa, R. Suga rogr 
Phys. (Kyoto) 21, 151 (1959 , 
Phys Kyoto 1959): D 
Vitale, Nuovo « ento 13, 1143 


1959 
Theoret 
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<2, it may be seen from Table I of CN that a r—Y 
P-wave resonance is possible only for angular mo- 
mentum } and isotopic spin 1 or 2. The possibility of a 
P, J=1 resonance is most easily investigated if or 
thogonal combinations of the +A and x+2 states are 
chosen in such a way as to approximately diagonalize 
that part of the scattering matrix referring to these two 
channels For simplicity we choose the states (denoted 
by ¥, and y,) that lead to diagonalization in the Born 
approximation ; the coefficients relating these states to 
the r+A and r+ states may be determined from 
Table I of CN, and are given by 


(F2+2F *),=V2F is pth ois, 
(P2+2F s*)5).= Faia —V2F ahiz.s. 


Even though the amplitudes are expected to differ 
markedly from the predictions of the Born approxima 
tion, we believe this choice of ¥, and ¥, approximately 
diagonalizes the actual scattering, for the following two 
reasons: (i) In the first approximation for the solution 
of the x— Y scattering dispersion relations, in which the 
crossing terms are neglected, diagonalization is achieved 
by the same choice of states that produces diagonaliza- 
tion in Born approximation. (ii) Even if the crossing 
terms are included, this choice of ¥, and y, leads to 
diagonalization in the three special cases F:=0, F,=0, 
and the global symmetry case Fy= Fy." 

We denote the r— ¥ elastic scattering amplitudes by 
t;..4%, where 7 indicates the isotopic spin and the nature 
of the initial and final hyperons. If the P-wave equa- 
tions of CN are written in the form used in Sec. III of 
this paper (i.e., w/m terms included) and mzy— my neg- 
lected, the equations for the Py, r—Y scattering am- 
plitudes become 


(18a) 


(18b) 


Ret; 147(a) 


2my5; 1 P f* da’ Imt;., 
wre. ef 
3(my+a)(2my—o@)?o wy, pone 


3(a’+a) 


(19) 


’ 


f da’ Im[t;,147 (G')+2t; , reer ((y’) | 


Te ur 


where a= W — my (W is the total center-of-mass system 
energy). The constants §,, in the ¥,—y, representation 
defined by Eqs. (18), are $,,=F.’2+F2", 5,,= —F,’, 
and the off-diagonal term &,, is zero. From these values 
of ; it is seen that the state y, cannot resonate but y, 
is of the resonance type. In the case of global symmetry 
the state y, is analogous to the ($,$) pion-nucleon state.' 
However, it may be seen by comparing the above result 
with the x—. dispersion relations that, for amy valu 
of F:/F,, the Born term for scattering in the state y, 
may be obtained from that of the resonant x— V ampli 
tude by replacing my by my and Fy? by 4(F.2+F 2). 
In order to see how a resonance in the state y, may 


‘SD. Amati and B. Vitale, Nuovo cimento 9, 895 (1958) 
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appear in x— Y production, we must compare the corre- 
sponding dispersion relations for —Y scattering and 
production. The amplitude /, for production of the 
state wy, is the linear combination (F2+2F 7)", 
=V2F stiaia+F xfiz.14; the dispersion relation for /, is 
the corresponding linear combination of the relations 
given in Eq. (16). In order to compare the dispersion 
relations we write the average baryon mass of Eq. (16) 
in the form m=4(my+my). Furthermore, since the 
unitarity condition relates the amplitudes at the same 
total center-of-mass system energy W, we express the 
r+ Y production energy parameter w= W—4(my+my) 
in terms of the r—Y scattering energy a= W—my of 
Eq. (19), i.e., o=&+4(my—my). The dispersion rela 

tion for the production amplitude ¢, is then, 


2(mymyn)?* 1 
Rel,(@) = 
3(my+a)(2my—o)* @ 


2F w( PF sGa- FxGz) P “ da’ Imi/,(@’) 
x f 
(Fs*+ 2F ,?)4 Te usr a’—-@ 


+crossing term. (20) 


Since the only amplitudes discussed in the remainder 
of this section and Sec. VII refer to P, states, the angu- 
lar momentum subscripts 1+ will be consistently 
omitted. 

In order to illustrate the basic connection between 
the r+Y production and scattering amplitudes, we 
make the simplifying assumptions that only the terms 
of lowest order in the K to # coupling constant ratios 
(G/F) need be kept, and that the crossing terms in all 
the dispersion relations may be neglected. [A correction 
for the appreciable size of the (G/F) is made in Sec. 
VII. ] The terms of lowest order in G/F of the unitary 
conditions of Sec. IV for scattering and production in 
the state y, satisfy the relations, Imt,,"=&,'|t,,”|? and 
¢-=6," provided that the r—Y scattering is approxi- 
mately diagonalized. The quantities ¢, and 6,” denote 
the phase of ¢, and the real part of the phase shift for 
the elastic scattering process t,,". The phase condition 
applies to the x+Y production amplitude both in the 
physical and unphysical regions, so that it is not neces- 
sary to distinguish between these two regions in solving 
the equations for small (G/F). Since the ratio of the 
inhomogeneous terms (Born terms) of Eqs. (19) and 
(20) is nearly energy-independent in the low-energy 
region, it is seen from these equations and the phase 
condition ¢,=6," that the ratio of the amplitudes /, 
and t,,” is nearly energy-independent and is given 
approximately by the Born terms. If we set (my/my)! 
x (2my — &)*/ (2my — &)*= (my/my)'=1.36, and make 
use of the condition 4,,= F.’+ Fy, the proportionality 
relation becomes 

2F w( FP sGa-—F Gz) 
&= 1.36 , 1) 
FP e+F2)(F2+2F 2)! 
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Hence, in this approximation, a scattering resonance in 
the state y, appears in the r+ Y production in a direct 
and simple way. If such a resonance exists, three dif- 
ferent types of information concerning the coupling 
constants can be obtained from the following three 
types of measurements in the resonance region. 

(A) Ratio of resonant = to A production. It is seen 
from Eq. (i8a) that the relative probabilities of r+ 2 
and w+A pairs in the resonant state depend on the 
coupling constant ratio Fy/F,. Hence, if protons are 


bombarded with A~ at energies in the resonance region, 


the ratio of r*+2° production to x°+A production in 
P, states is a measure of F’s/F 4. (The process K-+ : ee 


w'+2° 


corresponds entirely to isotopic spin 0 and thus 
should show no resonance 


(B) 


either the r*+ 2" 


Width of resonance. If the energy dependence of 
or r’+A production cross section in 
the resonant state can be measured, it is easy to use the 
proportionality of Eq. (21) and the known relations be- 
tween the center-of-mass momenta of the r+Y and 
K+N states to compute the shape of the x— Y scatter- 
ing cross section in the resonance state. The magnitude 
of the energy at the peak of the resonance cannot be 
related directly to coupling constants, but if this reso 
nance energy is known, the width of the resonance is a 
measure of /,?+F*. Measuring the resonance width is 
equivalent to ¢ xtrapol iting the amplitude s to the zero 
energy poles ; this could be done by means of an effective 
range plot, similar to that used for r—.V scattering.® 
(C) Height of production resonance. The size of the 
x+Y production cross section in the resonant state at 
energies near the peak of the r— Y scattering resonance 
is a measure of the coupling constant ratio of Eq. (21). 
If the four constants 4, Fs, Ga and Gy are all appreci- 
able, this ratio is very sensitive to the relative signs of 
the constants.'® If global and cosmic symmetry were 
both valid, i. _ a Fy and Gs Gy, the 
would not appear ai all in the r+ Y production process."’ 
If the r+ Y production cross section in the resonant 
state is large, one should include effects of higher order 
in G/F. These effects and the contributions of various 
crossing terms may be calculated by using the pro- 


resonance 


cedure discussed in Sec. V. However, if such corrections 
are important, the relations between the coupling con- 
stants and the experimental data are not as simple as 
they are in the above illustration. 

The proposed resonance might also show up in elastic 
K—N scattering. In order to study this possibility we 
1,P,; A-—N 


scattering amplitude t,* in the small-momentum ap- 


write the dispersion relation for the / 


and K+N states may be 
and Gy, are the same. The sign 
be determined by comparison with 


‘6 The relative phases of the =, A 
of Fa, Fr 


must 


chosen so that the signs 
of Gy is then fixed, and 
experiment 

7 It is also true that the /=}, «+N — A+ amplitude, which 
V resonance, vanishes in the 
case of simultaneous global and cosmic symmetry. This has been 
pointed out by A. Pais, Phys. Rev. 110, 574 (1958), Eq. (26). 
Pais shows that this assumption (Fy=F, and Gy=G,4) is con 
tradi ted by experimel 


is of the same isotopic spin as the 


tal data 


H CAPS 


proximation, again using the ene variable w= W—my 


(rather than the natural A 
W—m, The 


equ ition 
_f da’ Imt,4 a 
. , 


Me aw 


cattering variable 


Ret,* (a 


rhe unitarity condition for t,*, to 
G/F 


from the sum in Eq 


the lowest order in 
the A+.\V channel 


condition is then the 


may be obtained by omitting 
(17 Phe 
same in the physical and unphysical regions, and may be 
written Imt,“=&, ty | *- ib, 
mentum in the x es. If the 


to this 


where &, is the mo- 
contribution of the 
nonresonant state condition and the crossing 
term of Eq. (22 
presses t,* directly in terms 


are neglected, then this equation ex- 
ol f 

The Born approximation terms vanish for the ampli- 
tude t,* as well as for the P;, K—N elastic scattering in 


the isotopic spin 0 state rherefore, any low-energy 


P; resonance in the strangeness 1) states must be 
“driven” by the pion-hyperon interactions, rather than 


the A interactions, even if the and KA interactions are 


P 
ith. This circumstance lends addi- 


comparable in stret 


' ] et | 
general m¢ oad 


tional support to the of ipproat h used 


in this section and in Sec. \ 


VII. RESONANT PRODUCTION AMPLITUDE FOR 
SPECIFIC CHOICE OF COUPLING CONSTANTS 
MODERATELY SMALL G/F 


In this section we assume a r—JY attering reso- 


’ 


nance does exist in the state ¥,. In order to determine 


the possible magnitude of ++ J) production in y,, we 


set the « oupling constants equal to the following values, 
Fs=Fy=Fy=(14)', Gs G; 2.2)*. The propor- 
tionality constant £ of Eq. (21) is then equal to 0.62. 
Since 
tarity condition for —] attering to 
effects of the K channe 
production amplitude 


the uni- 
the 
condition on the 


this ratio is not small we will correct 


include 


corrected, i.e , we 
continue to assume that the pl ases of the production 
The 


terms in all dis 


and amplitudes are the same 
difference 
persion relations are still neglected. The proportionality 
of Eq. (21 
with Eq. (17 
for the scattering, 


scattering mass 


m:—m, and the crossing 
then remains valid, and may be combined 


to give the modified unitarity condition 


Imt,,* = k,*|t,,* 


where (@) is the step function defined to be unity at 


energies above the A+.V threshold and zero at energies 
below. 
The 


amplitudes discussed 


% This may be understood fr the following argument 
Born approximation terms for any of the 
here are all associated with one- termediate states either 
of the process itself or of the cr Since the baryon 
spins are 4, only the intermediate baryons associated with the 
crossed process can contribute in the case of a Py amplitude. How 
ever, there are no one-particle intermediate states associated with 
K—N scattering, which is the crossed process for -N 
scattering 


ssed process 





DISPERSION RELATIONS FOR 

For simplicity we neglect terms of order @/m in the 
x—Y scattering dispersion relation, Eq. (19), and solve 
this equation and Eq. (23) in the effective range 
approximation of Chew and Low.® The result of this 
procedure is, 


k(Fe+Fs)a, 
r=— 


6am } 3 


t,*(w) 


(24a } 


a—iIB), 


k,*(@, -g 


; “= 
[r\w) 


(24b) 


= &t,,"(w), 
where =0.62, 8 is given in Eq. (23), and a, is the 
resonance energy, assumed to be arbitrary. The cross 
section for #+Y production in the resonant state 
calculated from Eqs. (24) is shown in Fig. 1, for two 
different choices of the resonance energy. 

The inclusion of the A-meson effects (£ term) in 
Eq. (23) is important because it leads to cross sections 
that are consistent with unitarity; the predicted elastic 
cross section is never larger than the maximum con- 
sistent with the predicted value of the inelastic cross 
section. The effect of the moderately strong K coupling 
has been omitted from the unitary condition on the 
inelastic amplitude, however. Despite the crude nature 
of this calculation, it is believed that Eqs. (24) should 
provide a reasonably accurate indication of the type of 
energy dependence to be expected if a P; resonance in 
the state y, exists. 


Vill. THE EXPERIMENTAL SITUATION 


We continue to assume that orbital angular mo- 
menta greater than one may be neglected for K mesons 
of lab momenta less than 500 Mev/c incident on nu 
cleons. If the target is unpolarized the angular dis 





@, 380 Mev 
(E_*295) 


&, +280 Mev 
(E_*165) 











1 
600 700 


Fic. 1. Total calculated cross section for production of the 
resonant Py, J=1, r+Y state y, from K~-mesons incident 
on protons, as a function of the K lab momentum. The cross 
section is calculated from Eqs. (27) and the relation a =4rkxk,* 
X |t-|*. The quantity FE, denotes the assumed resonant energy 
in terms of the pion kinetic energy in the hyperon rest frame in 
Mev. The peak of the F.=165 curve is shifted to the right of the 
indicated resonance position because of the kx dependence of the 
cross section, while the E,= 295 curve is shifted to the left of the 
resonance position because of the k, and 8 dependence. 
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tribution for any K+N —#+Y process is given in 


terms of the S and P amplitudes by the equation, 


(ke *kx } 'do dQ lo 2 T tis 2 “T ty 
2 Ref,,*4; t cos6{ 2 Relo* (24:4 +1; )] 
t cos*@ 3 tis +t ( Ret,,*4; }. 25) 


It is seen from this equation that a large cos*@ term in 
the angular distribution indicates a large P, amplitude. 

Although the present #+Y production data is 
sparse, the Berkeley hydrogen bubble-chamber experi- 
ments provide definite evidence for a large P wave in 
the processes A~+p—+> *+2* at 400 Mev/c lab K 
momentum.” The total A~+ absorption cross section 
at this energy (~38 mb) is much greater than the 
maximum possible for S waves (~20 mb). Further- 
more, the differential cross sections for both the x*+2 
and the #~+Z* processes are much larger in the front 
and back quadrants (| cos#@|>0.5) than in the central 
quadrants, indicating large cos*@ terms. In fact, this 
experimental data is consistent with the assumption 
that almost all the r*+2* cross section (about 9 mb 
for each process) occurs in the P; state. Although these 
cross sections are based on a total of only 42 events, 
it is extremely unlikely that the large cos’@ terms will 
disappear with the accumulation of further data. Thus, 
these limited measurements suggest a total P; cross 
section for charged + production in the range 10-18 
mb. There is a slight hint of smaller cos’@ terms in the 
K~+p—> x*+2Z* measurements at 240 Mev/c."* Other 
than this there is no evidence concerning the energy de- 
pendence of the /; cross sections. 

The fact that the P; parts of the charged = cross sec- 
tions appear to be about equally large is consistent 
with an J=1 resonance, since the J/=1,#+2 state 
occurs with 50% probability in each of the r*+Z 
and x~+2* states. If these cross sections result from a 
resonance in the state y, [see Eq. (18a) ], the A-+p— 
7°+A angular distribution should also contain a large 
cos’? term, while no such term should occur for the 
1=0, K~-+p— 2°+2° process. The angular distribu- 
tions for these two processes are not known, but the 
total cross section at 400 Mev/c is about 74 mb for 
x+A production, and about 6 mb for #°+ 2° produc- 
tion. This ratio of 7°+A to r°+ Z° events is in strong 
contrast to the corresponding ratio of (~}) that exists 
at threshold.” 

The angular distribution for K~ — p elastic scattering 
at 400 Mev/c also appears to contain a large cos? 
term, and is consistent with the assumption that most 
of the (~50 mb) cross-section results from scattering 
in the P, state."* This is additional evidence for a reso- 
nance effect. However, since the resonance proposed in 
this paper is “driven” by the x—Y interactions (see 
Sec. VI) such a large K~— p elastic scattering cross sec- 

“LL. W. Alvarez, Proceedings of the 1959 International Con 


ference on Physics of High-Energy Particles at Kiev, July, 1959 
(to be published 





1762 RICHARD 
tion is consistent with the proposed resonance only if 


the resonant A~+p 
large, on the order of 15 mb or larger 


»r+YV cross section is quite 


It is seen from the above discussion that the existing 
data 1s insufhicient for one to conclude that the front- 
back peaking of the *+2Z* production data results 
from the resonance process predicted here. In order to 
test the resonance hypothesis, one needs to know the 
approximate energy dependence of the P; cross section. 
If future measurements verify that this energy depend- 
ence is of the general type predicted by Eqs. (24) then 
information concerning the coupling constants can be 
gained. Of the three measures of the coupling constants 
discussed in Sec. VI, the relation between the resonance 
width and the sum F;’+F;,? probably is the least 
sensitive to some of the effects neglected in Secs. VI 
and VII, such as the contribution of the state y, 
the /=0 state to the P:, r*+37 
of the = 
the crossing terms in the dispersion relations. Thus, 


and 
amplitudes, the effect 
A mass difference, and the contributions of 


measurements of the energy dependence are crucial, 
not only to verify the resonance hypothesis, but to 
make it useful. More accurate angular distribution 
measurements of the A rp— 2s +>? processes for 
K lab momenta in the range 200-500 Mev/c are espe- 
cially needed. It would also be interesting to see if the 
postulated large Py cross section were present for the 
process A tp >a +A. 

If we assume that future measurements will verify 


a large Py, r*+27 


the existence of production CcTOSS 
section with a resonance type energy dependen¢ e, then 
the present experimental data suggest the following 
conclusions. These conclusions are related to the effects 
(A) and (C) discussed in Sec. VI. 

Ratio of Fy lo Fs and #w+A 
contributions in the resonance state ¥, depends on the 
coupling constant ratio Fy//’,. In fact, Eq. (18a) im- 
plies that the experimental ratio [o(Z*+)+o(Z~) |/o(A) 
is equal to 4F:*/F 42, for r+ V production in the reso- 
nant state. If this relation were taken at face value, the 
experimental indication that the Py, charged ++ pro- 
duction cross section is greater than the total r+A 
cross section at 400 Mev/c would imply that Fy?> 2F ,°. 
Such a quantitative conclusion is not justified, however, 


The ratio of the r+ Z 


because the ratio of charged Y to A production cross 
sections may be influenced greatly by effects we have 


H CAFPFS 


neglected. Nevertheless, 
type P,, n> + 


we feel thata large resonance- 
=*cross section implies that | Fz! is not 
small compared to |F4|. (We recall from Sec. VI and 
CN that if Fs: is small, the states r+ 2 and r+A nearly 
diagonalize the /=1, Py part of the scattering matrix, 
and the w+ state is characterized by a repulsive 
interaction.) This conclusion concerning Fy is significant 
in view of the fact that the existence of hyperfragments, 
which is the one solid prece of evidence we have for 
strong pion-hyperon interactions 
nothing about F; 

The K to 


duction al resonance 


tells us essentially 


T coupling ratio (magnitude of r+Y pro- 
Phe resonant 
x+Y production near the resonance peak is a measure 


magnitude of the 


of the coupling constant ratio of Eq. (21). The expres- 
sions of Eq. (24) are too crude to be used for a quanti- 
tative estimate of this ratio, even if the size and shape 
Nevertheless, the 
cross sections are evidence 
FyG:. lf Fx and Fy are of 
and if Gx and Gy are of com- 


of the resonance were well known 
apparent large P;, ++ 2" 
for a large value of FG, 
comparable magnitude, 
parable magnitude, a large resonance effect in the pro- 
duction of + pairs in the state ¥, implies that one 
of the coupling constants has the opposite sign from 
the others.'* 

The experimental determination of the P; ampli- 
tudes is difficult at K momenta less than 400 Mev/c, 
because of the large S-wave contributions to the ab- 
sorption processes In the cases of = 


the separation of the S, P;, and P; 


tandA produc tion, 
amplitudes may be 
facilitated by polarization measurements on the hy- 
perons, since the decay asymmetries of these particles 
provide direct measures of their polarizations. 

The formalism and conclusions of this paper depend 
upon the assumption that the wZA, A.VA, and KNZ 
parities are all odd. If this parity condition is violated 
by the A interactions, but not by the #ZA interaction, 


+} tat 


the P; resonance in the state y 


but 


could just as easily 


to detect in the A+.V — 
K+.NV 


might be difficult 
since D 


would be involved 


exist, 


x+YV process, system 


ACKNOWLEDGMENTS 


Several helpful discussions concerning this problem 


were held with Professor H. A. Bethe 





PHYSICAI REVIEW 


VOLUME 1i* 


NUMBER 5§ SEPTEMBER 1 1960 


Analytic Structure of Collision Amplitudes in Perturbation Theory* 


Ricwarp J. Epentt 
Institute for Advanced Study, Princeton, New Jersey, and Lawrence Radiation Laboraiory, 
University of California, Berkeley, California 
(Received April 27, 1960) 


Some methods are developed for studying the singularities of 
collision amplitudes in perturbation theory as functions of two 
of the invariant energies, s, ¢, and u. It is shown that 


(i) There are no singularities other than normal thresholds in 
the physical regions of the physical sheet. 

(ii) For the equal-mass case there are no singularities in the 
Euclidean region of the physical sheet. 

(iii) The only straight lines of singularities on the real boundary 
of the physical sheet are normal singularities ir. the equal-mass 
case, and in the general-mass case are either normal singularities 
or they intersect the Euclidean region. 

(iv) The curves of singularities on the real s,é plane in the 
physical sheet do not connect to surfaces extending into the region 
s real, ¢ complex except at turning points of the curves 

v) Turning points of curves of singularities in the physical 
sheet may occur either when sufficient coincident singularities be 
come also end-point singularities, or when there is an accidental 


1. INTRODUCTION 


HE following hypothesis underlies recent work on 
strong interactions of elementary particles: 


(1) Collision amplitudes can be determined from the 
unitary condition, the location of singularities of the 
amplitudes in the physical sheet of the complex in- 
variant energies, and some parameters related to the 
residues at poles of the amplitude or to its value at an 
arbitrary point. The parameters must be found from 
experiment. 


For the special case of collision amplitudes involving 
only two particles incident and two outgoing and with 
certain restrictions on the masses of the particles that 
may be formed in the collision, Mandelstam' has pro 
posed a further hypothesis 


(2) All singularities in the physical sheet lie on its 
real boundary. 


For practical solution of the coupled equations re- 
sulting from these assumptions, a third hypothesis is 
necessary : 

(3) The form of the collision amplitude is dominated 
by the nearest singularities in the physical sheet. 

In this paper, we study the location of singularities 
of terms in the perturbation series for a scattering 
amplitude. We will be concerned in particular with the 


* This work was performed under the auspices of the U. S 
Atomic Energy Commission and the National Science Foundation 
t On leave of absence from Clare College, Cambridge, England 
} Present address: Lawrence Radiation Laboratory, University 


of California, Berkeley, California. 
1S. Mandelstam, Phys. Rev 
(1959); 115, 1752 (1959) 


112, 1344 (1958): 115, 1741 


relation between the Feynman variables at coincident singularities. 
The former correspond to anomalous thresholds; the latter are 
called spurious turning points 

(vi) For the equal-mass case there are no anomalous thresholds 
and no anomalous turning points in the curves of singularities. 

(vii) Spurious turning points do occur in negative spectral re 
gions, but here it appears that they may not lead to complex 
singularities on the physical sheet. There are no spurious turning 
points in positive spectral regions in low orders in perturbation 
theory and to all orders for some types of diagram. It is plausible 
that there are none for any diagram, but this is not proved. 


The relation of this work to the Mandelstam representation is 
discussed. All the proven results in this paper are consistent with 
this representation. Some points are noted which require further 
investigation before the validity of the representation can be 
established to all orders in perturbation theory 


singularities on the physical sheet or on its boundary. 
The aim of such a study of perturbation terms is to see 
whether it is possible to deduce a form for the analytic 
structure of the amplitude itself by showing that the 
structure is a characteristic of all terms in the series. 
The Mandelstam representation is an example of such 
a structure, and in this paper a number of results are 
obtained which are necessary for the validity of the 
representation, and which go some way towards estab- 
lishing sufficient conditions for its validity. In examples 
where the Mandelstam representation does not apply, 
a form of integral representation will still be required 
for use in conjunction with the unitary condition. It is 
hoped that the results of this paper will be useful in 
setting up methods to determine singularities from 
which more general integral representations can be 
obtained. 

The development of integral representations for colli- 
sion amplitudes, and in particular the proof of the 
Mandelstam representation, requires information about 
the singularities of the physical branch of the amplitude. 
The physical branch is determined by taking the three 
invariant energies' s, t, and (u) to be real, and associat- 
ing a small negative imaginary part, —ie, with each 
mass in an internal line of a Feynman diagram. The 
physical sheet of two of the variables s, 4, and u is 
obtained by considering the physical branch with one 
of these variables real (sometimes it must be given a 
small positive or negative imaginary part), and letting 
the argument of the other vary from 0 to 2x. The three 
variables are related by a mass condition,' so that only 
two can be varied independently. 

The obtaining information about 
singularities in complex parts of the physical sheet is 


procedure for 
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based on a succession of steps, in which information 
about singularities is transferred from one part of the 
sheet to another by analytic continuation. It is shown 
in Sec. 3 that the only singularities in the physical 
scattering regions of the physical sheet are at normal 
thresholds for production of extra particles. This result 
follows from the unitary condition, though some use is 
also made of the perturbation series. In Sec. 4 a result 
of Mandelstam is quoted to show that for interactions 
of equal-mass particles there are no singularities in the 
Euclidean region.? This result is proved again by an 
independent method later in the paper in Sec. 8 example 
(f). Any straight line of singularities in the physical 
sheet must intersect either the physical scattering re- 
gions or the Euclidean region. In the former case it 
must coincide with a normal threshold, in the latter it 
must threshold. In the 
equal-mass case there are no anomalous thresholds, and 


coincide with an anomalous 
hence all the straight lines of singularities are known 
(Sec. In Sec. 5 we discuss the manner in which 
curves of singularities are obtained for s, /, (uw) real and 


’ 


5). 


in the physical sheet. A classification of curves of singu- 
larities is introduced which permits us to study gen- 
eralized Feynman diagrams in which all lines are on 
the mass shell on the curves of singularities. In the 
Feynman integral this means that we need consider 
only coincident singularities. It is noted (Sec. 5) that 
the anomalous thresholds in fourth order occur when 
the curves of singularities have turning points.** At 
these points the coincident singularities are also end- 
point singularities, and the tangents to the curves are 
straight lines of singularities. The absence of this type 
of turning point in the equal-mass case is established in 
Sec. 7 to all orders in perturbation theory. It is essen- 
tially due to the fact that the only lines of singularities 
are given by the normal thresholds. 

In Sec. 6 we study the general properties of the de- 
nominator of the Feynman integral for a general term 
in perturbation theory. This denominator is the dis- 
criminant® of the quadratic form in the internal mo- 
menta of the corresponding Feynman diagram. The 
importance of the discriminant D(a,s,t) is that it is 
stationary and zero at singularities of the amplitude. 
rhe singularities on the physical sheet are identified 
by the requirement that all the Feynman parameters a 
should be positive. The discriminant is a linear function 
of s and /, 

D(a,s,! (1.1) 


Sf(a)+ tg(a)— K (a). 


In the equal-mass case, K depends on the mass only 
through a factor m?*. It is shown in Sec. 


7 that a curve 


2S. Mandelstam, Nuovo cimento 4, 658 (196 ) 

*R. Karplus, C. M. Sommerfield, and E. H. Wichmann, Phys 
Rev. 114, 376 (1959 

* J. Tarski, J. Math. Phys. 1, 149 (1960). 

*R. Chisholm, Proc. Cambridge Phil. Soc. 48, 300 (1952 

** This identification is made as an assumption in this paper, it 
requires proof, and the conditions for its validity are discussed in a 
forthcoming paper: R. J. Eden, “The Problem of Proving the 
Mandelstam Representation,” UCRL report 9254 
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of singularities can have a turning point only when the 
coefficient of s or ¢ vanish on the curve. It will be noted 
that on the curve all variables are a function of a single 
parameter, which can be s for example. Similar results 
hold when turning points are considered as functions 
of t, u or of u, s. 

The importance of determining the turning points 
(if any) is that only at a turning point of the curve of 
singularities (s, ¢ real), can there be an extension on toa 
surface of singularities which intersects the physical 
sheet for s real and ¢ complex (or / real and s complex). 

The vanishing of f or of g in Eq. (1.1) may occur 
either when a sufficient number of the a variables be- 
come zero (these correspond to anomalous thresholds), 
or when a general factor of f or g vanishes because of a 
special relation between the a@ variables at a point on 
the curve. The latter will be called a spurious turning 
point, since it does not correspond to a threshold. For 
the equal-mass case, there are no anomalous thresholds 
and no turning points of the first type. If a spurious 
turning point occurs in the region s>0, ¢>0 of the real 
part of the physical sheet, there curve of 
singularities extending from that point into the complex 
part of the physical sheet. This 
down of the Mandelstam represer 


will be a 


would cause a break- 
It is therefore 
important to prove that there are no spurious turning 


tation 


points in certain parts of the real s, ¢ plane. 

Jn Sec. 8 a number of examples are worked out for 
the equal-mass case which illustrate explicitly most of 
the features of the general theory of Secs. 6 and 7. In 
particular, spurious turning points can be shown to be 
absent for all Jadder diagrams. A spurious turning point 
will always occur when a diagram has singularities in 


more than one spectral region but it is necessary only 
to show they are absent from the spectral region where 
the relevant two variables are positive. This is proved 
for a ladder diagram with two crossed rungs and for the 
fully symmetric crossed eightl-order diagram (reduced). 
As an illustration of the general theory, a proof is given 
that there are 
for the equal-mass case 

In Sec. 9 the 
studied further in an at 


no singularities in the Euclidean region 


discriminant is 
o show that there are no 


general form of the 
spurious turning points in any order in perturbation 
theory. A reduction formula is 
the discriminant for 
terms of simpler diagrams in which one or more lines 


obtained which permits 
any diagram to be expressed in 
have been removed. The reduction formula is adequate 
to prove the absence of spurious turning points for 
certain classes of diagrams. The discriminant for a 
general diagram is analyzed and a plausibility argument 
is given for the absence of spurious turning points from 
positive spectral regions 

In Sec. 10 the relation between the results of this 
paper and the Mandelstam representation is discussed. 
If it is assumed that the absence of spurious turning 
points of curves of singularities has been made plausible, 
two further points must be considered. These are the 
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possibility of disconnected complex singularities, and 
the double application of Cauchy’s theorem when all 
three spectral regions contain singularities. The former 
problem can also be discussed in terms of the vanishing 
of the coefficients of s or of t in D(a,s,t). The latter re- 
quires, for example, the consideration of singularities 
when s and ¢ have small positive imaginary parts. It is 
expected that this will suffice to take the contour of 
integration along the “safe” side of the branch points 
at w= constant, and thereby avoid the complex surfaces 
of singularities that extend from the curve of singu- 
larities in the u, s spectral region at the spurious tura- 
ing points. However this point is not analyzed in detail. 
A number of general techniques for discussing singu- 
larities are used in the paper. Those developed else- 
where are described briefly in Sec. 2 so that notation 
and nomenclature will be accessible without constant 
reference to other papers. 


2. GENERAL METHODS 
(A) Definition of the Physical Sheet 


A term in the perturbation series for a collision ampli 
tude for scalar particles will have the form, 


" 1 
P= lime f dky--- f dT Ga} 
“- imt (g?—m?+ie) 


The variable g; is the 4-momentum of the line i in the 
corresponding Feynman diagram, and m, is the mass 
of the particle in this line. The g, are linear functions of 
the internal momenta &; and of the external momenta 
px. The term F will be a function of the scalar products 
of the px, but these are not all independent. When the 
collision process involves Fermions or pseudoscalar 
particles there will be more complicated numerators in 
Eq. (2.1). The form of amplitude for this case has been 
described by Chisholm.* In this paper we are concerned 
with singularities of the amplitude, and, apart from 
possible complications or cancellations due to selection 
rules (which can be taken into account in special cases), 
it is sufficient for this purpose to consider only scalar 
particles. 
When F describes a reaction, 


1+2 — 3+4, 
it will be a function F(s,t,u), where 
s=(pitp2), t= (pit pa)’, 


and 


u=(Pitps)*®, (2.3 


4 4 
pe=m?, + pr=0, stt+u=L m2. (24) 
1 1 


The physical branch of F(s,t,4) where s, t, u are real is 
defined by the choice «>0 in Eq. (2.1). The physical 
sheet is obtained by analytic continuation of F in the 
range 

O<args<2r, 
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keeping ¢ real. The variable w is defined by Eq. ‘(2.4) 
when s and /¢ are given. Similarly the physical sheet 
includes the region in which F is continued analytically 
from its physical branch in the range of Eq. (2.5) with 
u real, and 


(2.5a) 
(2.5b) 


O<argt <2, 5s or u real, 


O<argu<2x, {ors real. 


It will be noted that the term physical sheet is defined 
here with a view to relating it to the Mandelstam 
representation. The chosen definition is more con- 
venient for the methods in this paper than that used 
by Tarski.‘ The real s,¢ plane is on the boundary of 
the physical sheet. 

The transformation of Eq. (2.1) by means of Feyn- 
man parameters and subsequent integration over the 
internal momenta has been investigated by Chisholm. 
The transformation introduces Feynman parameters 
ay, ***,a@, and gives a denominator which contains the 
function, 


W(k,a,5,t) = >oa(g2—m?2+ie). (2.6) 
The function y is a quadratic form in the internal mo- 
menta k,. Let D(a,s,t) be the discriminant of y as a 
function of the &;, and let C(a) be the discriminant of 
the quadratic form Yo obtained from yW by putting 
m,=0, s=0, t=0, and u=0. Then Chisholm shows that 
the integral (2.1) becomes 


(n—2/—1)! f' 1 
fi day: fdas 
m—1)! « 


0 0 


F(s,t)=c(tn*)! 


5(1-¥. a)[C(a) 2 
4 . ee 
{ D(a,s,t) }” 2 


This integral representation of the terms in the 
collision amplitude has been used by a number of 
authors to study analytic properties. Particularly im- 
portant developments have been made by Nambu,* 
Nakanashi,’ Landau [see part (D) of this section ]},* 
Bjorken,’ and, from a different representation, by 
Symansik,” and Taylor." For the applications in this 
paper, we shall frequently use the method of coincident 
singularities and end-point singularities first used by 
the author” and later developed by Tarski,‘ and by 
Polkinghorne and Screaton.” These occur when the 
discriminant D(a,s,t) in Eq. (2.7) becomes zero for 
coincident roots of one of the a,;, or becomes zero when 
one of the a; is zero. 

*Y. Nambu, Nuovo cimento 6, 1064 (1957); 9, 610 (1958) 

7N. Nakanashi, Progr. Theoret. Phys. (Kyoto) 17, 401 (1957). 

*L. D. Landau, Nuclear Phys. 13, 181 (1959) 

* J. D. Bjorken (to be published 

“ K. Symanzik, Progr. Theoret. Phys. (Kyoto) 20, 690 (1958) 

‘J. C. Taylor, Phys. Rev. 117, 261 (1960). 

*R. J. Eden, Proc. Roy. Soc. (London) A210, 388 (1952) 
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(B) End-Point and Coincident Singularities 


A function f(z), defined by 


f(z) | da g\a,2 


singular at z= if 


(2.8) 


may become either (a) g(0,z) is 
singular as 2 approaches x, or (b) g(a,z) has two singu- 
larities, one on each side of the path of integration, 
which tend to coincidence as z approaches x. The first 
condition is “end-point”’ or E singularity, 
“coincident” or C singularity. In 
practice the singularities of the integrand are either 
poles or branch points, and they appear always to cause 
a singularity in the integrand when condition (a) or 


(b) holds 
It is 


called an 
and the second is a 


evident that if 


Di(a,s,t 0). (2.9) 
and 
either 0D/da 0), 


or a 0), 1 ; , &, (2.10) 


then F(s,t) given by Eq. (2.7) may be singular. If Eqs. 


(2.9) and (2.10) hold for values of a, satisfying 


a,>0, Ya=1, 2.11 


there will be either an & singularity or a double singu- 
larity at each If the double 
singularities (and not both 
on the same side of the contour), the integral F(s,t) 
will be singular."* We will consider later the problem of 
showing that Eqs. (2.9) to (2.11) lead to C singularities. 

The boundary of the physical sheet (s and ¢ both 
>O in the terms (m?—ie) 
of Eq. (2.1). This associates each frequency, for which 
the lines in Eq. (2.1) are on 


stage of the integration 
singularities are in fact C 


real) is obtained by letting « 


the mass shell, with a 
definite side of the contour of integration: 


(2.12) 


] t[ (m?2+q2—i¢ 


rhese relations lead to singularities in the momentum- 
space integration which may be either C or E. In the 
physical scattering regions of the physical sheet, these 
singularities can be directly interpreted. The 3-momenta 
give & singularities so that they correspond to particles 
at relative rest, and the sign of ze in Eq. (2.12) ensures 
that singularities are coincident only when the particles 
concerned have positive energy. It will be shown later 
that these are the only singularities in physical regions. 

If instead of Eq. (2.1 of the 
are written (m’+jie), the singularities coming from 
momentum-space integration no longer have a simple 
interpretation in 


some internal masses 


general, even in physical scattering 
some of them will correspond to some 


positive 


regions. Clearly, 
particle 
while at 


having and some negative energy 
but others will not require the 
an | The integral ex- 
pressed in terms of Feynman variables will no longer 
have the form of E¢ 2.7 


relative re st, 


}-momenta to give singularity 


but will be another branch 


HARD 


EDEN 


of the 
obtain these 


function. We 
different 
the integrations. 


same will consider now how to 


branches without carrying out 


C) Analytic Continuation of Integral 
Representations 


An integral representation of a tion, Eq. (2.8) 
ally continued by varying 
z in the integrand provided always that the path of 
integration is 


for example, can be analytic 


so that no singularity 
cTOSS« atl | na Ola 1. It is 
permitted that a 


of 


uitably distorted 
of £\a,2 
ularity goes round an end point 
the path of integration to the other side of the con- 
a different branch of 
ibilities are 


tour, and in general this will give 

the function. A 

lig. 1. The path of integr ition 1 
g | 


number of po shown in 


from a=0 toa 1 on 


the real axis for the phy 


which 


ical branch of the 
side of the 
tour the singularities lie if, 
the physical branch. | 
singularity, where the 
j 
| 


function ; 
this determines on integration con- 
for example, r+e gives 
1 l a typical ‘. 
location a and 6 of the singu- 


wure shows 


which 


larities de pen 
a and b 


fal v1 If 


to MOVE a 


a path causes 
nota C 
the C 
which is an FE 
Figure ul) shows how a C 
may disappear w through an £ singularity, 
and show w it may be re 
around the / 

illustrate how a 


position | 


singularity. It will not that to remove 
singularity, a has gor ind 0 
singularity singularity 
(iv) taking a 
\ and 
arity c, which may never enter 
the range of integration 0<a<1, 


tained by 
Figures 1, (v) (vi) 
singul 


may still lead to a 
singularity in the 
branch of the 
under the 


Tarski.' 


tegral corre sponding to another 
lunction analyti continuations 


‘ ] } 
Integra ign na 


extensively used by 


D) The Landau-Bjorken Conditions 


By considering the transformation from Eq. 
Eq. (2.7), Landau* and Bjorken’® have 
condition 2.9) and (2.10) are 


(2.1) to 
shown that the 
equivalent to the 
conditions : 

either g 1,*, 0. 
and 


(2.14) 


4-moment 


where g, isa l 
? 12) is taker 


and the 
osed circuit in the 


ternal ine, 


sum in Eq any ¢ 
diagram 

If a a singularity 
can be obtained from the luced diagram in which the 


0 for any line, the condition for 


line 7 is “short-circuited” (or reduced to a point). It 


should be noted though that although 


the reduced dia- 
gram will determine this singularity of the “parent” 
diagram correctly, it will not determine other singu- 
larities of the parent diagram so that it cannot be used 
to determine the funct the integral 


V concerned 


ional de pe ndence of 


except near the particular singularit 





(vi) 


Fic. 1. Analytic continuation by moving singularities of the 
integrand and distortion of the path of integration in the com 
plex @ plane. 


The Landau conditions determine the location of 
singularities of all branches of the function associated 
with a given diagram. Only when ali a, for a particular 
solution lie inside [0,1], (with }ia,=1), will the 
singularity lie in the physical sheet. Those solutions 
with some a, outside [0,1] are analytic continuations 
on to nonphysical sheets and are C singularities with a 
suitably distorted path of integration (see footnote 5a). 

Landau* and Taylor" have used conditions (2.13), 
and (2.14) to construct dual diagrams consisting of 
directed vectors of length m,; which satisfy the “equi- 
librium” condition. The dual diagrams were proposed 
also by Karplus, Sommerfield, and Wichmann’ in con- 
nection with third- and fourth-order terms. In these 
examples, the dual diagrams were used to investigate 
the nearest singularities only. They can also be used to 
determine the algebraic relations that given higher 
order singularities, not necessarily the nearest ones." 
Mathews'® and Bjorken® have also investigated equa- 
tions similar to (2.13) and (2.14) using the analogy 
with electric-circuit theory. 

3. SINGULARITIES IN PHYSICAL 
SCATTERING REGIONS 

It will be shown in this section that the only singu- 
larities in the physical scattering regions are normal 
thresholds for real competing processes. We will cor- 
sider for definiteness the region 

s>(m,+m,)*, u<0, (<0 (3.1 
With S=1+R, the unitary condition has the form, 


(pi,p2|(R'+R)| pra p)=— ZL 


no 


(pi,po| R'\ nn 


M (yNe: ° 


R\ ps,Ps 
4 R. J. Eden, C. Er Phys 
284 (1960 

‘J. Mathews, Phys. Rev 


z, and J 


Lascoux, Bull. An 


113, 381 (1959 
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Total energy and momentum must be conserved in all 
matrix elements. The intermediate states | m,m---) 


include any number of particles, whose total rest mass 


satisfies 
(> m;) x Ss. 


here may also be se lection rules that further restrict 
these states but they will not be considered here. It is 
because we are considering the physical region (3.1) 
that we can make the restriction (3.3) which implies 
that each intermediate particle has positive energy 
greater than its rest mass. 

In a perturbation solution for R, the unitary condi- 
tion is satisfied to each order in the coupling constant. 
Thus if R; denotes R to order 1, we have 


(3.3) 


(Ri'+R, 


-P{> > Ruy! \nyne---) (nye: +-|Ruj, (3.4) 
l 


nine 


i 


Lh<l -2), and P, selects those terms on the 
right-hand side which are of order / or lower. 


W here 


Theorem 3A 


A necessary and sufficient condition for the ampli- 
tude to have a branch point at s=s, in the physical 
region (3.1) is that s, is a normal threshold for a com- 
peting production process. 

If R has a branch point at s=s,, let R; be the term 
of lowest order in the perturbation expansion to have 
this branch point. Then the left-hand side of Eq. (3.4) 
is nonanalytic at s=s,. Each term on the right-hand 
side is analytic there since 1,;</. Hence the sum must 
change on the right-hand side so that an extra term is 
included, thus giving nonanalytic behavior to match 
that on the left. This extra term can arise only when it 
corresponds to a new competing process. Hence, s, is a 
normal threshold and we have 

s.= (> m,)?, (3.5) 


the sum being over all particles in the state which is 
newly allowed as s exceeds 5,. 


It will be noted that this argument involves not only 
analyticity of the matrix elements, 


(duc R1,| a,b), 


(3.6) 
but also analyticity of the production amplitude, 
d,c)| Ry*\nyne---), (3.7) 


for l; < l. 
analytic 


If the production amplitude were not an 
function of s, then we could consider the 
equation 


d.c| Ri + Ri, 


Nin» 
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and deduce that the production amplitude, 


(d,c| Rigt| ny'no'---) (3.9) 


’ 


for l<l,<l was not analytic. By repetition of this 
process, the production amplitude of lowest order can 
be obtained. It must be nonanalytic at a point s=s, if 
Ri, is not analytic there. But the lowest-order produc- 
tion amplitude does not have any branch points. 
Hence, in the physical scattering region all the matrix 
elements of Ri, must be analytic except at production 
thresholds. 

Conversely if a new intermediate state is allowed on 
the right-hand side of Eq. (3.4) at s=s,, let 1 be the 
lowest-order term for which this competing process can 
enter the sum. The right-hand side is nonanalytic; 
hence, in order to make the left also nonanalytic R; 
\ branch point in 
lth order cannot be cancelled by a branch point in 
Hence R must have a branch point at 


must have a branch point at s=s5,. 


higher order 
$=" S.. 

These singularities in the physical regions can be 
interpreted in terms of the conditions for singularities 
described in Sec. 2. This then permits an extension of 
theorem 3A to give information about nonphysical 
regions of the physical sheet. It useful to introduce 


some definition 


An “s-partition”’ of a diagram is defined as a partition 
along a single dividing line intersecting only internal 
lines of the diagram across which flows the total 4- 
momentum (p,+ p2), where s= (pi+ p2)*. Similar defini- 
tions are made for /-partitions and u-partitions, and 
s, ¢ partitions are illustrated in Figs. 2(i) and 2(ii) 


Theorem 3B 


If a diagram corresponds to a singularity in the 
physical region where s is the square of the energy, it is 
always possible to make at least one s-partition in which 
every line cut by the partition corresponds to a particle 
on its mass shell 

From the Landau conditions, if a diagram corre- 
sponds to a singularity, either every line is on the mass 


(ii) 


SX OK XK 


(iit) (iv) (v) 


bic. 2. Diagrams " 
iv) and (v) show a genera 


these parts 


1 é-partitions; (i 
part and chains of 


J EDEN 

shell, or the Feynman variables are zero for some lines 
and the diagram can be reduced. The fully reduced 
diagram has every line on the mass shell. Either an 
s-partition can be made of the fully reduced diagram 
or the 4-momentum (f;+ 4) passes through a single 
vertex. If the latter is true the position of the singularity 
will be a function of ¢ only, (or alternatively of u only), 
and a t-partition can be drawn. However, from theorem 
3A the only singularities are at s=s,, so there cannot 
be any that depend only on ¢. Neither can a ¢-partition 
be made of the fully reduced diagram, therefore an s- 
partition is possible. The insertion of lines at the ver 
tices of the fully reduced diagram does not affect the 
s-partition and the theorem follows 


Theorem 3C 


The fully reduced diagram corresponding to a singu- 
larity in the physical region is always a “generalized 
self-energy part” or a chain of these parts. [These are 
illustrated in Fig (iv), and (v). ] 

This theorem follows from the fact that the fully 
reduced diagrams (in which by definition all lines are 
on the mass shell) which give singularities at normal 
thresholds in the physical 
partic les at rest relative to each other and with positive 
energies [the latter is a ‘‘causality” requirement follow- 
ing from the use in Eq. (2.1) of (m’—ie) ]. This ex- 
cludes the insertion of lines on the mass shell which 


2, diagrams (iii 


regions must correspond to al! 


change the self-energy diagram into a vertex diagram. 
The possibility of accidental coincidences of self-energy 
and vertex singularities is not considered as it would 
occur only for very special values for the masses of 
particles, which do not appear to occur in nature. A 
chain of self-energy parts must for similar reasons have 
identical links. This type of (of chain 
diagrams) is related to the unitary Eq. (3.4), and corre- 
sponds to a value of s for which an additional state 
becomes allowed in the sum on the right-hand side, the 
left-hand side is nonanalytic, and also the terms on the 
right-hand side have branch points. It was to exclude 
this complication that 
use of the lowest-order term which has the branch point. 

To summarize: In the scattering regions 
(a) unitarity and the positive energies of physical par- 
branch points) 


singularity 


the proof of theorem 3A made 


physical 


ticles requires that all singularities 
occur at normal thresholds; (b) the 
which is related to causality, requires that all singu- 
larities correspond to fully reduced diagrams which are 


use of (m’?—ie), 


generalized self-energy parts 
4. THE EUCLIDEAN REGION 
This region is defined by 
mi+m [<< (m+ my, : 1;-+-m (4.1 


) 


The definitions of s nd «win I 2 aR be satisfied 


to bye 


in this region by taking the external 4-moment 


Euclidean vectors satisfy ing I 2.4 





ANALYTIC STRUC RE O} 
For the equal-mass case, it has been shown by 
Mandelstam’ that analyticity in the Lehman ellipses 
can be used to show that inside the complex region (in 
the physical sheet), 
stu) <288m°®, (4.2) 
and 


s+t+u= 4m’, (4.3 


the amplitude A(s.t,u) is analytic except for the ex- 
pected poles at m® and branch points at 4m*. This 
proves analyticity in the Euclidean region, and the 
result is independent of perturbation theory. 

An independent perturbation-theory proof of ana 
lyticity in the Euclidean region will be given in Sec. 8, 
example ({). This proof is also restricted to the equal- 
mass case, but it makes very plausible the possibility 
that the amplitude will be analytic in the Euclidean 
region in the general-mass case provided the fourth- 
order term is analytic there. This result is also made 
plausible by the work of Bjorken’ and Taylor." The 
general mass case will be discussed in more detail in 
another paper. 

An independent proof in perturbation theory is 
needed because Mandelstam’s result does not imply 
that each term of the perturbation series has the same 
property of analyticity. In fact our later result shows 
this to be true for all diagrams in which the masses 
in the internal lines are not smaller than those of the 
external lines. This is sufficient for all diagrams in the 
equal mass case since reduction by short-circuiting 
internal lines cannot reduce any masses. 


5. SINGULARITIES ON THE REAL BOUNDARY 
OF THE PHYSICAL SHEET 


We next consider singularities of terms in the per- 
turbation series for an amplitude in the nonphysical, 
non-Euclidean regions of the real s, t, « plane. This is 
on the boundary of the physical sheet when all masses 
are written (m’—ie) in the Feynman integral, s, ¢, « 
being real. 


(A) Lines of Singularities 


These are defined as arising from singularities whose 
position depends on one of s, /, u only. From the dis- 
cussion of Sec. 3, normal thresholds correspond to lines 
of singularities in the physical regions. These are given 
by reduced diagrams which are generalized self-energy 
parts or chains of these parts. The original diagram will 
have all those lines on the mass shell which are cut by 
one or more independent s-partitions. The Feynman 
variables of these lines will all lead to C singularities. 
Those for lines not cut by the s-partition will give / 
singularities since the lines are not on the mass shell 
The location in the Feynman integrand of these C and 
E singularities depends (for example) on s only; hence 
they will remain C and E singularities as ¢ varies into 
nonphysical regions of the physical sheet. Therefore the 
normal thresholds in physical regions extend to lines of 
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singularities for all real values of /; this is the boundary 
region of the physical sheet. They also extend to “planes 


_ of singularities” for ¢ complex, and s=s,, real. 


There may also be lines of singularities which arise 
from reduced diagrams that are generalized vertex 
parts (or chains of these parts). The location of singu- 
larities in the Feynman integrand depends on one vari- 
able only, e.g., s, and therefore if these lines are in the 
physical sheet in one part of the real s, ¢ plane, they 
will remain in the physical sheet in all parts. But from 
Sec. 3 we know that the only singularities in the 
physical regions are normal thresholds. Excluding acci- 
dental coincidences for special mass values, we conclude 
that vertex parts cannot lead to lines of singularities 
which enter the physical region. These results are sum- 
marized in the following theorem. 


Theorem 5A 


The only lines of singularities on the real boundary 
of the physical sheet are (a) normal singularities meet- 
ing the physical region at normal thresholds, (b) anoma- 
lous singularities, which, if they are present at all, do 
not intersect the physical regions but do intersect the 
Euclidean region. 


Corollary 


In the equal-mass case the only lines of singularities 
in the physical sheet correspond to normal thresholds. 


(B) Curves of Singularities: Preliminary 
Discussion 


Curves of singularities are obtained when the lines 
cut by both an s- and a /-partition (or more than two 
such partitions) give rise to C singularities in the 
Feynman integration. The resulting curves of singu- 
larities are on the physical sheet when the Feynman 
parameters at the C singularities are in the range [0,1 ]. 
The number of s-partitions and /-partitions associated 
with a given singularity give a measure of the com- 
plexity of its structure. The simplest reduced diagrams 
are obtained when just one s- and one partition is 
made. These are indicated in Fig. 3, diagrams (a), (db), 
and (c). The internal lines of these diagrams in the 
equal-mass case may be any integral multiple of the 
elementary-particle mass. It is’ instructive to consider 
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Fic. 3. Examples of low-order, fully reduced diagrams. 





gularities for diagrams (a), (b), and (¢ 


hic. 4. Curves of si 
of Fig 


required 


3, No scale hown, as only the general form of the curves 


these diagrams further, since they illustrate character 


istics which we shall later establish more generally. 


Diagrams (d), (e), and (f) in Fig. 3 illustrate some of 


the reduced diagrams associated with two s-partitions 


ind one /-partition 
In the equal-mass case, Fig. 3(a) has only one branch 
The fact that 


mass¢ >m WwW » the 


in the physical t the internal line 


have external lines each have 
mass m is sufficient to exclude the possibility of anoma- 
lous thre shold Che 


is shown in Fig. 4 | 


form of the curve of singulariti 
curve (a) |, though the location of it 


asymptotes will vary with the values of the interna 
masses 


In the 


of singularities 


general-mass case, Fig. 3(a) may give a curv 
‘4 This can be 
ordtoa point 
and considering whether the resulting vertex part has 


tl phy ical sheet 


with anomalous form 


tested by reducing one of lines a, b, a 
singularities on the If diagram 3(a 
does not have anomalous form when its internal masses 
are least, it form at all. If 
a vertex singularity 


will no anomalou 
only the reduction ¢ a gives 


when 3, ¢, 


anomalous form for all values of the 


and d have least masses, then Fig 3(a) will 


have mass in the 


those in 6, c, and d being fixed. This shows that 


ines d, 


ome types of anomalous threshold remain to arbitrary 


order in perturbation theory when they are present in 


iowest ordet 
The diagram 3(b il ead to a singularity Ior al 


partition, and ail partition, but not lora u partitior 


Its singular curve for the equal-mass case therefore lic 


in the region s>s,, (>¢., where s,. and ¢. are th iwular 
a ymptotes obtained by ing two 
a, b, c, and d to a point. Th urve Cal 


evaluated explicit neral arguments 
given later in thi 
Fig. 4 


For the generai-ma ‘ in diagram 3(b), the 
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Fic. 5. Anomalous thresholds of type I give a curve of singu 
larities of form (a); those of type II (super-anomalous) give 
curves of type (b). The broken lines denote curves on nonphysical 
sheets. 


have opposite sign on Y(s,t). We shall later require a 
particular investigation of points where (ds/dt) is zero 
(or infinite) since at these “turning points” it is possible 
for ¢ (or s) to become complex while s (or ¢) remains real. 
At the turning points illustrated in Fig. 5, one C 
singularity has moved to a;=0 so that it is also an / 
singularity. At this point, therefore, the curve of singu- 
larities coincides with the related line of singularities. 
On the broken part of the curve, the singularity in the 
integrand of A(s,f) has slipped off the contour of in- 
For the 
At(st) however, analy tir 
distorted 


tegration [0,1], as illustrated in Fig. 1 (iii 


complex-conjugate function 


continuation will lead to a contour as in 


Fig. 1(iv 


6. PROPERTIES OF THE DISCRIMINANT, D(a,s,f 


In this section the general form of the discriminant D 
of the quadratic y, Eq. (2.6), will be studied. The in- 
formation obtained will be shown in Sec. 7 to be useful 
in determining the absence (or existence) of turning 
points in curves of singularities. The importance of 
turning points is that sometimes they lead to complex 
singularities in the physical sheet. Our main objective 
is therefore to prove their absence under certain condi- 
tions which will be described later. 

The discriminant is defined by the transformation of 
Eq. (2.6) to diagonal form, 

v= 


~ DX ck; +D a,S,t (6.1 


a,(g7—m?7+1e) 


The 4-momentum gq; in a typical internal line is a linear 
function of the external momenta p, and the 
momenta k; with coefficients 0, +1. The coefficients c; 


internal 


are functions of the a, and are positive when all the a’s 
are positive. This follows from the fact that the left- 
hand side of Eq. (6.1) excluding the mass terms is a 
positive definite form in the internal-momentum vari- 
ables. The transformed variables &;’ on the right-hand 
side of Eq. (6.1) are linear functions of the k; and the 
external momenta p;. The discriminant D can be ex- 
pressed uniquely in terms of any pair of the invariant 
energies s, /, u given by Eqs. (2.3) and (2.4). Its form 
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ce pends on which pair is chosen. The symbol a will be 
used to denote a , Ae, » An, collectively. The masses 
m, in Eq. (6.1) will not be assumed equal unless this is 
explicitly stated. 

The main technique to be used for discussing the 
properties of D(a,s,/) is based on its invariance under 
different choices for the paths of the external momenta 
through a given diagram and under different choices of 
circuits for the internal momenta. A second technique 
to be used later is based on the relation between D(a,s,1) 
and D(a,tu) which can be obtained by substitution 
from Eq. (2.4). 


The left-hand side of Eq. (6.1) has the form, 


> aijkikj +2 d bikie 


— 


(6.2) 


The 
a,j; do not depend on other variables. The b, depend 


linearly on the external momenta. The term ¢ depends 


coefficients aj;, 6;,¢ all depend linearly on a. The 


linearly on the squares and products of external mo- 
menta and on the squares of the internal masses. The 
discriminant of Eqs. (6.1) or (6.2) is 


ay 


last row and last column, we have 


(6.4) 


Expanding by the 


D 2. A; (a)bib;+C (a)c, 
where 
ay 


ada. (6.5) 


au 


The coefficient A ,;( (6.4) is the co-factor of 
a,;; in C(a). 
The produc ts bb; in Eq. (6.4 


products of the external momenta or the squares of the 


a) in Eq 
involve either scalar 
external masses. 


They can therefore be expressed in 
terms of s, f, and the squares of external masses, giving 


Di(a.s.t S'(a)+legla -~Klam). (6.0) 
Each term in Eq. (6.6) is homogeneous in the a and of 


(1+1 


momentum variables ,. 


degree where 1 is the number of internal- 


Lemma 6A 


The discriminant D(a,s,t) is quadratic in each aj. 

Choose the internal circuits for kj, and paths for the 
external momenta so that a particular line, with mo- 
k,. This is always possible for 
ingularities depending on both s and 1, 


mentum q; say, has q, 
diagrams with 
and we are 
write 


not considering others here. Then we can 


’ , - 
a a , —1\mM;", (6.7) 


whe re X11 and e are independent of a, and no other 
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term in Eq. contains a. This proves D(a,s,f) is 
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Lemma 6A follow 
From Eq. (6.7) we also obtain Lemma 6B 
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definitions [Eq 
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where the li urrying g and q not have any in- 
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would apparently involve 
from that line. However from Lemm 
lore qq 


fore this a;? term must 


oefficients linear in a,; there- 


; 
’ must only have « 
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1 
restrict the 


reason hall g and g’ lines to have no 


internal line in common. 


Lemma 6D 
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result holds for every 


and gives Lemma 6F 
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product of a. Each product itains a, from each 
independent g li \ g line is one of any 
pair carrying 
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It should be 


terms so U 


tum whose square is equal 


noted that there may be cancellation of 
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every a; from each independent line must 
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occur in 
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on of the form of D to the form of 
ingulariti 


g(a). This cancellation will be cor 
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considering the relat 
the curves of 
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Y xpre ssed 
may be 


obtained in two way nd the f tt t bot! st give 





ANALYTIC STRUCTURE. Ol 
the same answer gives further information about D. 
The first way is obtained from Eq. (2.4), 
d 
t=>> M7—s—u. 


a 


Then Eq. (6.6) gives 


D(a,u,s) = u{ — g(a)}+5{j(a)—g(a)} 
—K(a,m)—g(a) >: 


Similarly, we obtain 


D(a,t,u) = t{ g(a) — j(a)}+u{—j(a)} 


— K(a,m)— f(a) >> M?. 


6.18 


It should be noted that the convention of Mandelstam 
has been adopted in the notation of Eqs. (6.6), (6.17 
and (6.18).! The form of the function D depends on the 
variables in the bracket; thus D(a,u,s) has not the 
same form as D(a,s,t) but is related to it by Eq. (6.16). 
When s, ¢, and u satisfy Eq. (6.16) the numerical values 
of the expressions in Eqs. (6.6), (6.17), and (6.18) are 
the same. 

The second method of obtaining Eq. (6.17) is to 
study the form of D(a,u,s) in terms of @ products by 
using diagrams similar to Fig. 6. From Fig. 6 itself we 
obtain 


i 
u=(patp ? (q- q’ y= — 2qq'+ }s+ 4 > M; . (6.19 


Thus the coefficient of u in D(a,u,s) is given by the co- 
efficient of (—2gqq’). This is simply —g(a), as we had 
already obtained by means of the transformation Eq. 
(6.16) for Eq. (6.6) to Eq. (6.17). However new in- 
formation will be obtained if we consider the coefficient 
ol s in 


D(a,u,s), (6.20 


h(a) = f(a)— g(a). 


We must now choose variables in Fig. 6 so that 


pPa=pt+q, pr=p’—9, (6.21a 
and 


(6.21b) 


pPe=—Ptq, Pe=—P'—¢. 
Then the coefficient of s in D(a,u,s) is the coefficient of 
2pp’ in the ¢ xpression (6.3) for D. Hence h(a) is a sum 
of products of the @ variables. Each product contains 
one a; from each line joining A to C, and one from each 
line joining B to D. As before, not every a; from thess 
lines will occur as some may cancel. From Eq. (6.20) 
we see that every product term in f(a) which does not 
contain an a; from each A to C line and each B to D 
line, must also occur in g(a) with the 
and the same sign. 


same coefficient 


Examples of these general properties will be given in 
Sec. 8, and they will be further utilized in Sec. 9. We 
will consider next in more detail the terms in D(a,s 
which is independent of s and ¢. It is convenient now 


to restrict all external masses to have the same value 
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M. Then from Eq. (6.6), we have 


K (a.m D(a, s=0, t=0). (6.22) 
This can be evaluated, in principle, with the labeling 


used in Fig. 6 and p=0, g gq’, giving 


— pr — Pa= 4, (6.23) 
and 


M?. (6.24) 


Since the internal masses occur only in the combination 
> am, and the external momenta satisfy Eq. (6,23) 
and Eq. (6.24), we can write AK (a,m) in the form 


K (a,m)=>— am?K+(a)—M?K (a). (6.25) 
This form is consistent with Eq. (6.8), and from Lemma 


6B, K,(a) and K2(a) 


and linear in each ay. 


are each homogeneous in the a 


We can obtain K,(a) by putting all internal masses 
and Ke(a) by taking 
masses to be zero. Take first 


m, equal to zero; all external 


m,=0, (6.26) 


Then M°K (qa) is 


the discriminant of 
_— 7 

vi= > ag (6.27) 
where, from Eq. (6. 


(6.28) 


f and 


(6.29) 


e,=0O or +1, 0 or +1. 


Each g,; contains at least one internal momentum, and 
some contain also the external momentum g. In the 
discriminant M*K,(a), the 4-momentum g will occur 
only in the form g?= M*. Hence in considering properties 
of the discriminant rather than the quadratic form we 
can replace the 4-momenta k; by scalars x; and the 
external 4-momentum g by M. This gives, instead of 
Eq. (6.27), 

> afl{> €,;xj;+eM)}?*. (6.30) 
When the a’s are all positive, 2 is a positive definite 
quadratic in the x; and must therefore have a positive 
discriminant. Hence we have 


Ki(a)>0 when a;,;>0, 1,2,---m. (6. 
A similar condition can be 


taking 


obtained for Ke(a) 


m #\, 
Then >> awm?K is the discriminant of 


/ > a> «¢ k +S am?. 


j 


M=0 (6. 


and K3(a 


is the discriminant of 


W=DalL ea 


/ 
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_ and the external lines each have 
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may have larger masses than m 


by a factor of an integer >1; their external masses are 


unchanged. We therefore assume that 
M<m,, 
The 


determinant of the 


°K 


discriminant 


>O we have 


6.38) 


where C(a) is defined in Eq. (6.6). The b,’ in expression 
6 37 Is a pet lal Valu¢ of the b in Ea. (6 } E 
expre 


1On 


> b,'b,'A 


where A;; 1 


in the determinant (a 


econd term i a discriminant 


(6.40 


Hence, 
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From expré 
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minat { D a, 
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Since both terms on the right-hand side of Eq. (6.49 
increase with a;, we obtain Theorem 6B. 


Theorem 6B 


The discriminant D(a,s,t) for any reduced or unre- 
duced diagram in an equal-mass system, evaluated at 
the point s=/=0, is a negative and decreasing function 
of each a;, when all the a’s are positive. 

In terms of K(a,m), this gives for aj>0, 7 


0 


K(a,m)>0, 1 


Oa; 


(6.54) 


The next section will describe the determination of 
some general characteristics of the curves of singulari- 
ties from the discriminant D. Some of the properties 
of D obtained in this will be illustrated in 
applications in Sec. 8, and used further in discussing 
the general term in the perturbation series in Sec. 9. 


section 


7. SINGULARITIES AND THE DISCRIMINANT 
(A) Turning Points in Curves of Singularities 


A turning point in a curve of singularities is defined 
as a point where the tangent to the curve is parallel to 
one of the coordinate axes, s, /, or u. Their importance 
is due to their connection with complex singularities in 
the physical sheet. This will be described later in this 
section [Part (E) }. 

The curves of singularities are obtained in principle 
by solving the equations 


dD(a,s,t)/da;=0, [== 1,--+ m, (7.1 


where D(a,s,t) is the discriminant for a fully reduced 
diagram. Since these equations are homogeneous in a, 
they lead to a condition on s and ¢ which is the equa 


tion of the curve of singularities, say 
t(s). 


When Eq. (7.2) is satisfied, the actual values of 
at a singular point are obtained by solving Eq. 


together with 


> a, ‘. 


These give each a, as a function of s: 


a;=a;(s), a=1,--+ me. 
Since D is homogeneous and of order / in the 


OD (a.s,t) 
= 1D(a,s,t 
da, 
Thus Eq. (7.4 which is 


gives a function Di a(s Syl | 
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zero along the curve of Eq. (7.2). Hence we have 


dD(a,s,t 
0 
ds 


ap ast) ADia sl n AD (a,s,t) da; 
. 


Zz . (7.6) 
Os al =I da, ds 


The last term in Eq. (7.6) is zero on the curve, from 
Eq. (7.1), and D(a,s,t) has the form from Eq. (6.6), 
D(a,s,t K (am). (7.7) 


Sf(a)-+lg(a) 


Hence along the curve of singularities, we have 


dt ds la 


g(a). 


This leads to Theorem 7A. 


Theorem 7A 


If a curve of singularities has a tangent, /= constant, 
in the s,t, plane, then the coefficient of s in the dis- 


criminant D(a,s,!) must vanish at the point of tangency, 


OD (a.s.t)/As (a)=0. (7.9) 
This theorem applies to the general-mass case. 

The point of tangency will be called a “turning 
point.” Theorem 7A has a similar form for turning 
points s 
turning points in w. 

There are two distinct ways in which the turning- 
point theorem 7A may be satisfied. These will be called 
“anomalous turning points,” and “spurious turning 
points.”” The former are so called because they are 
always associated with anomalous thresholds. The 
latter are not associated with any thresholds at all. It 
is important to distinguish between these two types of 
turning point. 


constant in the s,/ plane, and analogs for 


B) Anomalous Turning Points 


These will occur if, along a curve of singularities 
I'(s,t) in the real s,¢ plane in the physical sheet, f(a) 
becomes zero because sufficient C singularities become 
also FE singularities. From Lemma 6E this requires at 
least that all the a; in f(a) which are associated with a 
particular p or p’ line (in the sense of Lemma 6D) 
become zero at the turning point. Let us assume there 
is such a turning point. Then when this set of a; is zero 

denoted by a’), we will have 


D(a’, a’ =0, s,l) tg(a’’ —K(m,a'"), (7.10) 
where a’ denotes those a’s which are not in luded in a’. 
, the right-hand side 


of Eq. ¢7.10) will satisfy the Landau conditions with all 


Since the turning point is on I'(s,f 


the a” giving C singularities. But this expression is the 


discriminant for a reduced diagram that depends only 
on t. Hence it gives a line of singularities which is in 
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This result can also be obtained by considering the 
intersection of the two-dimensional surface 2(s,f), in 
the four-dimensional space (s and / complex) with the 
curve I'(s,/) for which s and / are real.‘ Both = and © 
satisfy the equation 

t=1t(s). 


(7.17) 


The derivative (dt/ds) is independent of the direction 
of differentiation, and hence if ¢ remains real on 3(s,t) 
near I'(s,/), we must have 


dt/ds=0. 


(7.18 


Theorem 7B 


Singularities on curves in the real part of the physical 
sheet do not extend into the complex part of this sheet 
(one variable real) except at turning points. 

It is not always the case that turning points lead to 
complex singularities in the physical sheet. For example 
in fourth order for one type of anomalous threshold, 
the turning points do not lead to complex singularitic 
in the physical sheet, but for another type they do. 
Evidently in the former case the C singularities, which 
become also E singularities, fall off the contour of 
integration as s goes complex. In the latter they drag 
the contour with them. 

The absence of anomalous turning points in the 
physical sheet excludes the possibility of one type of 
complex singularity. We have therefore to consider 
those from spurious turning points, and also to con- 
sider the possibility of complex singularities that are 
not connected to any singular curve in the real part 
of the physical sheet. These will be discussed further in 
Sec. 10. 


8. APPLICATIONS AND EXAMPLES 


In this section the general theory is illustrated by 
examples that are selected so as to bring out a number 
of features characteristic of more general diagrams. 


(A) Normal Thresholds 


A generalized self-energy part, with m lines joining 
two vertices, has an integrand giving, under trans- 
formation to Feynman variables, a denominator 


1 


y = a;(ki— p? +>. as(ki— kis)? +a,k,2-— > am. (8.1 
2 i 


A, +aetas+ay, 


——~<(14 
D(a,s,t)= 0 


; 
aiprag — 39 


From Eq. (6.14), we have 


s=2¢q'+41+4 > M22, 


(4 
ag A577 a67- a7 


—az 
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\ 
the 


+. 

' 5 
(d) 

Fic. 7. Diagrams studied in worked examples. The numbers indi 


cate labeling by Feynman parameters a, a2, «++, a0 


If we write p’=s, 


the discriminant is 


(a+ * *@y) 


D a,s aya (8.2) 


a; 
The 
Lemma 6E. 

From Eq. (8.2 


coefficient of s gives a simple illustration of 


we obtain 


D as) Saya ee an{s— (> wa;)*) 


It is clear that for 
D<0. 


for a;>0,i=1, nN 


s< (>> m, we have (8.4) 


When s is greater than (}° m,)? 
space in which D is positive. 
of the amplitude at 


there is a region in a 
Hence there is a singularity 
(> m,)*. (8.5) 


This is the normal threshold above which production of 


particles with masses my, mo,---m, is allowed. 


B) Simple Ladder Diagrams 


These are ladder diagrams which do not contain any 
crossed lines. Label the lines as in Fig. 7(a), giving 


y ay ky T p se as(ko—k;)’+a (kg—k2)?+--- 
+> ae(k, T q})° +ag(ko+g)*+ ‘ee 


re 1 Ne , 
=e ry as(ke- q —> am?. (8.6) 
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The coefficient of ¢ in Eq. (8.7) is simply evaluated by 


Lemma 7A, which gives, in the notation of Eq. (6.5 


(8.10 


Ol 4gt; Gan+l- 


The coefficient 
Thi 


the coefficient of 2qq’ in Eq. (8.7 
give 


(8.11 


Ont d .T cigeted 56 T 


whe re d » dss, 
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we obtain the result: if a fully reduced 
imple ladder diagram has a curve of singularities in 
the pny 


ical sheet, then along the curve we have 


di/ds <O when a;>0O, (8.13 


rom this result and Theorem 7A, we obtain Lemma 8A 


Lemma 8A 


Curves of singularities in the physical sheet and corre- 
ponding to simple ladder diagrams do not have turning 
points except pe 


I nd point 


ssibly at end-point singularities. 
ingularities may occur at 


when aaj41=0, 


for some values of 7, or at 


when aa; 0 and (or 3j42 0 (8.15 


for all values of 7. These singularities will occur only 


for particular values of the masses. It is clear from Sec. 5 
that the only singularities in the physical sheet have 
s>0 and ¢>0. This could also be proved by explicit 
consideration of AK a.m) given by Eq. (8.7), or by the 
9(b 


method of Se« 


I or equal internal and external masse Ss, in the original 
unreduced diagrams, it has been shown (see the corol- 
lary to Theorem 5A) that the only lines of singularities 
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C) Partly Reduced Ladder Diagrams 
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where f(a) and g(a) are the coefficients of s and ¢ in 
Eq. (8.18). 

The result Eq. (8.25) proves that in the region given 
by Eq. (8.22) the only turning points are at E singu- 
larities. But the only & singularities are given by normal 
thresholds for the equal-mass case, and these are 
asymptotes. Applying similar arguments to the regions 
u>0O, s>0 and (>0, u>0, we obtain the curve ofsingu- 
larities having the three branches marked (c) in Fig. 4. 

At the turning point (d//ds)=0 in the region /<0, 
the curve of singularities connects to a surface of 
singularities on which for ¢ real s becomes complex. 
However, this is a feature also of the fourth-order 
diagram in which the internal lines are crossed when s 
and ¢ are positive and ¢ negative. In this region the 
double-dispersion relation is obtained by working in 
terms of variables s and u and not s and ¢. Then the 
diagram (c) of Fig. 3 has 


du/ds <0 (8.26) 


along the singular curve, since in this region we have 


103 > Agcre, (8.27a) 
and 


113 > Aoay. (8.27b) 


For a general diagram it is still necessary to show that 
singularities in all three spectral regions from one dia- 
gram do not prevent application of Cauchy’s theorem. 
This problem will not be considered further here. 


(E) Crossed Rungs in a Ladder Diagram 


A simple example in which only a single pair of rungs 
is crossed is shown in Fig. 7 diagram (c). The discrimi- 
nant is 


D(a,s,t) 
= Sara; (agt ast+acgt+az)+ajzq4qagt+ aoa, —ayags} 


+ t{ cr (agarz— agers) } —K,:(am), (8.28) 


where K,,(a,m) is written with the suffixes s, / to denote 
the form of D with which it is associated. From Eq. 
(8.28) and Theorem 6B, we see that 


dD(a,s,t) da,=0, 8.29) 
which gives 


7 5 (agers) +- 1 (agar; — agas)—OK , Oa 0, (8. 30 


leads to the inequality 


agatz7—ayag>O0, for s>0, 1>0, anda>0. (8.31) 


Similarly, by differentiating with respect to as, we 
deduce 


a3 + a9ag— aa5>0, for s>0, t>0, and a>O. (8.32) 


Inequalities (8.31) and (8.32) show that for s>0, (>0, 
and a>O, we have 


f(a)>O and g(a)>0. (8.33) 
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Hence the only turning points in this region must occur 
at £ singularities if any. But from Secs. 3 and 4 there 


are no such £ singularities. Hence we have 


dt/ds <0, for s>0 and t>0 (8,34) 


in the physical sheet. 
A similar result can be proved for the region s>0, 
u>O in which we have 


§{ ors (ay tas t+aetaz)+asza gas fF argarget; — acer} 
(8.35) 


dD, le 


tT ula; (aga ~ gt; )} —K,,(a,m). 
However in the region (>0, u>0, we have 


Diy = ecyarger; — arse qaug Ce ty — C9013 (gt ast+agt+az)} 


+ uf{aja gl 5 — CL 301 40g — C1201 9007 — C1903 (Og + 5 +6 + 2; )} 
—Kiy(a,m). (8.36) 


We obtain 


ID y/Ia3= — (u+1){agagt+a2(agt+as+acet+az)} 


—OK,,/0a3. (8.37) 


This is ¢ learly negative for u>0, {>0, and a>0. Hence 
there are no singularities in the physical sheet in this 
region. 


(F) The Euclidean Region 


From Theorem 6A, for a general diagram, with a>0, 
we can write 


D(a, s=0, t=0 ~—K ,.(a,m) <0, (8.38) 


A similar result holds when we put u=0, t=0, in 


D(a,u,t) = (4m? —t—u) f(a)+tg(a)—K (am). (8.39) 


Hence, we have 
K,,(a,m) <0, 


4m? { (ax) (8.40) 


From Eqs. (8.38 
write 


and (8.40), for 0<u<4m", we can 


(4m? — u) f(a) — K, (a.m) <0. (8.41) 


Similarly for 0<1<4m?, we have 
g(a) — K(a,m) <0. (8.42) 
Writing s for (4m’—u) in Eq. (8.41) and combining 


Eqs. (8.41) and (8.42), we obtain 


D(a,s,t)=sf(a)+lg(a)—Kylaym)<0, (8.43) 
provided that 


O<s+t<4m’. (8.44) 


This gives an independent derivation of the result of 
Sec. 4, namely, Lemma 8B. 
Lemma &B 


For the equal-mass case, there are no singularities in 
the Euclidean region of the physical sheet. 
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(G) The Double-Crossed Ladder Diagram axzgigaio. From the symmetry of the diagram, the two 
This diagram is illustrated in Fig. 7(d). It can either factors in g(a) will be a jual hee the curve of singu- 
be eighth-order with all masses equal or a higher-order larities, and hens © gia) IS positive. 
reduced diagram with internal masses larger than the.” Although '\a) 1S positive on the curve near s=S,, it 
external masses. The discriminant is quite a lengthy * not immediately evident that it cannot become nega- 
expression, but in order to study it not every term is “VE elsewhere. However by the symmetry of the dia- 
required. Either by direct evaluation, or using the 84M on the curve of singularities, we must have 
methods of Sec. 6, we obtain in D(a,s,t) a ‘= a9= a0; and as=ag. The nega- 
tive terms in Eq. (8.45) then cancel with two of the 
{/(a)= (positive terms)—ayja2qgaip—ayayazas, (8.45) positive terms, for example with asagayas and agr,gazar. 
(8.46) We conclude that both /(a) and g(a) are positive on 
the curve of singularities in the region s>0, />0 of the 
and physical sheet. Hence there are no spurious turning 
K(m,a)<0, for a>0. (8.47) points in this spectral region. The other spectral resions 


g(a) (avg0t4— 112) (Atgatj9— 700g), 


= : a a can be examined similarly 
rhe asymptotes of the curve of singularities (assum- 


ing the curve to have a branch on the physical sheet 9. THE GENERAL TERM FOR EQUAL-MASS 
if it does not the diagram can be ignored) will be given, INTERACTIONS 
in the equal-mass case, by a ; ’ 
A) A Simplification Formula 
4m?, (8.48) : : 

ond Any diagram whose singularities depend on both s 

t.= 16m?. (8.49) and / can be labeled so that the quadratic in the 4- 

momenta has the form 

Near s=s,, only as and ag» are appreciably different 
from zero; near (=¢, only ag, a4, as, and ag appreciably 
differ from zero. Near s=s,, f(a) will be of second order 
in the small a;, g(a) will be fourth-order, and K (m,a) 
will be second-order. Near (=¢,, f(a) will be of second Here (as in Sec. 
order in the small /;, and g(a) and K(m,a) will be inde- 
pendent of them. (9.2) 
We see that near s=s,, f(a) will be dominated by the ia 
positive term containing agas as a factor. It is clearly 
positive, as indeed it must be if the amplitude is to be with e;; appropriately chosen as 0, +1 for the internal 
singular on the asymptote. Near t=/,, it is also clear circuits, and e;;’ similarly chosen for the external mo- 
that g(a) is positive, since it is dominated by the terms menta. The discriminant from Eq. (9.1) is 


ay X ,® (e;1)"ayj > €j1€ jx; 
i>? > 


Lo ejrejaer; i \€j2)°Q; 
D(a,s,l) = |7=2 j>2 


= ; 
2 €j1€ 51 AsP; 
. 


Sf(a)+ig(a)—K(a,m (9.4) 


Since a; occurs only in the first row, first column, and _ lines as part of the same internal line when they were 
in the last term of the last row, last column, D can _ previously distinct. In this case the parameters must 
readily be differentiated with respect to a;. This gives be added and both retained. The line a; in Eq. (9.1) can 


be any line in the diagram. 
dD (a,s,t)/0a,;= D(a,s,t; ay) From Eqs. (9.4) and (9.5) we see that 
—aym;K (a; ay ')—mPKe(a). (9.5) 
0a;= J (a,as), (9.6) 
The notation a; indicates that the line labeled a; is and 
to be removed before evaluating the expression con- g ax, aay (9.7) 
cerned. The removal may leave another line previously 
internal as part of the external line; in such a case the 
line plays no part in the diagram and its label is re- 
dundant. The removal may alternatively leave two Oh(a)/da;= h(a, ). (9.8) 


Expressing the discriminant as a function of ¢ and # 
(see Sec. 6), we obtain simil: 





ANALYTIC STRUCTURE Ol 
Since f(a) is homogeneous in the a, of degree /, Eq. 
(9.6) gives 
. l 4 
}\q@) 5 a; 


li. 


Of(a) 1s 


(9 9) 


2. %J\a,a;*). 


0a; 


Similar relations hold for g(a) and h(a). 

The procedure of removing a given line from a dia- 
gram will be called “simplification” of the diagram. 
This is to distinguish it from “reduction” of the dia- 
gram in which one or more lines are reduced to points. 
Since we have shown that end-point singularities do 
not lead to anomalous curves in the equal-mass case, 
we are concerned now only with curves of singularities 
for diagrams that are fully reduced and for which all 
the parameters a are positive. 


(B) Singularities Not in the Physical Sheet 


From Theorem 6B and Eqs. (9.6) and (9.7) we obtain 


OD(a,s,l) OK (a.m) 
= $f (ajas) +lg(aya;") — (9.10) 


Oa, Oa; 


in which the last term is negative. 
Since Eq. (9.10) must be zero on any curve of singu- 
larities it is necessary that 


sf la,a; ')+-tg(a,a; 'y>0, (9.11 


on the curve. Hence in order to show that there is no 
curve of singularities in the physical sheet in the region 
s>0,¢>0, it is sufficient to show that, for a;>0, 
j=1,-++\n, 

g(a,a;") <0, (9.1la 


Jlaaz) <0 and 


for any one of the n possible simplified diagrams. This 
is sufficient to show, for example, that a ladder diagram 
contributes to only one spectral region. It will show 
similarly that some diagrams have no singularities 
anywhere in the physical sheet [for example diagram 
(d) of Fig. 3]. 


(C) Spurious Turning Points 


For some diagrams, the result (9.9) is sufficient to 
prove that on a curve of singularities, with a;>0O, we 
have 
g(a)>0, (9.12 


f(a)>0, and 


for s>0O and i>0. We require that every term in 
f(a,a;') shall be positive for positive a. This holds for 
all simple ladder diagrams, and provides an alternative 
method for obtaining the results of Sec. 8(B). 

A more general situation has been illustrated by the 
symmetric crossed diagram in Sec. 8(D). If the simpli- 
fication procedure of removing one particular line leaves 
the “dangerous factor” of f(a) in the term 
and only the associated negative term in g(a,o, 


(a,a;"") 
' ), we 
can deduce from 


g(aas) <0, 
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that for s>0, />0 we have 


(9.14) 


f(aas")>0, 


This shows that the dangerous factor in f(a) is positive. 
With a little ingenuity this method appears to apply to 
all sixth- and eighth-order diagrams and could be used 
to prove the absence of spurious turning points in the 
“positive” spectral regions to this order. Spurious turn- 
ing points will occur in the “negative” spectral regions. 
For example a turning point in ¢(s) will occur for several 
of these diagrams in the negative spectral region s>0, 
‘<0 but not in the positive spectral region s>0, 1>0 
(nor in w>0, {>0). 

In the remainder of this section a “plausibility 
argument” will be given for the absence of spurious 
turning points in positive spectral regions for a general 
term in perturbation theory. The unbelieving reader 
may be able to devise a rigorous proof along the lines 
indicated ; he is also advised that a counter example will 
invalidate the Mandelsiam representation. The basis 
of the argument is that the dominant terms in f(a) and 
g(a) in the region s>9, ¢>0, are those associated with 
the asymptotes. Since these asymptotes are normal 
thresholds, the Feynman parameters in the dominant 
terms must correspond to the lines in the generalized 
self-energy parts that determine the asymptotes. The 
other Feynman parameters tend to zero near the asymp- 
tote. The Feynman parameters can be divided into 
four classes for any given diagram: 


(a) Those that do not tend to zero at either asymp- 
tote. These will be denoted by a,, and they correspond 
to lines that are in the generalized self-energy parts for 
both asymptotes. An example is given by the pair 
as, ag Of Sec. 8(D). 

(b) Those that do not tend to zero near the asymp- 
tote s=s,, but do tend to zero near /=1t,. We denote 
these as 8;. An example is the pair ay, ag in Sec. 8(D). 

(c) Those that tend to zero near s=s,, but not near 
i=t,. We denote these by 7y,;. An example is a, ay in 
Sec. 8(D). 

(d) Those that tend to zero near both asymptotes. 
We denote these as 4,;. An example is ay, as in Fig. 7(b), 
example (E) of Sec. 8. 


We seek to show that any pair of parameters giving 
a negative term in / or in g can be associated with a pair 
having the same coefficient but having a positive sign 
and dominating the negative term. The coefficient of 
any set of four lines 1, 2, 3, 4, can be determined by re- 
peated application of the simplification formula (9.10). 
If the removal from the diagram of a set of lines 
@), G2, + -,a,_, leaves only the lines 1, 2, 3, 4 arranged as 
in Fig. 8(a), then Eq. (9.10) shows that s/+dg will 
contain a term 
‘ars*{ayasst+and}. (9.15) 


(Note that the a, do not yet have the meaning indicated 





diagrams 
differ 

} 
i 


Residual 


me -. Fic 8 
fy. 


obtained by repeated 


entiation of the general « 


criminant 


is 


in (a) above.) By summing all such terms we obtain 


j 


tg dog {ayays tary}. (9.16) 


The symbol means “contains the term,” and ag," 
is the sum of products of parameters that have the 
property of the set in Eq. (9.15), namely that removal 
of their lines leaves Fig. 8(a). Similar results are ob- 
tained for those sets of lines whose removal leads to 
Fig. 8(b) or to Fig. 8(c). Let b34'" 


appropriate sums of products of parameters. Then we 


and ¢34 denote the 


have 
(9.17) 


0038S 4 (tone, ayarg)t}, 
and 
~aatg) S (9.18) 


Co { (ayes cescegl}. 


These « Xpressions are best obtained by first evaluating 
the contributions to D(a,u,t) and D(a,s,u) of diagrams 
b) and (c), respectively, in Fig. 8 and then transform- 
ing to D(a,s,t 
It should be 
choice in pairing negative terms with positive ones in 


as described in Sec. 6. 

noted that there is a lot of freedom of 
and g. This is because most terms are positive [as 
can be seen from part (B) of this section } if there is a 
curve of singularities in the physical sheet for s>0, t>0. 
We now ust the notation a, a. ¥, 6 as de s¢ ribed above in 
9.15). An @ line must be 
dominantly associated with positive coefficients near 


the paragraph preceding Eq. 


and will occur in combinations similar 
9.17), or 1 and 3 in Eq. (9.18) 
since only these lines in Fig. 8 can contribute to both 


each asymptote, 
to lines 2, and 4, in Eq 


asymptotes. 
1 and 3 of Eq 
gives a positive term, so it need not be considered in 


\ 8 line may occur in combination of lines 
9.16) or 1 and 3 in Eq. (9.17). The former 


that arrangement of terms in D. The latter gives a 
and and this 
contribution does not tend to zero near s=s,. In g we 
(9.17 


negative contribution to also to g, 


have the term from Eq 


9.19 


EDEN 


ical sheet. At the 
paramet }, and Oz are 
asymptot« the tend 
and ay. Tl 
expression (9.19) is certainly positive, 
zero near the other asymptote. It 


in which b g” 1 po itive o7 
asymptote l t.. the 
the 


equality with a 


zeTo; al 
other to equality and to 
near one asymptote the 
it tends to 


is plausible that this 


while 


change takes place monotonically since it requires a 
4-momenta in 
for Fig. 8. The 
For many (but not 
all) diagrams this can be proved directly by differentiat- 
ing D(a,s,t) as in examples 8(d) and 8(¢ 

In addition to Eq. (9.19 


coefficient of t, we 


change from perpendicular to parallel 
the lines 2, 4 and 
term (9.19) would then be positive 


1,3 in diagram (b 


which gives part of the 
bo4°8,835. However 
a positive 


have a term 


the diagram must contain term to balance 
this, otherwise 0D/08, would be negative. Therefore the 
discriminant D can be rearranged so that 6,8, is paired 
with a different tw 
tribute to the 


a positive coefficier near this line. 


o lines from asa,. Since 8; and $3 con- 


asymptote s , their product must have 


Therefore we can 


find a term such that 


9.20) 


is positive near the ; ym} learly the difference 
between the lines 1? causes a “twisting”’ 


of the lines 1 and 3 so tl ons are reversed 


when the “d-lines” when the 


not 


‘“‘a-lines” are removed achieved only if the 


a-lines and 6-lines contain a crossed pair. By fixing our 
on this « d ir instead of on 8,83, 


9.19 


attention we can 

and 
coefficients. Again this 
Irom a SILI Liue t 


and it seems likel 


obtain a term but now in 


having the lines ; 
term changes » zero along the 
curve, Live throughout the 
range. Similar arrangements of products appear always 
to be-possible for any ne; and g coming 
from ¥ or 6 lines 


It should be 


above argument 


noted tha ulty in making the 
rigorous is associated with the 
rence of many positive term 
If there 


occur- 
than with 
terms number of 


the negative nima 


positive terms as In example & d), the method of con- 
itives of D suffices to prove that 


terms can | idle 


sidering the first deriv 
the negative 
positive terms. When there 

is very plausible that they wi 


tely paired against 
many positive terms, it 
' more easily dominat: 
the dangerous negative terms, but it is not possible to 


prove dominance in a single pairing. Instead one has 


to use the multiple pairing described in the above 


paragraphs. 


10. FURTHER REQUIREMENTS OF THE 
MANDELSTAM REPRESENTATION 


The 


contains 


Mandelstam representation! (denoted M.R. 
Born terms, single dispersion integrals, 
double dispersion integra 5. We 


with the 


and 
be concerned only 


latter and will indicate some of the assump- 





ANALYTIC STRUCT 
tions which are implied by this form of integral repre 
sentation. We will then consider to what extent these 
assumptions have been justified in perturbation theory 
by the preceding sections, and will indicate some further 
points that require study before the representation can 
be proved. 

The double dispersion integrals are 


1 > Ajo! s’t') 
A Sl,u) ff ds'dt' 
r (s—s’)(t—’) 
1 Ao;(t',u’) 
+ ff dt'du’ 
r (t—t’)(u—u’) 
1 Ax (u’,s’) 
ff du'ds’, 
r (u—u’)(s—s’) 


s+i+u 


10.1 


where 


4m’, (10.2 


in the equal-mass case. The integrals in Eq. (10.1) are 
over a part of the real s, ¢ plane. Small positive imagi 
nary parts of s, ¢, u specify how the surface of integra 
tion passes the singularities of the integrands. 

From Eq. (10.1), single dispersion relations can be 
derived. For example, we have! 


1c” Ail(st')dt’ 1 
A(s,t,u) = + f 
2 rr. 


TT ~ jm? {— 4 


10.3) 
u—u’ 


* Ao(s,u')du’ 


The assumption of a real domain of integration has 
the following consequences : 


(1) A(s,t,u) is analytic when s, ¢,« are real except 
(a) at points of discontinuity of A;(s,l’) as a function 
of s, or Ao(s,u’), and similar points with respect to / 
and to «; or (b) on curves of discontinuity of A j(s,/ 
as functions of s, ¢ or Ao3(t,u) or Asi (t,s) 

(2) A(s,,u) is analytic when s is real and ¢ complex 
with O<arg/ <2z, f 
variables. 


and similarly for other pairs of 


From these it follows that A(s,/,u) is analytic when 
or u is real and the others 


one of s, Z, are limited by 
real 
axis to infinity. This region is called the physical sheet. 

We have shown for the equal-mass case that the only 
singularities of A whose location depends on one vari- 
able are given by normal thresholds. For s, ¢, « reai, 
the singularities lie on curves having normal thresholds 
as asymptotes. 


cuts in their complex planes from 4m* along the 


For s real, none of the singular curves 
for which ¢ is real are connected to singularities for 
which / is complex except possibly at spurious turning 
points. 

Let us consider a spurious turning point as a function 
of {(s) but with ‘<0. In order to approach this spurious 
turning point by analytic continuation we need to pass 
the asymptotes s=s, 


and u=u, of the curve, which 
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themselves determine singular points and which lie on 
the cuts in the s, w planes. If we keep / real, s can become 
complex with a positive imaginary part at the spurious 
turning point 


But, from Eq. (10.2), this will cause u to 


pass through the cut in its plane on to a nonphysical 
must acquire a negative imaginary part 
Similarly if « gets a positive imaginary part, s will go 
off the physic 
points certainly requires more detailed consideration, 


sheet since it 
al sheet. This aspect of spurious turning 


but this suggests that they will probably not give any 
serious trouble to the validity of the M.R. 

If, however, a spurious turning point was to occur in 
the region s>0,/>0 for a curve (=/(s); when s be- 
comes complex above its branch cut, / could remain 
real while A(s,/,u) was singular. Now « would acquire 
a negative imaginary part, but would not go off the 
physical sheet since its real part would be below the 
onset of the branch cut. This would cause complex 
singularities in the physical sheet and would invalidate 
the M.R. For this reason it is necessary to extend the 
discussion of spurious turning points in positive spec- 
tral regions so as to exclude them rigorously to all 
orders in perturbation theory. 

The only other major point that has been consciously 
omitted from this paper concerns complex singularities 
that are disconnected from the real part of the s, ¢, u 
plane. Singularities are determined by the vanishing of 
D(a,s,t), where 


Dia,s.t si(a)+-tg(a)— K (a,m). (10.4) 


If ¢ and @ are real and s complex, then D is not zero 
unless /(@) is zero. But j (a) can be zero only on normal 
thresholds ‘=/,, where s can be complex without in- 
validating the M.R., or at a spurious turning point. 
This suggests that spurious turning points must be 
eliminated also for complex s. A second way for D(a,s,t) 
to become zero is that when s is complex some of the 
a’s are also complex. This requires that a C singularity 
has dragged the contour into the complex plane of one 
(or more) of the a variables. It seems unlikely that this 
will happen without there being a connection with a 
corresponding singularity with s real. However, al- 
though neither of these possibilities seem very likely, 
they both require further investigation before the M.R. 
can be proved. It is hoped that some of these points 
will be discussed in later papers. 
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coefficient of (@,+@,)-f in the pp scattering amplit 
rongly interacting neutral vector meson (or a sharp tl 


3u due 


ECENTLY several authors have speculated on from the usual difficulties and ; ities associated 
the po ible existence of a neutral vector meson with the potenti il approat h 
or a sharp three-pion resonance that has the same Even if the postulated vector meson is too short- 
symmetry properties as a neutral vector meson (i.e., lived to be regarded 


T=0, J=1, odd G conjugation parity).’~® As is well well-correlated pions in resonance is expected to behave 


partic le,’ a ystem of three 


known, an exchange of uch a meson between two like a particle as far as virtual effects are concerned. 
nucleons would produce a short-range repulsion in all In the dispersion-theoretic language this means that 
pin and parity states in agreement with observation. we can justifiably r ce the continuum contribution 
It has been shown by the present author that suc ha corresponding to tl onance by a ingle pole, pro- 
vector meson could also account for the observed spin- vided that the resonanc« ufficiently sharp. 
orbit force, at least qualitative ly ‘ The purpose of the The one-vector-meson excl] inge contribution to the 
present paper is to explore the connection between the pp scattering amplitude in the center-of-mass system 
spin-orbit force and the vector meson in a more quan- can be written down fol 
titative manner. In particular, we shall show that 
Wolfenstein’s ¢ amplitude [ coeffic ient of (o0°°+e))-n 
in pp scattering at Ey." =310 Mev can be com- 
pletely accounted for if there exists a vector meson 
(or a sharp three-pion resonance) of mass ~ 3y,-4y,. 
Throughout this paper we assume that the spin-orbit 
force arising from an exchange of uncorrelated pions 
between two nucleons is much too weak to account for 
the observed spin-orbit force.6 Then the most likely 
candidate for the longest-range contribution to the 


where f her j h oupling constant (analogous to 
e /4r= 1/137 iat charact s the vector coupling 
of the postulated meson to the nucleon. Now consider 


spir - for C ic > ole-ve = of a * 
pin-orbit force is precisely the single-vector-meson thee acattesineg materia of (i rritten ter Wolfen. 


state. Following Chew’s extreme ly plausible conjecture stein’: 
on one-particle singularities,’ we argue that the nucleon- 

nucleon scattering matrix regarded as a function of the M=BS+C(e iG(e"-Ke®-K 

square of the momentum transfer must have a pole at ; Ll (g".Ke®-K 

v py” (where py is the mass of the vector meson), Pp i+N\e ne®-n7, (2 
the residue of which is given by the usual Born pre- 
scription. We should like to emphasize that our ap- where S and 7 ar l ind triplet projection 
proach based on Chew’s conjecture is independent of Operators and n, K and nd for unit vectors along 
the validity of perturbation theory (even though the PiXPy, Py—Pi, and rPpi, pectively. Our basi 
contribution to the scattering matrix we obtain turns 4Ssumption is that t implitude C which is the direct 


out to be formally identical to that expected from the and major manifestation of the spin-orbit force has 


lowest-order Born approximation) and that the method Sole origin in (1). Ther 


employed is completely covariant and therefore free 


fy 3 sind / 
U.S. Aton Energy Commission ) : = 


tor }/ 
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Nambu, P! Rev. 106, 1366 (1957 
Fujii, Progr. Theoret. Phys. (Kyoto) 21, 232 (1959 
F. Chew, Ph Rev. Letters 4, 2 (1960 where 
J. Sakurai, Ann. Phys. (to be published 
‘J. J. Sakurai, Nu ento 16, 388 (1960 
® While the pres t as in progress the author has been 
informed by Dr. H. P. Noyes that a rather extensive treatment of 
two-pion exchangs ns is being carned out at Livermore We are now 
and Berkeley. Our kW be re ular int t onven or : 
tional two-pion exchang ntributior ail to giv ifficienth prediction ») 
large spin-orbit force 
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SPIN-ORBIT FORCE AND 
analysis at 310 Mev carried out by Stapp, Ypsilantis, 
and Metropolis’ (hereafter referred to as SYM). We 
consider only the SYM solutions 1 and 2 modified by 
Czifra et al.” and by MacGregor et al." since they seem 
to be the only acceptable sets of phase shifts. The real 
and imaginary parts of the Wolfenstein amplitudes are 
tabulated in Table V of reference 11. 

First of all, in order that our approach has any merit 
and validity at all, it is crucial that the Wolfenstein 
amplitude C deduced from the SYM _ phase-shift 
analysis be purely imaginary to a good approximation. 
This requirement is indeed satisfied for the SYM 
solutions 1 and 2; in each case the real part of C is 
smaller than the imaginary part of C by a factor of 10 
to 80. Note that for each of the four other amplitudes 
the real and imaginary parts are comparable, which 
means that the C amplitude is the only Wolfenstein 
amplitude that can be interpreted in ils entirety in 
terms of a simple pole contribution.” 

As far as Im(C) is concerned, the SYM solutions 1 
and 2 differ at most by 5% between 6=0° and 6=60°, 
so we consider the solution 1 only. In Fig. 1, —Im(C 
sind is plotted for the SYM solution 1 as a dashed line, 
and our theoretical predictions based on (3) are given 
for various values of the mass of the postulated vector 
meson in unbroken lines. The quantity plotted would 
be constant if the range of the spin-orbit force were 
much shorter than the center-of-mass de Broglie wave- 
length of the nucleon (which is 0.52K10~-" cm at 310 
Mev lab) in which case only the triplet P states would 
be affected. Im(C)/sin@ corresponding to the SYM 
solution 1 deviates appreciably from a constant value, 
and we can pin down the range of the spin-orbit force, 
hence the mass of the vector meson. The mass value of 
~3u, to 4u, seems to be most reasonable from Fig. 1. 
Needless to say, this value should not be taken too 
seriously since the amount of anisotropy in Im(C)/sin@ 
is very sensitive to the *F phase shifts. Our analysis 
does point out, however, that the range of the spin- 
orbit force is neither as short as 1/my nor as long as 
1/u,. 

Once py is given, we can determine the coupling 
constant, which turns out to be 
fv? 4n=4 fv’, 4en=7 for My fue. 


for hy = Sits, 


*H. P. Stapp, T. J. Ypsilantis, and N. Metropolis, Phys. Rev. 
105, 302 (1957) 

© P. Cziffra, M. H. MacGregor, M. J. Moravesik, and H. P. 
Stapp, Phys. Rev. 114, 880 (1959). 

1M. H. MacGregor, M. J. Moravesik, and H. P. Stapp, Phys 
Rev. 116, 1248 (1959) 

#2 As is well known, the lowest-order Born-type calculations 
give purely real amplitudes for B, iC, G, H, and N 
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Fic. 1 Im(C)/siné is plotted as a function of 6. The broken 
line represents the result obtained from the phase-shift analysis 
for the SYM solution 1 as given in MacGregor et al. (see reference 
11). The solid lines are based on our theoretical predictions 
normalized at @=0 


These values are smaller than a crude estimate made 
earlier (which im=20) from “potential” 
considerations.*:* The disagreement can be easily traced 
back to the fact that previously only the Thomas-type 
spin-orbit force arising from the repulsive sfatic potential 
(responsible for the hard core) was considered. The 
spin-orbit force arising from the “radiation” field (the 
so-called Breit term) is twice as large (but fortunately 
of the same sign) as the Thomas term, as is well known 
from relativistic two-electron problems." 

To sum up, the existence of the spin-orbit force 
between two nucleons is no more mysterious than that 
of the spin-orbit force in atomic physics, provided that 
there exists a strongly interacting neutral vector meson 
(or a sharp resonance in the T=0, J=1 state of the 
three-pion system) with mass ~3yu,-4u,. In the future 
we plan to carry out similar analyses at different 
energies and also for the np (triplet even) case. 


gave fy* 
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I. INTRODUCTION Our program in more detail is follows. In Sec. II 
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the Legendre expar ( ry to determine the 
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The S matrix can be written 


S 5yo— 1 (2x)*5( py+qy— po— go) 


9 


M ; 
x( ) tijTu, (2.5) 
Jwoww Eg ky 


where Ey and £, are the initial and final nucleon energies 
and wo and wy are the initial and final meson energies. 
The spinor normalization is 


Uisuy = tioto= 1. (2.6) 


We may now write 

T= — A (v,A*)+iy7-QOB(v,d?). (2.7 
A and B are invariant functions of v and A? as well as 
matrices in charge space. We let 8 represent the charge 
state of the final meson (8=1, 2, 3) and a that of the 
initial meson. Then, charge independence allows us 
to write 

A sa=5gcA + +4[ 75,70 lA (2.8) 


and 
Baa 


(2.9) 


bsaB)+4[ 78,72 JB 
Expressing these in terms of eigenstates of the total 
isotopic spin or the amplitudes for #* mesons on pro- 
tons we find 
1) =3[A%+424 0] 
=4[A(x-— p) +A (x*—p) |, 
S[A (w-— p)—A(wt—p)]. (2.11) 
In the following we use the system of units in which 
h=c=y=1 (yu is the meson mass). 
Subject to the convergence of the integrals the 


following dispersion relations have been shown to exist*® 


provided 


ImA a] 
py’ 


+> é,‘- 


nO 


ReB‘)(v,4?) = —44-2Mf? 


1 
‘: : 
v+(1/2M)+(A?/M) v—(1/2M)—(A?/M) 


P x 
+ f dv’ ImB@ 
7" 1-s7/M 


1 
(v’ A?) 
yy 


+2 b,*)(A2) ym 


nO 


2.13) 


*H. J. Bremermann, R. Oehme, and J. G. Taylor, Phys. Rev 
109, 2178 (1958 
*H, Lehmann, Nuovo cimento 10, 579 (1958). 
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where f?=g,/4"(2M)* and g- is the rationalized renor- 
malized pseudoscalar coupling constant and a,‘*’(A?), 
b,‘*)(4*) are arbitrary undetermined functions of the 
momentum transfer. 

If the above dispersion integrals do not converge 
then we must use the so-called subtracted dispersion 
reltions. For example one subtraction gives 


Pp * 
f dv’ ImA “*? (y’,A?) 
1-A’*s/M 
3 
vy’ + 


+> ay . 


(vy, 


ReA 


ReA 


| 
rT? 


(A?)(?"— ye"), (2.14) 


l 


P x 
(v9,A*)-+ f dv’ ImA“™ (y’,A?) 
1~a°*/M 


T 


“( 1 1 ) 
y+yp v—vo wv +o 
v 
+> Qn ( A*) pentl— yg"! ° (2.15) 
n=] Vo 


and analogous equations for B‘*’. The remainder of 
this section will be devoted to determining the number 
of subtractions necessary and the restrictions on the 
a,‘* (4?) and b,‘*’ (4). 

It will be necessary to know the relation between the 
A’s and B’s and the conventional scattering ampli- 
tudes in states of definite parity and angular momen- 
tum. We introduce the center-of-mass variables: W 

total energy, E=nucleon energy, z=cos#, and w 

W—M. Then it can be shown that 


A® W+M  W-M 
fy ; 

tr =E+M E-M 

Be 1 1 


fk, (2.16) 


fr, (2.17) 


eats 
4dr E+M E-—M 


where f; and f, 


are related to the scattering cross sec- 
tion in the center of mass by 
da a G9" qo 
Lisl*s f=fit “fo. (2.18) 
dQ qsqo 


Here > represents a sum over final and an average over 
initial spin states. In addition 
zz 
fi (9)= > 
la) 


fr, Pins’ (2) -> fi Py1'(2), (2.19) 


f2(0) => (fi —fu )P (2), 


l=} 


(2.20) 
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where fi, are the scattering amplitudes in states of 
total angular momentum j=/+}4 and parity —(—1)!. 
P('(z) is the derivative of the usual Legendre poly- 
nomial with re 


The fi 


pe ct to Z. 
are normalized such that 


i+4) Imfig = (9/4e)oi,, (2.21) 


whe reg 


I+} 


the total cross section in the state ] 
and parity — | ] 3clow the two-meson threshold 


sind:4 

> 9?) 
a 
1 
where 614 


In the 


venient to consider 


are the usual phase shifts. 


later calculations we will find it more con- 


his =fis/q"'. (2.23) 

We now discuss the asymptotic energy dependence 
of the dispersion relation amplitudes as implied by the 
assumption of a finite range of interaction. Quantita- 
tively, we assume that for fixed momentum g there is a 
maximum / value, /mnax= ¢R in each of the partial wave 
sums with R inde pende nt of g. R is effective ly the range 
of interaction. 

It can be shown that f , can be written in the form 


hits } l 7)[ ; . ; (2.24) 


1 


with a, and 46, real and a,;> 0. Introducing the change of 


variables 


have 


sin26, (p,q), 
im fis 
°»@ cos26,(p,q) |. (2.27) 


We will make use of the following important 
erties of and k, 


prop- 


(2.28) 


(2.29) 


and 


which hold for all p and q. 
In order to calculate the asymptotic form of . 
B we note that 


Pi(z) =Jo(2pA)+0(1/¢), (2.31) 


Pi (2 7p/ 2A)J1(2pA)+O(1). (2.32) 


Substituting these and Eqs. (2.26) and (2.27) into 
(2.19) and (2.20) allows us to evaluate f; and f2(@). We 
simplify the asymptotic g dependence by replacing the 
discrete sums over / by integrals over p. Then, using 


Eqs. (2.16), (2.17), (2.28), and (2.29) we obtain the 


follow ing bounds 


We also 
~2¢7/M. 
In more 


note 


lim Ref 


’ mae 


and 


lim Ref 


pe 
7 


RK / 
f pape ] [ pdpg | 
‘ 


The corresponding imaginary parts are obtained by 


replacing g by 2k. We also note that the forward scatter- 


ing amplitude is rel he dispersion amplitudes by 


2.38) 
The bounds i restrict the form of 
the disper ion relations or the condition (2.33) 


in Ea. 


not strong enough 


means that all the (2.12) must 


vanish. However, this condition 
to insure the convergence of the unsubtracted dispersion 
integral for A ‘+’ but instead one with one subtractien. 

For B®? the condition 
the following dispersion relation wit 


and all 6, (A 0 for n>1 


2.34 impli s the existence of 


} 


1 one subtraction 


ReB 


ReB 
lim 


roe 


P ImB*+? (yA 
=% fa . (2,40) 


- . y 
;. y , 
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But this must be zero by Eq. (2.34) so that we have 
proven the existence of the unsubtracted dispersion 
relation in Eq. (2.13) with all 6,‘*’(A*)=0 for n>0. 

The condition (2.33) for A‘ implies the existence 
of the following dispersion relation with one subtraction 
and all a, (A?) =0 for n>1 


ReA ~ (v,A?) (9,4?) 


ImA “? (»’,A*) 
+ 2y(v?— v9") dy’ . 
19 9 te 9 
WY, ayy (vy) (vy *— ve 


We have found that for all simple asymptotic energy 
dependences of ImA “~ (v’,A*) allowed by Eq. (2.33) the 
above equation is consistent with ReA ~ (v,A*)/» being 
bounded by v approaches infinity if and only if 
ImA “~(v’,A?) has an asymptotic » dependence such 
that P{{*dv’ ImA ~?(v’,A*)/(v"— vv’) exists. [For ex- 
ample, if lim,... ImA ~ (»’,A®) = 7 4~’v’, then Eq. (2.41) 
leads to lim,., ReA ~(v,A?)=H, which 
lates condition (2.33) unless H4‘~=0. } 

These conditions thus imply the existence of the 
unsubtracted dispersion relation for A‘~ in Eq. (2.12) 
with all a,’(A4?)=0 except ao (A*). In addition 
lim pel REA ‘~ (v,A*) /v |= ao (A?) if ao (A?) 0. 

The condition (2.34) for B~ implies the existence of 
the following dispersion relation with one subtraction 
and all },,~’(A*)=0 for n>1 


(2.41) 


vy Iny vio- 


ReB~ (v,A?) = ReB~ (¥,A’) 


P fr” vy’ ImB py’ A?) 
V 2) f dy’ ° 
rd» (v2 — p*) (v2 — 9?) 


Just as for A the condition that ReB~’(v,A*) be 
bounded is consistent with the above equation if and 
only if Pfo*dv'’»’ ImB~(v’,A?)/(v"—v) exists. This 
then implies the existence of the unsubtracted dis- 
persion relation for B~ in Eq. (2.13) with all 6,‘~ (A*) 

0 except bo‘ (A*). In addition lim,.,, ReB~ (v,A*) 
= by'—) (A?) if be (A?) 40. 

We note that one consequence of the above results 
for A~ and B~ is that using Eqs. (2.21) and (2.38) 


Im/f (Q) 1 
lim lim 
y *D " qe 


qY 


[or(x —p)—or\a*— p) | 
dor 


M ImA 
= lim 
nice We der 


(vp,0) +1 ImB™(v,z,0) 


(2.43) 


so that lim,..0r(#-— p)=lim,..0r(x*— p). This has 
been proven earlier by Pomeranchuk.* 

We obtain further information in the 
(ao +5"—’) #0. Using Eq. (2.38) and our previous 


case when 


*I. Pomeranchuk, Zhur. Eksp. i Teoret. Fiz. 34, 725 (1958 


translation: Soviet Phys.-JETP 34(7), 499 (1958) } 
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(v,A*) and ReB?(»,A*) we have 
: M», 

lim lim [a 

qe = Wo 


[ao (0) +bo (0) #0, (2.44) 


limits on ReA 


(0) + bo (0) ] 


The information contained in Eq. (2.30) combined with 
Schwarz’s inequality implies that 


Rs(T 1 pret 


f pdp k, 7 p,q) 


1 R(T 
‘ | [ pdp g47(p,qg)}. (2.45) 
IRi(T)i vo 


7 pdol_gs7 (p,q) F 


We now make use of Eq. (2.37) and the corresponding 
equation for Im/‘ (0). Since we have assumed that 
li goo Ref‘) (0)/g= (ae'~’+b0~’) #6 one of the terms 
in Eq. (2.37) must approach a constant different from 
zero. The above inequality then implies that the corre- 
sponding term in lim, Im/~’(0)/g must approach a 
constant different from zero. However, we have shown 
earlier that lim,... Im/~ (0)/qg=0. Because k7 (p,q) >0 
and because of the structure of Eq. (2.37) this can 
only be possible if 


limay? lima,’ =) =constant +0. 
a > 9S 


That is, both cross sections must approach the same 
constant value. 

On the other hand if [ao (0) +59 (0) ]=0 then we 
can only prove the weaker condition 


lim[ or? , or! 1] 0, 
7] °F 


In summary, the assumption of a finite range of 
interaction tells us that for A’ we have the dispersion 
relation (2.14) with all a,‘*)(4*)=0. The dispersion 
relations for A B®, and B™ are given by Eqs. 
(2.12) and (2.13) with all a, and 6,=0 except ay (A?) 
and by (A?). 

We can find further information about ao (A?) and 
by (4?) from entirely different considerations. One can 
easily show using the methods of Lehmann ef al.’ that 
Reti;T path 

1 Es, 


2M 


x 1 
cine) (]) 
2 2 

Es 
4; fax66 expl iwxy— i(w?—p?— A*)e-x | 
M 


<drsfo(3)oso()(-))) 


(2.46) 
7H. Lehmanr 


and W. Zimmermann, Nucvo 
cimento 1, 205 


fats expLian —i(w?—p?— A*)le-x | 


K. Sy 


1955) 


manzik 
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where we use the usual dispersion theory coordinate cannot contribute to the spi p amplitudes B v,*). 
system.’ We now make the assumption that the fields Furthermore sinc must be an odd function 
satisfy the usual equal time commutation relations of w it cannot contribute t umplitude. Thus the 
and that last term in Eq. (2 contribut nly to the A ‘*’(v,A? 
Ja= WY 5TaWtAGaGs — bu? Ga 2.47) amplitude 

We then obtain These results | usion that @ (a°) 
‘ and b (A ire ial O Imit as w approaches 
Rea, Jarl infinity of the first t In Iq é lo calculate this 
limit requires detailed knowledge of the singularities of 
the matrix element. Such knowledge does not exist at 
present. As an illustration we note that if the matrix 
element had the same singularities as A(x) then the 
first term would asymptotically approach a function of 
A’ only, which would contribute only to ReA‘*(v,A?). 
Thus we are led to no conclusive results about a (A?) 
MPs [bsal ¢77(O) —by?/A) and b)‘~(A?). In the following, we will set them equal 

to zero. 
On the basis 
Now the last term in Eq. (2.48) is independent of w — the following dispersion relations. We change variables 


+ 2 no(()) (()) P ? 48 pee 
i dla “~ of the iscussion we will use 


(as it will be for any j, not containing derivatives). from v to v, so that the limits of integration are inde- 
Therefore, because of the structure of Eq. (2.7) it pendent of A’. 


P x 
9, A?)+ f dvz’ ImA“) (v,",A?) 
We) 


£ 


p 
f dv,’ ImA“™? (vz",A?) 
sg 


dv,’ ImB 
2A 


Che equations for A‘ and B® follow from the assump-__ [ f2(1)+/ +f waves) + 
tion of a finite range of interaction. The equations for Chi(1)—2f,(0) +f 15yhay +(e waves) 
{‘~ and B~ follow from the same assumption and the ' 
additional unproven requirement that ae )(A*) and For low energie 
by? (A?) vanish rapidly convergent ser! 1 addition z has-been chosen 

so that alternate / vali out making the series 


‘ 


LO be reasonably 


III. PARTIAL WAVE ANALYSIS AND ANALYTICITY ‘ 2 +} 
IN MOMENTUM TRANSFER more convergent Wi I Ww assun tn e convergence 


, is rapid enough so that a | amplitudes with /> 3 


Our goal is to determine tl 


ie individual partial wave , 
‘ ‘ ; - : d . p may be neglected. Then Eqs determine the de- 
amplitudes in terms of the dispersion amplitudes A : 
and B. We first note that if we consider f,(z) and f(s) 
at the particular values c<=1,0,—1 we obtain from 


Eqs. (2.19) and (2.20) 


h, 


sired s-, p-, and d-wave amplitudes in terms of f; and /o. 
lo relate the partial iplitud and B . we 

invert Eqs a i following forms 

q' (Ady + 3 hay) + (g waves) + 


hp») + (f waves)+ 


6g°hpyt+ (f waves)+---, 
6q' (hay — hay) + (g waves) + 
2h, gq (2hay os 1 2hedy 


T \g Waves) + 
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function of A? in it appears in only one of the four equa- 
tions. This enables us to extract the maximum informa 
tion contained in the unsubtracted dispersion relations 
before using the A‘*? relation. 
We now make our only kinematical approximation 
E—M ¢ 
~ 


E+M (2M)? 
where we have neglected corrections of order ¢/(2M)* 


1 1 ReB® 
Rel A, + h,‘» |= 
(2M)? 2M da 


1 1 ReB 

Re| i . + hp; ' sy i=— 
(2M)? 6g°-2M 4dr 
1 “|= (v,,.0)+w ReB 


(Vy ig 2 ) 


(vz,0) ReA 


6g? WL dar 
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In (3.5) A and B are considered as functions of », 

and A*. We have also used [from Eq. (2.2) } 
z=cosd=1, A*=0, 
z=0, A’ 
z=—1, A=”. 

To complete the solution of our problem we must 
substitute the dispersion relations (2.49) into Eqs 
(3.5) and perform the integrations. To carry out the 
integrations we will expand ImA‘*’(v,’,A?) and ImB 
x (v,',4*) in a Legendre series in cos@’ at low energies 
and in a powers series in 4? at high energies. We will 
also find it necessary to expand the subtraction term 
ReA ‘*)(1,A*) in a Legendre series. 

Before proceeding, however, we must pause and con- 
sider more carefully the validity of the various expan- 
sions outlined above. The validity of these expansions 
in cos@ and A? will be determined by the analytic prop- 
erties of the various amplitudes as a function of A® or 
cos6 for fixed energy v,. That there might be a difficulty 
is seen by noting that we would like to expand 
Im4A ‘*(v,’,4*) in a Legendre series in cos’ = 1—2A*/g’* 
for fixed A?’ different from zero. Now the dispersion 
integrals extend over all g’ down to g’=0 and hence 
introduce angles for which cos@’< —1. It is by no means 
obvious that a Legendre expansion will exist and con- 
verge outside the physical region — 1<cos#<1. 

We first note that all our results are subject to the 


M I 


(vz,0) ReB 


+w ReB 
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compared to one. The largest g we will consider is 
(2M)?< 2%. (We will not expand in 
M or w/M.) The f; term in Eq. (3.2) is 
thus a small correction to f, except in those cases in 


g° 4 so that g° 


powers of » 

which it contains a resonant 33 amplitude. 
Introducing the notation 

hy 

hy (het 


(hp, -hpy =") 


—hay‘*’), 


we obtain the desired result 


: eet) 
tor 1 


(v1.92) +w ReB (v,,9°) | 
bor 


(vi gq’) tw ReB : (v1,q") 


tor 


Vi Y 


restriction on the validity of the dispersion relations. 
They have been shown to exist as a consequence of the 
general principles of field theory only for A?< Amex” 
~3.1y?.° In carrying out our projection of partial waves, 
we have set A?=0, g*/2, and ¢*. Therefore our results are 
strictly valid only for @<S3y? or KE,S220 Mev. We 

4u*. There is at 
present no evidence to suggest that the limit on 4? may 
not be extended to include A’™4y’. In fact, Mandelstam* 
has postulated a representation in which the dispersion 
relations are valid for all transfer. At 
present there are no counter examples to contradict 
the Mandelstam conjecture 


would like to have g¢ as large as ¢ 


momentum 


We now turn to the analytic properties of the dis- 
persion amplitudes considered as a function of cos@ or 
A? for fixed g. All present derivations of analyticity 
regions do not make use of the spin and charge prop- 
erties of the scattering amplitude and thus give the 
same regions of analyticity for A‘*’(v,,4*) and Bo 
< (v,,4*). In the following discussion we will denote all 
of these amplitudes by the single symbol T(v,,4*). We 
now discuss successively the four types of expansions 
to be made. 

(1) Legendre expansion of Im7(v,’,A*) in cos#’=1 

24*/q” for fixed A?’=0, ¢/2, and ¢g. Lehmann’ has 
shown from general principles that ImT (v,’,A*) is 
analytic within an ellipse in the complex cos@’ plane. 


*S. Mandelstam, Phys. Rev 


112, 1344 (1958). 
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This region is such that the Legendre expansion is 
valid for all q’ provided A?< Anax?’~3.1u?. This is the 
same limitation as that on the validity of the dispersion 
Mandelstam’s representation 
larger region of analyticity which easily contains our 
maximum A’™4. The speed with which the series con- 
will be 
singularities. However, in practice this is not important 
since ImT is dominated by the 33-resonance term in 


relations. leads to a 


verges determined by the closeness of the 


the Legendre « xpansion. 
(2) Power series expansion of ImT(v,’,A? 
This expansion will be 


in A® for 
large values of vy’ used to 
simplify the energy dependence of our estimate of the 
dispersion integrals over high energies. Neither Leh- 
mann’s nor Mandelstam’s region of analyticity justifies 
this expansion. However, we shall see later that it is 
necessary to introduce a model in order to estimate the 
high-energy integrals. This model will consist of reson- 
ances in given angular momentum states superimposed 
upon a background scattering described by a spin- 
independent purely absorbing optical model. The model 
is consistent with all present data and has the property 
that a power series expansion of the scattering ampli- 
tude in A? has an infinite radius of « onvergence for all q. 

(3) Legendre expansion of Re7T(v,,A*) in cosé for 
A?=0, g*/2, and g*. These values of A? are all in the 
physical region 1<z<1. Lehmann’ has shown that 
Re7(v,,A*) is an analytic function of cosé in a region 
which contains the physical region. Thus, the partial 
wave expansions we have used in projecting out the 
partial wave amplitudes are valid. There still remains 
the question of the speed of convergence of the expan- 
sion. The result of the general theory is not too en- 
couraging since the proven region of analyticity does 
not extend much beyond the physical region. Mandel- 
stam’s nearest singularities are due to the bound state 
pole at A’~My,/2 or cosd=1—My, ¢ 
, cos#= 1+-2y?/g*. These lead to a 


reasonable convergence of the Legendre expansion up 


and a branch 
line at A uw or 


to @™4. 

The larger analytic ity region of Mandelstam can be 
justified to some extent by looking at the dispersion 
relations (2.49). These imply the following  singu- 
larities for Re7J(v,,A (a) Bound-state pole at A 

M (vp—p?/2M)/2. (b) from 2 

M(v,+1)/2 to infinity due to the dispersion de- 
nominator. (c) Singularities whenever Im7'(v,’,A*) has 


Branch line 
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Imh33(vz’)+ 
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Imhy33(vz’ 


singularities. (d 


Si 

functions of A*, a,(A 

If we 
Lehmann’s result 

Im7(v,’,A*), then for g<4 the closest singularities are 

due to the bound-state pole. If these were the only 

Le gendre expansion would converge 


ngularities due to the 
and 6,(A 


neglect the ingularitie due to 


arbitrary 


(d) and use 


ingularities due to 


singularities, the 
quite rapidly. However, there still remain the singu- 
larities due to the a, and b,. These are 
known. If as we have suggested only a 
ferent from only ReA?(v,,A 
these singularities. We have removed a 


in general un- 
A?*) is dif- 
will have 
A?) by con- 


zero, then 
sidering only a subtracted dispersion relation for A 


and thus none of these arbitrary singularities appear 
except in the subtraction term ReA ‘*? (v1,A? 

(4) Legendre expansion of ReA‘*t’(vz,A*) in the 
limit VI Chis reduces to a power series 
in A? in this limit 


radius of cor 


approac hes z 
Lehmann’s general result gives a 
Mandelstam the 

hus even in this case 


zeTO vergence gives 


nearest singularity at A u 
the expansion fails for A -1. The 
singularity at A 1 thus makes any result based on 
the A lation of doubtful reliability. 


existence of the 


dispersion r¢ 
IV. EQUATIONS FOR PARTIAL WAVE 
AMPLITUDES 
We now derive expression 
and d-wave amplitudes by 
(2.49 
meson-nucleon sca 


for the low energy S-, p-, 

the dispersion rela- 
feature of 
lows an evaluation 
of the 33 


tions into | qs. ssential 


LerTing 


of the dispersion integrals is the dominance 


gion. This suggests that 
we split the integrals into two parts at vp=v_,=3.88. 
contribution of the 


resonance in the 


low energy re 


This energy is chosen so that the 


integrals below v, is dominated by the 33 resonance. 


1 


The contribution of the cannot be 


will be 


integrals above V, 
reliably calculated with existing data but we 


able to estimate the order of magnitude of these con- 
tributions. Our philosophy is that only those ampli- 
tudes which depend primarily on the 33-resonance 
integrals and not on the integrals over high energies 
are determined by dispersion theory. 

To evaluate the low-energy dispersion integrals, we 
must expand ImA‘*)(v,',A*) and ImB‘*?(v,’,A?) 
Legendre series in cosé’=1—2A?/g. We then 
only the 33 term and for the s-wave equation we keep 
Imh, 
ously small. Thus, 


(2.19), and (2.20 


in a 
retain 
? 


also since the s waves are known to be anomal- 


combining Eqs. (2.16), (2.17), 


we obtain 


Imf/g3(vz') + 1-4 Imh, 
2M 


; 


ImAg33(v,') + 14 [mh 


2M 


+ 


Imh,‘* (v; 


ImA, 
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Here we have dropped terms of order g’/(2M)* and A*/(2M)* compared to unity since these are both al- 
ways less than 4%. We have also introduced the notation /er., where T is the total isotopic spin and J is the 


total angular momentum. 


We also give the Legendre expansion of the subtraction constant and similar expansions for the other 


amplitudes. 


ReA ‘*) (1,4?) 


1 
= (1+ Re, t)(1)—6A? Rehp, H) (1 )+ 
2M 


4a 


ReB™ (1,4?) 


= 2M[Reh,‘* — (1)—64? Rehtg@ 
1 

+ 
24 

We postpone to the next section the estimation of 
the high-energy integrals. However, in order to simplify 
the energy dependence of these contributions we ex- 
pand the dispersion integrands in powers of vz/vz’ and 
A’. These expansions may be rather poor for »y,~3 but 
still give a reasonable estimate of the high-energy 
contributions. 

Instead of evaluating the partial wave amplitudes 
given in Eqs. (3.5) it is more convenient to consider 
linear combinations of these amplitudes. For the p 
waves we consider 


[Au—hys]=[h,+2h, 
[ (Ass— Aa) +3 (Ars — M3) |= 
Chis— hss |= [3hpy +h, 
his=[hy+2hy |, 


aR 
(2h, ' 


— hy ] 
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= 2M[Reh, (1)—6A? Rehg® 
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(1)+++-] 


(1) — 6A? Rehpy‘* (1) +3044 Reha ‘*)(1)+--- 


and for the s waves we still calculate 4,. 

Before stating our results for the low-energy partial 
wave amplitudes, we outline once again the steps taken 
in their derivation. 


(1) The dispersion relations (2.49) are substituted 
into Eqs. (3.5) for the partial wave amplitudes. 

(2) The dispersion integrals are split into two parts: 
a low-energy region below v,=yv,, and a high-energy 
region above vm. 

(3) In the low-energy region only the 33 contribution 
to ImA‘™ and ImB™ given by Eq. (4.1) is kept. The 
subtraction constant ReA‘*’(1,4*) is expanded in a 
Legenare series as in Eq. (4.2). 

(4) In the high-energy region we expand the inte- 
grands in powers of vz/vz,’ and A?. 


(5) We form the more convenient linear combina- 


. tions of partial wave amplitudes given by Eqs. (4.3) 


for the d waves 

[his—hys | = [ha ’ +-2ha' |, 
[4(has— h33)+ ( hy3- hys) | = 3[ 2ha' 
[his— has] = Shady 2 
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and (4.4) 


The result of these operations is as follows. From the 
unsubtracted dispersion relations for A~ and B’ we 
obtain the p waves 


Im/y3(vz') 
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+2h,' 
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dv," —Vluxr, (4.5) 
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the d waves 
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the d-wave equation 
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In the last three equations we have used Eqs. (4.2 
to express ReA‘*’(1,A?) and ReB‘*) (1,4?) in terms of 
partial wave amplitudes at threshold. The subtraction 
constants have been so arranged [for example, see the 
fifth and sixth lines of Eq. (4.12) ] so that the bracket 
multiplying the g dependence would vanish if the un- 
subtracted dispersion relation were valid. If ReA (1,4?) 
is not expanded in a Legendre series, then when A? is 
set equal to 0, g/2, and ¢, we will have terms with 
arbitrary g dependence and hence will obtain almost no 
knowledge at all about the desired partial wave ampli- 
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Ref h,* 
tudes which depend on the A‘? dispersion relation. 

In Eqs. (4.5) through (4.14) Ref-- - lwer means the 
contribution to the specified amplitude from the dis- 
persion integrals over energies greater than vz’ =v. 
The expressions for these terms can be obtained di- 
rectly by substituting the dispersion integrals (2.49) 
into Eqs. (3.5), keeping only that part from energies 
greater than »,, in the integrals, and expanding the 
integrarids in powers of v,/v,’ and A*. We will not 
write out all the amplitudes but rather we will give two 
illustrative examples 
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and 


Phe prime ; on the A’s and B’s mean derivatives with 


respect to A®. The other high-energy integral contribu- 
tions are of similar form. 


V. NUMERICAL CALCULATIONS 
A. Low-Energy Contributions 


We will outline 
tion of the 


in this section the numerical evalua- 
terms and the values of the 


Ve = 3.88. 


bound state 
dispersion integrals in the region up to v; 
All partial wave amplitudes will be calculated for energy 
1 to vyz=3 which corresponds to 


energy of 280 Mev for the 


values in the range v; 
a maximum lab kineti 
meson. 

tate terms are evaluated directly for each 


(4.5) 
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through (4.14). 

The energy region below vz, 
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following notatior 


Contributions to Ref (Ag;—k + (Ary —hy3)/4]. The 
Solid line, DR: Contribution to the 
dispersion relations from the bound-state term plus the 33 inte 
gral. Dashed line, CL: Approximations given by Eqs. (6.1), (6.2), 
and (6.3). Computations of DR and CL are done with f?=0.08 in 
all figures except Fig. 1 in which the results for /*?=0.08 and 

Dotted line, SA: Contribution from the 
over the small s- and p-wave amplitudes. Alternate 
dashes and HEI: Contribution of the various high-energy 
integrals. The symbols p-d b-f-p, d-d-p, and d-f-d are defined 
in Eq 5.6 
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f2=().07 are both showr 
integral 


dots, 
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basis of our calculation is the assumption that the partial 


cross section in the 33 state essentially exhausts the 
scattering and is thus equal to the total cross section 
for the scattering of r+ mesons by protons and equal to 


section for the s« attering of 


three times the total cro 
ng this assumption and the 
Yuan® and Cool ef al.” we 

2.21 (2.22). Instead 


directly we fit the data by 


rT mesons by protons | 
data of Lindenbaum and 
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range formula and our choice of the and 


Eq. 


allows a more reliable 
rough che 
parame ters / 
@, in 
100, 30 


Rev 


J. Lindenbaum and I I in, Phys 
103, 


Rev 1082 





DISPERSION RELATIONS IN MESON-NUCLEON SCATTERING 1797 


As to the parameters we fix the resonance energy at 


». & : 
[Re * ow) M(K) ~Re( +E) matty] 


KE, (res) = 194.6 Mev, 
vy, (res) = 2.40, 


Wr reve 


Now Haber-Schaim" has determined the coupling con- 
stant to be f?=0.082. To investigate the sensitivity to 
changes in the coupling constant we choose f*=0.08 
and f?=0.07. Both choices of the coupiing constant fit 
the cross-section data equally well within the limits of 
experimental error. We will use both choices to evaluate 
the contribution of the low-energy integrals to Eq. (4.6) 
for Reh3;. However, for all the other amplitudes we will 
only use the Im/;; computed with f?=0.08. 
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Fic. 4. Contributions to Re[(1+-/M )hys(v,) — (14+1/M hy (1)) 


data of the CERN Conference” and for the p waves the 
approximations given by Chew et al These p-wave 
phase shifts are at least as large as any given in the 
CERN Conference Report. The various contributions 
of Imh, and Im/, are then evaluated numerically and 


plotted in Figs. 1 through 10 when they are significantly 
large. 


Fic. 3. Contributions to Ref (Ays— Aas) 3/(2M >}. 


With these values of ImA,; the integrals are evalu- 
ated numerically. The result of the integral contribu- 
tions to Eqs. (4.5) through (4.14) is added to the bound- 
state terms, and the sums are plotted for each amplitude 
in Figs. 1 through 10. 

Thus far we have neglected the contribution to the 
low-energy integrals of all partial waves other than the 
33 amplitude. To estimate the contribution of the other 
amplitudes we assume that the Legendre expansion for 
the imaginary part of the scattering amplitude con- 
verges rapidly enough so that only s and p waves con- 
tribute significant amounts. For the s waves we use the - ontributions to Re his— his] 


2 1958 Annual International Conference on High-Energy Physics 
"'U. Haber-Schaim, Phys. Rev. 104, 1113 (1956 (CERN Scientific Information Service, Geneva, 1958). 
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B. High-Energy Integrals 


estimate the contribution of the high- 


We now 
energy integrals to the partial wave amplitudes given 
in Eqs. (4.5) through (4.14). We must 
pressions like Eqs. (4.15) and (4.16). To do this we 
ImA ‘*’(v,,A*) and ImB? (v,,A? 


energy region vp> vy». Expanding these amplitudes in 


evaluate ex- 


must estimate in the 


partial waves reduces the problem to that of deter- 
mining Imf),4(v 

We must turn to the experimental data” in order to 
Im/ The expe rimental data for energies 


greater than 400-Mev lab pion energy has the following 


determine 


Re [ hie -Mos 


-0,002)- 


INN 
qualitative cross sections vary 
lor two resonances 
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amount of inelastic scattering. 


rather smoothly 
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(b) There is 
(¢ The 
strong forward peaking d 
2-Bev lab kinetic 
to approach 


in the 


State. 
large 


angular distributions are characterized by a 


For energies greater than 
energy the total cross sections appear 


value and the wm and a* on 


proton cross sections are roughly « juai. 
If we look in 


give n by Cool 


more detail at the experimental results 
| MII find 


et al."° and by the group” we 
terpret the peaks in the total 


that it is impossible to ir 
cross sections as due solely to a resonance in a single 
observed ratio of 


total 


angular momentum state. With the 


elastic to inelastic scattering,” the maximum 


CTOSS S€¢ tion allowe d | \ 


and a reasonable choice : half the ob- 
ine peaks. We are 


nonresonant 
super- 


one 
served total cross section at 
therefore forced to assume that there is a 
background 
imposed upon it. 

The 
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with resonances in giver ates 


angular distributior ita at present is 
waves involved 


not ac- 
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scattering 


Chere- 
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make a phase shift anal m t meaningiess 
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fore, we construct an elementary model which de 
scribes the general features of the observed scattering 

The model we choose to correlate the experimental 
data consists of: (a) a spin-independent purely absorb- 
ing optical model to explain the nonresonant scattering, 
and (b) three resonances in states of fixed total angular 
momentum superimposed upon the nonresonant back 
ground. All possible parities of these states will be 
considered. 

We recall that those amplitudes which have a larg 
high-energy contribution will be assumed not to be 
determined by dispersion theory. We thus require only 
an approximate estimate of these high-energy contribu- 
tions. Hence, in a somewhat arbitrary fashion we as 
sume that the nonresonant scattering is characterized by 


Srotal. *’~30 mb, _ 
(5.4 


Srotale —~25 mb, 


al 


‘“ . +) 
{us # Re [ns "W.) -a%(Nomy *Roar,) | - 
f (le Rens thy} 
0.12 


lic. 9. Contributions to Re({(1+/M)LA,° 
+ hy ] 1+1/M)hA,(1)} 


q' h 4‘ 


for energies between 400 Mev and 2 Bev. Above 2 


Bev we assume a’? o™=!=30 mb. In addition we 
ascume that 
nctantic™= 0.4, 


sath 


These 
numbers are sufficient to determine the two parameters 
of our optical model the radius and mean free path. In 
addition this model with the observed 
angular distributions peaked strongly in the forware 
direction and the small ratio of real to imaginary part 


for both isotopic spin states and all energies. 


is consistent 


# the forward scattering amplitude. There is no justifi- 
cation for the assumption that the nonresonant scatter 
ing is spin independent but on the other hand this does 
not contradict any experimental result. 

The remainder of the cross section after subtracting 
out the assumed part is 
scattering in single states of angular mo- 
mentum and parity 


nonresonant interpreted 
resonant 


These resonances are characterized 
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Contributions to (14+ 
¢ ha + 3hy 


MW) Reh, 
5] 


by the data in Table I. The angular momentum of each 
of these states is estimated by using Eqs. (5.3) and 
(5.5). There is very little experimental information on 
the parity of these resonant states. There are eight 
possible combinations of parity assignments. By choos- 


ing four of these arbitrarily 


and calculating the con- 
tribution of the high-energy integrals in each case we 
have an estimate of the sensitivity of our calculation to 
the details of the high-energy scattering. We choose the 
following combinations of parity assignments 


fy—dy, 


for the resonances at 650 Mev, 920 Mev, and 1.35 Bev. 

The quantitative calculations of ImA‘*? and ImB@ 
are now quite straightforward. The only possible diffi- 
cult point is the A? dependence of these amplitudes. The 
resonant contributions are trivial since they give a 
unique Legendre polynomial contribution. In our model 
the nonresonant scattering leads only to a contribution 
from Im/;(v,", cos@’) of the form 


Im fi""(vz', cos6’) 


(A?R?)* 
\n nae Re 
n'(n+1)! 


where R is the radius and K the inverse mean free path 
of our optical model. Earlier we raised the question of 
the convergence of a power series expansion of Im/ in 
A*. Equation (5.7) shows that with our model the ex- 
pansion has an infinite radius of convergence. Of more 
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rasLe I. Summary 


sections resonance 


of isotopic spins, estimated maximum total 


cross widths 


and proposed total angular 


momenta for the resonant parts of the total scattering cross 


section 


Half 
width Proposed total 
Mev) ang. mom. J 


Kinetic o total at 
energy maximum 


lab) Mey pin mb 


650 j 200 
920 j 200 
1350 } 300 


practical interest is the fact that this serie actually 
converges quite rapidly since the maximum A? 
sidered is A’~4 aad R? is 


R~0.3. 


con- 


of the order of magnitude of 


The 
evaluated numerically. The contributions of the high- 
energy integrals to the s-, p- 
Eqs. 1.14) are plotted in Figs. 1 through 
10. For each amplitude we plot four possible high- 


necessary high-energy integrals can now be 


, and d-wave amplitudes in 
(4.5) through 


energy contributions obtained by considering the vari- 
ous combinations of parities listed in Eq. (5.6). 
VI. RESULTS 


In See. 
assuming a finite range of interaction. This assumption 


II we have investigated the consequences of 


has led to upper bounds on the asymptotic energy de- 
(v,A*) and 
B‘* (vy, 4*) as v approaches infinity. These bounds imply 
that unsubtracte d dispe rsion relations exist for A (v,A*) 
and B‘*) (v,A? and B~ having one arbitrary 
function of momentum transfer each and Bt 
Mat Fe 
traction and no additional arbitrary functions of mo- 
transfer. We have that the 
of the r*—p and x~—p cross sections must 
vanish for infinite energies and that if [a (0) +b9°"'(0) ] 
does not vanish then the r*—p and x~—p cross sec- 
tions must approach the same constant value. 

We have also indicated in Sec. II that the assump- 
tion of equal time commutation relations and a par- 
ticular form for the meson current suggests that 
ao (A*) and b A*) may vanish. We have made this 
additional assumption 

In Sec. ILL we 


partial wave analysis 


pendence of the dispersion amplitudes A 


with A 
none. 
satisfies a dispersion relation with one sub- 


mentum further shown 


difference 


relation between a 
of the dispersion relations and the 
properties of the scattering amplitude as a 
function of momentum transfer. In particular we have 


have discussed the 
analyti 


found that the region of analyticity found by the gen- 
eral theory to date is not large enough to justify all the 
Legendre expansions necessary to extract equations 
determining the low-energy partial wave amplitudes. 
Che expansion of the subtraction function of momentum 
transfer ReA 1A 


serious difficulty and is 


appears to present the most 


in all likelyhood not valid. 
The information we ave 


obtained about the low- 


energy s-, p-, and d-wave phase shifts is presented 


BERT 


FINN 


graphically in Figs. 1 through 12. Figures 1 through 10 
show the various contributions te the low-energy par- 
tial wave amplitudes. In these graphs we have plotted: 
(a) the bound-state term plus the integra! over the 33 
resonance, (b) the contributions of the high-energy 
integrals for various choices of parities for the reso- 
nances, (c) the contributions of the integrals over the 
low-energy s- and p-wave amplitudes when they are 
large enough to be plotted, and (d) for comparison the 
approximate estimates of these amplitudes given by 
Chew et al.’ 

Chew et 
the p waves 


al. give the following approximations for 


with w 2.12, and for the 


where 


If we impose the criterion that those amplitudes 


whose principle contribution comes from the bound- 
state term plus the 33 integral are the only ones said 
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DISPERSION RELATIONS IN 
to be determined by dispersion theory, then it seems 
reas@nable to say that we have determined seven of the 
ten low-energy amplitudes. The amplitudes 4,"*’, /;, 
and hgs either have large contributions from the high- 
energy integrals or have subtraction terms which are at 
present indeterminate. It is interesting to note that 
these are just the amplitudes which depend on the A“ 
dispersion relation and hence contain the subtraction 
function ReA‘*(1,A4*). The doubt cast by our previous 
discussion on the validity of a Legendre expansion of 
ReA (1,4?) makes any calculation of 4,*’, Ays, and 
hss appear even more unreliable. 

The degree of accuracy to which the other seven 
amplitudes have been calculated can be judged by an 
inspection of the relative magnitude of the various con- 
tributions to Figs. 1 through 10. In general as the en- 
ergy increases the results appear more unreliable. It is 
important to note that the contributions of the high- 
energy integrals are quite sensitive to the parities 
chosen for the resonances and hence sensitive to the 
details of the high-energy scattering. Thus any serious 
calculation of these high-energy integrals will require a 
considerable improvement in theory and/or experiment. 
The predicted values of the low-energy phase shifts are 
plotted in Figs. 11 and 12. 

We now turn to a more detailed discussion of the 
individual s-, p-, and d-wave amplitudes. It must be 
remembered that all our results are subject to the 
assumption of charge independence. 


(1) p Waves 


(a) The 33 amplitude is determined by Eq. (4.6) and 
is plotted in Fig. 1. We recall that Im/g; has been calcu- 
lated using the effective range relation (5.1). We have 


also plotted the values of Rekg; obtained from the same 


effective range formula. Comparing this curve with the 
prediction of dispersion theory shows that closer agree- 
ment is obtained by choosing f?=0.08. We conclude 
that dispersion theory predictions are consistent with 


A 
3° 
(3:8 - 338) —— 
2° 


L > 
3% 


(315-815) 








Fic. 12. Predictions for the low-energy d-wave phase shifts 
determined by dispersion theory. The curve for (53;—6:5/4) is the 
estimate of Chew ef al. given in Eq. (6.3). 
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the effective range equation 


Ccotds; 


@ 


with w,= 2.12 and /?=0.08. However, we are unable to 
determine the resonance energy from first principles 
since an attempt to calculate it depends on either the 
cutoff energy v,, or on the detailed shape of the reso- 
nance. See also similar arguments by Chew ef al? 

(b) Re(Ay,—Ays) is determined quite well by dis- 
persion theory (see Fig. 2). The s-wave contribution is 
completely negligible. The corresponding phase shift is 
plotted in Fig. 11. 

(c) Figure 3 leads to the prediction that Re(Ay;— 4a) 
™~0. To obtain an idea of the deviation of Re(/y3—h3;) 
from zero, we have plotted the approximate result pre- 
dicted by Eq. (6.1) for Rehyy~Rehg in Fig. 3. The 
high-energy integral contributions are of the same order 
of magnitude as the 33 integral plus bound-state con- 
tribution so that our estimate of (6;;—63,) shown in 
Fig. 11 is only an order of magnitude upper bound 
obtained by adding all the contributions in Fig. 3. 

(d) In Fig. 4 we have plotted our results for 
Re[ (1+-w/M )hys(vr) — (1+1/M)hya(1) ]. This result is 
of little practical value since it contains unknown sub- 
traction constants. First, we must know ReA,;(1) which 
is quite difficult to determine experimentally. Second, 
we have the more serious problem of requiring the 
knowledge of Reha,‘*’(1) to a high degree of accuracy. 
This contributes to the coefficient of 5g in Eq. (4.12). 
We have plotted an estimate of this contribution by 
assuming that there is a ninety percent cancellation 
within the bracket multiplying 5¢ so that the bracket 
is ten percent of Ady*)(1). We estimate hay (1) by 
using the prediction of Eq. (6.3). 

Some of the above p-wave predictions are in conflict 
with recent analyses of experimental data.”- The ex- 
perimental results for (6;;—63;) appear to exceed our 
rough upper bound by a factor of two above 150 Mev 
while below this energy the data is in agreement with 
our calculation. For (6;;—4),) there is rough agreement 
above 150 Mev and disagreement below this energy. In 
all cases the data is not sufficiently accurate to take any 
disagreement too seriously. In addition, all reductions 
of the data have used charge independent analyses and 
hence are subject to possibly large charge dependent 
corrections. 


(2) d Waves 


The d-wave phase shifts predicted by dispersion 
theory are plotted in Fig. 12. The accuracy to which 
they have been evaluated can be seen in Figs. 5 through 
8. (63s— 46:5) involves the unknown subtraction con- 
stant Ref /as(1)—4/,5(1) ] which must be determined 


“H. Y. Chiu and E. L. Lomon, Ann. Phys. 6, 50 (1959). 
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experimentally before (6;;— 4415) is determined by dis- 
persion theory. 

The only d-wave data which can be compared with 
our predictions is from polarization data at 307 Mev 
j 4°+5°.'© This with 


~ 


giving (63,—43; 
calculations. 


agrees our 


(3) s Waves 


(a) The s-wave amplitude Reh,'t)(v,) is not deter- 
mined by dispersion theory. First, the high-energy 
integral contribution is of the same magnitude as the 
contribution from the resonant integral plus bound- 
state term. Second, the equation for h,‘* 

ReA‘*?)(1,¢?/2) which in principle is an unknown 
function of g*. The Legendre expansion of this leads to 
the practical difficulty that the expansion coefficients 
of the series in g* must be known to an unreasonable 


(v,) depends 
on 


degree of accuracy. For example, the p-wave ampli- 
tudes appearing in Eq. (4.14) must be known to one 
perc ent to determine h, *’ to ten perc ent. This is prob- 
ably an indication of the lack of convergence of this 
expansion. 

(b) The prediction for 6, (6,—463)/3 is plotted in 
Fig. 11 by adding all the contributions in Fig. 10. The 
high-energy integral contributions are independent of 
the parity of the scattering states and hence our esti- 
mate of them may be slightly more reliable. 

The threshold s-wave scattering length /,‘~(1) gives 
us a check on the accuracy of our calculations since it is 
given by an integral over total cross sections only. If 
we add up all the contributions in Fig. 10, we predict 


that (1+1/M) Reh,“ (1)=0.110 compared with the 
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is 1 


Is seven pt rcent differenae in- 


value of Orear'® which 


0.103. TI 


experimental 
<x Reh, (1 
dicates the limits of accuracy of our numerical integra- 
tions and our high-energy integral approximations. 

Our result for the energy dependenc e of h, 
differs from that of earlier calculations'* which pre- 
dicted that (1+w/M) Reh,“ (v,) be proportional to w. 
This is due to our more careful treatment of the kine- 
matical factors. For example, Chew ef al. give for the 
bound-state term 2/* find 


(VL) 


o WwW hile we 


The bracket deviates from unity by ten percent at 40 
Mev and by twenty percent at 150 Mev. The other con- 
tributions tend to increase 
Note that t 
amplitudes and over hig 


this deviation from a linear 
integrals over the small 


w dependence he 


igh contribute signifi- 
cantly to the energy dependence of 4, 


that the act 


energies 


(v,). This in- 
ual 


dic ates energy dependence shown in 


Fig. 10 is unreliable. This result is important in any 
attempt to extrapolate 
amplitude to threshold 


the charge exchange scattering 

The general shape and magnitude of our prediction 
for (6,—6 he flattening off above 150 Mev, 
is in agreement with the analysis of experimental data 
by Chiu and Lomon." 
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